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> “In the original Grimm version of the story, the
frog’s spell was broken when the princess threw the
frog against the wall, at which he transformed back
into a prince, while in modern versions the
transformation is triggered by the princess kissing
the frog.”
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Lines of research

Line A Line B
Imaging optics

Nonimaging freeform optics

Line C
Improved direct methods

» Compute optical surfaces that > Make a very precise image > Ray tracing: iterative
convert given source into of an object, minimizing procedure to compute final
desired target distribution aberrations design. Slow convergence

» Freeform surfaces

> Fully nonlinear PDE of
Monge-Ampére type
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Nonimaging freeform optics

Design of optical systems for illumination purposes
> LED lighting
> Road lights
> Car headlights

Industry standard: ray tracing
> Easy to implement
> Slow convergence

> Design, ray trace, change design, ray trace, ...

Inverse methods
> Directly compute required optical system
> Need solving PDE of Monge-Ampeére type

> Avoid iterations and manual optimization

7 | Martijn | Ce optics | freeform optics

» Description with Lie
transformations

» Backward ray mapping

» Hamiltonian structure of
equations and advanced
numerical schemes for PDEs

L7 BE==

Optical system

Light Desired light
— —
source distribution
TU/e
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Sixteen basic systems

Reflector systems

Lens systems
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Parallel-to-parallel reflector 2D

9| Martijin issen | C optics |

Energy conservation

11 | Martijn | C optics |

>

>

» Source: parallel beam with Gaussian light distribution
> Desired at target: parallel beam with uniform distribution

» Find the two freeform reflector surfaces

freeform optics TU/ e

O SMA

S=(=1,1),T=(3,4)
Source light distribution: E = E(x), x € S, Gaussian
Target light distribution: G = G(y), y € T, uniform

Energy conservation:

X m(x) X
J E(a)da=ij G(y)dy=ij Glm(£)) m"(£) d&
-1 -1

m(—1)
Differentiate to x:

Solve ODE for m
Differentiate u(x) + w(y) = c(x,y) to x, substitute y = m(x):

00 = 2 m(x)

0x
Solve ODE for u

Second reflector: w(m(x)) = c(x, m(x)) — u(x)

freeform optics TU/ e

Mathematical model: optimal transport formulation

> Path of a ray

- Leaves source S at P = (x,0)
- Hits first reflector at A = (x, u(x))

- Hits second reflector at B = (y,L — w(y))

- Arrives at target T at Q = (y, L)
> Optical path length
V=u(x) +d(A,B) + wl(y)

> Let :=V—L Then

(y —x)?

u(x)+w(y):1§ﬁ+Lf T

= clxy)

c(x,y) is called cost function

() sa

z
Q T

z=1

Y
z=u(x)
A
z=L—wly)
B

z=0

P S X

» Differentiate to x: optical mapping y = m(x) = x + Bu’(x)
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Parallel-to-parallel reflector, 2D and 3D

X1 Y1
3D: = =
() ()

2D

» Optical mapping:
y=mlx) =x+Bu’(x) = '(x)
» Optimal transport formulation:

ulx) +wly) = clxy)

)2
) = 1p + L 0
» Energy conservation:
’ " E(x)
m'X) = ") = g s
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O SMA

_ (M
=m
> Optical mapping:

y =m(x) =x+ pVu(x) = V(x)
» Optimal transport formulation:
u(x) +wly) = c(xy)
i ly —x|1*
clxy)=3B8+L— T

> Energy conservation:

az(I) azd) azd) 2
det(Dm(x)) = TX%TX% a <ax1 aX2>
N
G(m(x))

Standard Monge-Ampére equation
Second-order nonlinear PDE


http://www.win.tue.nl/~martijna
http://www.win.tue.nl/~martijna
http://www.win.tue.nl/~martijna
http://www.win.tue.nl/~martijna

Parallel-to-point reflector 2D @ GMA Stereographic projection from the south pole

0 / AN
-1 \
5 z=0 i 1
- ¢ f T=(0,0)
3 \ ya
N, > Source: parallel beam with Gaussian light distribution b
- . . . . . . z= u(x) Psouth
. > Point target with uniform distribution A r=—wyt
» Find the two freeform reflector surfaces / » Circle has radius 1, so
-6
ty
. t= (t) 2+=1
B
8 = ” 5 5 ) I > South pole: Pson = (0,—1)
x PS x > One can show that
2y 1—y2 tq
t = ty = =
"Tixy PTaxyg YTy
13 | Martijn | C optics | freeform optics TU/ e 14 | Martin 1C i optics | freeform optics
Mathematical model: optimal transport formulation @ GMA Numerical method @ GMA
0 > Energy conservation:
> Path of a ray Z , E(x) 14 (m(x))?
- Leaves source Sat P = (x,—L) z B m’(x) = £ G(m(x)) 2
- Hits first reflector at A = (x, —L + u(x)) — r N
- Hits second reflector at B = (—w(y)t1, —w(y)t2) tf . Solve ODE for m
- Arrives at target T = (0, 0) s » Differentiate us(x) + ua2(y) = c(x,y) to x, substitute y = m(x):
» Optical path length: V = u(x) + d(A, B) + w(y) 7 dc
i . z=u(x) -8 u/(X) = —(X m(x))
» Geometric relation A r=—w(yt ! ox
u 2 Vil : Solve ODE for uy
_E — TBZ + W . From uq compute u
B Xy 2 3 3 » Second reflector:
A=+ =22 ) =1+
(W( +¥) y) ( + B) —— 1 : ta(m(x)) = clx, m(x)) = us(x)
X
> Take logarithms: uq(x) + ua(y) = c(x,y) j From u, compute w
Cost function is non-quadratic B

15 16 | Martin | C optics | freeform optics TU/ e
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Parallel-to-point reflector, 2D and 3D

2D

» Energy conservation:
E() 1+ (m(x)?
/ .
T ) 2
» Optimal transport formulation:

ur(x) +ualy) = clxy)

c(x,y) = log ((1 + Xﬁy)2>

17 | Martijn |c optics |

freeform optics

Mathematical model

» Path of a ray
- Leaves source S at P = (x,0)

- Hits freeform lens surface at A = (x, u(x))

- Arrives at target T at Q = (y,L)
» Optical path length:

Vly) =n-u(x) +d(AQ)

O o
3D: x:(x1) y:(y1) m:(m1)
X2 Y2 ma
> Energy conservation:
2
E) (14 Im()[?)
G(m(x)) 4
» Optimal transport formulation:
u1(x) + u2(y) = clx,y)

c(x,y) = log ((1 + XBY)2>

» Differentiate, substitute y = m(x), differentiate
Dyyc(x, m(x)) Dm(x) = D?u (x) — Dyxc(x, m(x))
N —

C P
> Generalized Monge-Ampére equation

det(Dm(x)) = +

= -0+ ly = x)2 + (L~ ulx))?

Cannot be formulated as optimal transport problem

19 | Martin | C optics |

freeform optics

CdetlP) | E) (1+[m))?)’
det(Pmix)) = 551E) = T Gm) 7
GIE
z Q T
z=1L
y
z=u(x) \A
z=0
P S X
TU/e

Parallel-to-near-field lens

4 ) o P
N > Source: parallel beam with Gaussian light distribution
3 1 > Near-field target with uniform distribution
> Find the single freeform lens surface
1 |||HH|IIIHH|||
0
-2 -1 0 1 2
X
18 | Martijn | C optics | freeform optics

Numerical method

> Energy conservation:

Solve ODE for m

» Geometric relation:

Vly) =m0 4+ y =02+ (L~ u(x))2

T
. \\\\H Il
. \\\fo:\“‘l»'///// differentiate to x, substitute y = m(x), solve for u’(x):
Wil
L U (x) = m(x) —x
) n- \/(m(x)fx)2+ (L—u(x)?2+ulx)—L
: Solve ODE for u
20 | Martijn | Ce optics | freeform optics

GJE

TU/e

GJE

TU/e
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Parallel-to-near-field lens, 2D and 3D GJE Iterative least-squares solver for 3D systems O SMA @ GMA GJE
2D 3D

. . > Find mapping m : S — T such that > lterative procedure:
> Energy conservation: > Energy conservation: 0
E(x) E(x) £ 1. Choose an initial guess m
m'(x) =+ det(Dm(x)) = £———— det(Dm) = _EB) Lletn=0
G(m(x)) G(m(x)) G(m(x)) 2. Let(m,P) = %H 1CDm — P dx
» Geometric relation: » Geometric relation: m(dS) = dT s
Vly) = n-u)+/ly —x)2 + (L — u(x))2 Vly) = - ube) + 4/ lly = x| + (L~ u(x))? P! = argmin J(m", P)
. > Break down in substeps Constrainez minimization problem
= H(x,y,u(x)) We compute P, b, m such that ; )
» Differentiate to x:  Vy (H (x,y, u(x)) ) =0 3. LetJs(m,b) = 3 LS [[m —b" ds
- P =CDm
» Let H(x,y) := H(x,y, u(x)), substitute y = m(x), E(x) b"*" = argmin Js(m", b)
. . . b
dlfferentla~te tox _ det(P) = det(C) m Projection on boundary 0T
DyxH(x, m(x)) + DyyH(x, m(x)) (Dm)(x) = O 4. LetJ(m,P,b) = oacfy(m, P) + (1 — o) Js(m, b)
—_— b(x) = m(x) x € 0S
C m"" = argmin J(m,P""" p""")
> Generated Jacobian equation b maps 0S to oT Elliptic PDEs for m1 and my — FVM
~ E . =
det(DxxH(x, m(x))) — 4 det(C) (x) 5. Letn:=n+1, go to Step 2
) Glm(x))
| Martijn | C optics | freeform optics 22| Martijn | C optics | freeform optics
Girl with a pearl earring (parallel-to-far-field reflector 3D) Laser beam shaping (parallel-to-parallel lens 3D)
T —
of |
» Parallel source ol
i Lens
» Uniform source N
distribution s
> Far-field target o4
» Single reflector o
2 Source Target
01
01 02 03 04 05 06 07 08 08
x Source distribution: Optical system: Desired target distribution:
Target Mapping Ray trace Gaussian profile one lens with two circular top hat profile
Source emits parallel light rays freeform surfaces Output beam: parallel light rays
Prins, C. R., ten Thije Boonkkamp, J. H. M., van Roosmalen, |., ljzerman, W. L., Tukker, T. W. (2014)
{ae ‘ A Monge-Ampére-solver for freeform reflector design
= SIAM Journal on Scientific Computing, 36(3), B640-B660

p https://doi.org/10.1137/130938876
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Laser beam shaping

X1 Y1

Source

X2 z=0 v z=1L

freeform optics

25| Martiin |c i ion optics |

Alternative optical systems

27| Martijin |c optics | g freeform optics

> Light rays travel from left to right
» Source plane: z=0
Cartesian coordinates x =

Source S emits parallel light rays
Exitance: f(x),x € S

> Target plane: z =L

z
Cartesian coordinates y = (; 1)
2
Desired irradiance: g(y),y € T
» First lens surface: z =u(x),x € S
Second lens surface: L—z =w(y),y e T
TU/e
2
<o
2
% 2, 727‘,7; 4 s FERT)
z
2
1
xo :
! 2, 5 o 2 4 6 PR
z
TU/e

Numerical results for the laser beam

Yadav, N. K., ten Thije Boonkkamp, J. H. M., ljzerman, W. L. (2019)
Computation of double freeform optical surfaces

using a Monge—Ampére solver: Application to beam shaping

Optics Communications, 439, 251-259
https://doi.org/10.1016/j.0ptcom.2019.01.069

freeform optics
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Point-to-parallel reflector system 3D

shaping problem

Desired target distribution

28 | Martijn

Optics Express, 29(16), 25605-25625
https://doi.org/10.1364/OE.425289

|c optics | g freeform optics

Van Roosmalen, A. H., Anthonissen, M. J. H., ljzerman, W. L., ten Thije Boonkkamp, J. H. M. (2021)
Design of a freeform two-reflector system to collimate and shape a point source distribution

TU/e
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Parallel-to-near-field reflector 3D

2 El [ 1 2

Mapping Ray trace

https:/doi.org/10.1137/20M1338940
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Imaging optics
» Consider imaging optical system

(a,p) (q’,p")

N

Object plane  Optical system  Image plane

> Each ray is defined by position g and direction p

> Hamiltonian optics:

__OH . 0H
=% b= o
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o 100
Tteration

Romijn, L. B., Anthonissen, M. J. H., ten Thije Boonkkamp, J. H. M., ljzerman, W. L. (2021)
An iterative least-squares method for generated Jacobian equations in freeform optical design
SIAM Journal on Scientific Computing, 43(2), B298-B322

» Optical map:

Ideal system:

b
M = Minear = (CC, d)

> In practice M is nonlinear
Goal: Mathematical description of
nonlinearities, called aberrations

Convergence

TU/e

TU/e

Sixteen basic systems

Parallel target Point target Near-field target Far-field target
Parallel
source
Point
source
Parallel
source
Point
source
30 Martiin |c i optics | freeform optics

Finding aberrations

» Consider imaging optical system

w) )
z

> Break down in steps: P—R—P—R—P
P: propagation
R: refraction

> Write each step as a Lie transformation

M, = exp ([f, )
Cdf 0 00
1= 392 " 3p2g

» Optical map is product of M;
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> Model 1: Standard Monge-Ampére
equation (SMA)
Optimal transport formulation with
quadratic cost function

> Model 2: Generalized Monge-Ampére
equation (GMA)
Optimal transport formulation with
non-quadratic cost function

» Model 3: Generated Jacobian equation
(GJE)

No optimal transport formulation

Anthonissen, M. J. H., Romijn, L. B., ten Thije Boonkkamp, J. H. M.,
ljzerman, W. L. (2021)

Unified mathematical framework for a class of fundamental freeform
optical systems, Optics Express, 29(20), 31650-31664,
https://doi.org/10.1364/OE.438920

TU/e

» Spot diagram off-axis object

—0.235

—0.240

—0.250

0.245 0.250 0.255 0.260
4z

Barion, A., Anthonissen, M. J. H., ten Thije
Boonkkamp, J. H. M., ljzerman, W. L. (2023)
Computing aberration coefficients for plane-symmetric
reflective systems: A Lie algebraic approach

Journal of the Optical Society of America A, Optics,
Image Science and Vision, 40(6), 1215-1224
https://doi.org/10.1364/JOSAA.487343
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Improved direct methods

Phase space

Real space Phase space: p(z,q,p) at z = 0.7
Real space » New methods work in phase space !
» q < 0: Water, refractive index ny = 1.4 0
q>0:Ainn =1 0.8
Light source at z =0 o7
» Each ray can be defined by position g(z) 5 . 06
3 and direction p(z) g E o
E » Four rays: E é
2 0.4
¢ p(0) =0 — g(z) constant -
® p(0) > perir — ray is reflected 03
® p(0) > peir — ray is reflected a7
E  0<p(0) < peir — ray is refracted .
1
source source 0
-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
Position ¢ Position ¢ Position ¢
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. - . .
Liouville’s equation Backward ray mapping
052 _ps A m » Conservation of luminance p = p(z, q,p) » Two-faceted cup > Intensity at target
04 ap 1 p 40 7 0.035 ‘
+V- (pu)=0 u— —— 35 —— MC Ray Tracing —— CBRM — = Exact|
E0.3 oz (p ) ) Y p2 n%g w© 0.03
= 0.2 25 0.025
) . ) . N2 X . 0.02
01 Liouville’s equation " g
0.015
00 > Discontinuous Galerkin spectral element method (DG) " oot
. : : » Compared to quasi Monte Carlo ray tracing (QMC) % s 0 e s W w @ 0.008
x 0
100 > Phase spaces source and target P
g
@ 10° Bt 1 1
< S,
S van Gestel, R. A. M,, Anthonissen, M. J. H., os "2 0s Tas
8 107 ten Thije Boonkkamp, J. H. M., Ijzerman, W. L. (2023) | )
© = Que An ADER discontinuous Galerkin method on moving meshes for Liouville’s equation a0 S, a0 Jansen, W. G. T, Anthonissen, M. J. H,
S 109 <+ DGN [ . . 4 ten Thije Boonkkamp, J. H. M., ljzerman, W. L. (2023)
o e DG . A\ of geometrical optics r Concatenated Backward Ray Mappin,
e —— DG Journal of Computational Physics, 488, 112208 e s e T2 o o pping
101 | Denee httpsy/doi.org/10.1016/;jcp.2023.112208 13 4 on the Compound Parabolic Concentrator
" . . A . 4 a4 Journal of Mathematics in Industry. Submitted
T TSMET R o = w5 o 5w w

Computation time [s]
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TU/e
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Conclusions

Spatal coordinate (1)

Spatalcoornats (9

{7

Optical mapping

> Yes we can transform a frog
into a prince with a mirror!

» And we can model and simulate
another fifteen basic optical systems

Romijn, L. B. (2021)

Generated Jacobian Equations in Freeform Optical Design:

Mathematical Theory and Numerics
PhD thesis, Eindhoven University of Technology
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Concave, convex and saddle surfaces
2D 3D
EX) 1+ (m(x)? Ex) (14 [ImB))2)°
m'(x) ==+ = 9 ( m)[?)
G(m(x)) 2 det(Dm(x)) = :I:G(m(x)) )

° o Concave Convex Saddle 1 Saddle 2

* N 2 2 2 2

: . 1
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Extensions and future work

» Include Fresnel reflection
and scattering

> Design lens arrays
with smooth surfaces

> Use machine learning
to speed up or replace
the least-squares solver
> Model finite sources

» Model GRIN optics

> Move beyond the sixteen basic systems

> Include phase information
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Lens arrays

Concave elements only

Not smooth at interfaces
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reflectance

Reflectance on a freeform lens
for street illumination

~

7
/]
i
I
1
1
\
\

U

Luneburg lens

Concave, convex and saddle

Convex elements only

Not smooth at interfaces Smooth everywhere
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