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n preparing this book, we had the good fortune of working with a number of
people who shared our enthusiasm for the project, and we are indebted to
them for the insights and assistance they provided.  The entire Mathematics

Learning Study Committee contributed valuable ideas, but we particularly
acknowledge the members of the subcommittee who conceptualized and
shaped the book:  Thomas Carpenter, James Hiebert, Casilda Pardo, and Edgar
Robinson.  We are grateful to them for their inspiration, hard work, and guid-
ance.  During the outlining and preliminary drafting of the book, we benefited
from the views and prose provided by Pat McNees, a writer consultant.  And
we are especially indebted to Steve Olson, who took our rough drafts and
sketchy ideas and turned them into this final product.  Without his expert edi-
torial assistance, the project might never have been completed.

We would like to thank our sponsor for this book, the ExxonMobil
Foundation, for seeking to engage a much broader audience in discussion and
action.  In particular, we thank Edward Ahnert, president of the Foundation, and
Joe Gonzales, program officer, for their support and interest.  We also want to
thank the sponsors of the Mathematics Learning Study, the National Science
Foundation and the U.S. Department of Education, for their continued support
during the production of the book.

This book has been reviewed by individuals chosen for their diverse perspec-
tives and technical expertise, in accordance with procedures approved by the
National Research Council’s (NRC) Report Review Committee.  The purpose of
this independent review is to provide candid and critical comments that will assist
the institution in making its published book as sound as possible and to ensure
that the book meets institutional standards for objectivity, evidence, and respon-
siveness to the study charge.  The review comments and draft manuscript remain
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confidential to protect the integrity of the deliberative process.  We thank the fol-
lowing individuals for their review of this book:  Arthur J. Baroody, Department of
Curriculum and Instruction, University of Illinois; Keith Devlin, Center for the
Study of Language and Information, Stanford University; Nancy A. Doorey,
Brandywine School District, Delaware; Andrew M. Gleason, Department of
Mathematics, Harvard University; Nancy Larson, West Haven Schools,
Connecticut; Mike Riley, Bellevue School District, Washington; Zalman P.
Usiskin, Department of Education, University of Chicago;  and Carrie L.
Valentine, Madison Metropolitan School District and University of Wisconsin.

Although the reviewers listed above have provided many constructive com-
ments and suggestions, they were not asked to endorse the conclusions or rec-
ommendations, nor did they see the final draft of the book before its release.  The
review of this book was overseen by Alfred Manaster, University of California at
San Diego, and Patrick Suppes, Stanford University.  Appointed by the NRC, they
were responsible for making certain that an independent examination of this
book was carried out in accordance with institutional procedures and that all
review comments were carefully considered.  Responsibility for the final content
of this book rests solely with the authoring committee and the NRC.

Finally, we extend our sincere thanks to a number of individuals at the NRC
who made significant contributions to our work:  Michael J. Feuer, director of the
Center for Education (CFE), for providing key advice; Kirsten Sampson Snyder,
reports officer for CFE, for guiding us through the report review process; Bradford
Findell, former program officer, for his contributions to several drafts; Patricia
Morison, senior program officer, for shepherding this project through its final
stages; Sally Stanfield and Francesca Moghari, National Academy Press, for mak-
ing our book look so nice; Carole Lacampagne for her wise advice during late
stages; and Dionna Williams and Yvonne Wise for help with production.  Last,
we would like to express our appreciation to Brian McQuillan, senior project
assistant, who provided a wealth of logistical support during the project.

Jeremy Kilpatrick, Chair
Jane Swafford, Study Director
Mathematics Learning Study Committee
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he major observations and recommendations of this book establish new
goals for mathematics learning and lay out a course of action for achiev-
ing those goals.

• All students can and should be proficient in mathematics.

• Mathematical proficiency involves five intertwined strands: (1) understanding
mathematics; (2) computing fluently; (3) applying concepts to solve problems;
(4) reasoning logically; and (5) engaging with mathematics, seeing it as sensi-
ble, useful, and doable.

• For all students to become mathematically proficient, major changes must
be made in mathematics instruction, instructional materials, assessments,
teacher education, and the broader educational system.  In particular:

—Instruction should support the development of mathematical proficiency
for all.

—Instructional materials should integrate the five strands of mathematical
proficiency.

—Assessments should contribute to the goal of mathematical proficiency.
—Teachers should have the support that will enable them to teach all 

students to be mathematically proficient.
—Efforts to achieve mathematical proficiency for all students must be 

coordinated, comprehensive, and informed by scientific evidence.

• Mathematical proficiency for all cannot be achieved through piecemeal or
isolated efforts.  All interested parties—including parents and caregivers,
teachers, administrators, and policy makers—must work together to improve
school mathematics.

1
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oday the United States has the challenge and the opportunity to provide
all students with the mathematical knowledge, skills, and confidence
they will need in a highly technical world.  There is considerable nation-

wide interest in improving students’ understanding of mathematics, combined
with an emerging consensus about the essential elements of mathematics
instruction; in addition, research has provided valuable insights into how chil-
dren learn.  Together these factors are opening the way to substantial and endur-
ing progress in school mathematics.

Greater understanding of mathematics will be essential for today’s school-
children.  Success in tomorrow’s job market will require more than computa-
tional competence.  It will require the ability to apply mathematical knowledge
to solve problems.  If today’s students are to compete successfully in the world
of tomorrow, they must be able to learn new concepts and skills.  They need to
view mathematics as a tool they can use every day.  They need to have the
mathematical sophistication that will enable them to take full advantage of the
information and communication technologies that permeate our homes and
workplaces.  Students with a poor understanding of mathematics will have
fewer opportunities to pursue higher levels of education and to compete for
good jobs.

Despite the dramatically increased role of mathematics in our society, mathe-
matics classrooms in the United States today too often resemble their counter-
parts of a century ago.1 Many mathematics teachers still spend the bulk of their
class time demonstrating procedures and supervising students while they prac-
tice those procedures.  In numerous elementary and middle schools, time for
learning mathematics is too brief.  Textbooks are typically packed with an assort-
ment of topics, so that the treatment of any one topic is often both shallow and

3
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repetitive.  Key ideas can be difficult to pick out from among the many inci-
dental details.  This scattered and superficial curriculum means that students
learn much less than they might.  They then take standardized tests that often
measure low-level skills rather than the kind of problem-solving abilities need-
ed in modern life.  All too often, mathematics instruction serves to alienate stu-

dents rather than to reveal to them the beauty and
usefulness of mathematics.

Despite its remarkable stability, school mathe-
matics has changed somewhat in the United States
over the past decade or so.  Some districts are using
instructional materials that are more likely to lead to
mathematical proficiency, and some states have
developed tests to measure more than low-level
skills.  More teachers are effectively engaging stu-

dents with worthwhile mathematics.
However, progress has been uneven
and poorly documented.

Results from national and interna-
tional assessments indicate that
schoolchildren in the United States
are not learning mathematics well
enough.  During the 1990s, perform-
ance on national assessments did
improve in some areas of mathemat-
ics and for some groups of students.

For example, fourth and eighth graders made significant gains. Performance also
improved among black and Hispanic students, although the gap between the
performance of these students and that of white students remains large.  Even
with these gains, however, performance is still below what is needed of U.S. stu-
dents.2 Many students cannot use computations to solve problems.  Their under-
standing and use of decimals and fractions are especially weak.  In internation-
al comparisons, their mathematics performance is usually no better than average
and sometimes below that.

Helping all children succeed in mathematics is an imperative national goal.
Yet, although there is ample research on the learning of mathematics, there is a
shortage of comprehensive and reliable information gleaned from that research
to guide efforts to improve school mathematics.
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Shaded boxes appearing throughout this book address the following ques-
tions, which arise in discussions of school mathematics:

Which side of the “math wars” is correct?
(page 12)

Do students still need to learn how to compute 
with paper and pencil now that calculators 

and computers are available?
(page 15)

What is wrong with the old ways of teaching math?
(page 22)

How can teachers develop all the strands of math 
proficiency when they already have so much to teach?

(page 22)

Does working in small groups help students to
develop math proficiency?

(page 27)

Don’t students have to be grouped by ability to 
develop math proficiency?

(page 27)

Why are students playing with blocks, sticks, and beans in
math classes?

(page 29)

Should all students study algebra?
(page 29)

Does improving students’ math proficiency require 
new types of tests?

(page 32)

http://nap.nationalacademies.org/10434


Helping Children Learn Mathematics

Copyright National Academy of Sciences. All rights reserved.

This short book is based on Adding It Up:  Helping Children Learn
Mathematics. Both are products of the National Research Council’s Mathematics
Learning Study Committee, a multidisciplinary group of scholars, educators,
researchers, and administrators with differing perspectives on school mathemat-
ics but a shared commitment to making it as effective as possible.  Our commit-
tee has sought to move the discussion beyond the narrow views that have char-
acterized past debates about how to improve student learning.  We have not
focused on a particular aspect of school mathematics, such as the curriculum or
textbooks.  Instead, we have taken a comprehensive view of what it means to be
successful in mathematics.  By examining, debating, and synthesizing the avail-
able research evidence, we have come to a consensus about how school math-
ematics needs to change to prepare students for life in the 21st century.

This book examines school mathematics during a critical period in a child’s
education—from pre-kindergarten (pre-K) through eighth grade.  During these
years, students need to become proficient in mathematics if they are to be suc-
cessful at higher levels of education and in the workplace.  This book focuses on
the domain of number, which is at the heart of preschool, elementary school,
and middle school mathematics.  Many of the controversies about school math-
ematics concern the learning of number, and it is the most thoroughly investi-
gated part of the curriculum.  But our concentration on number is not meant to
imply that school mathematics from pre-K through eighth grade should be limit-
ed to arithmetic.  On the contrary, school mathematics in the early grades needs
to give significant attention to additional mathematical domains, such as alge-
bra, geometry, probability, and statistics.  We use the domain of number to illus-
trate what might be done throughout the curriculum.

This book, Helping Children Learn Mathematics, is addressed to parents and
caregivers, teachers, administrators, and policy makers, all of whom must work
together to improve mathematics learning.  The book concludes with lists of
recommended actions for each of these groups.  Many other groups also must
contribute, including textbook publishers, the creators of state and national
learning standards and assessments, and education researchers.  For those
groups, Adding It Up provides more detailed guidance.
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In 1998 the National Science Foundation and the U.S. Department of Education
asked the National Research Council to conduct a study of what research says
about successful mathematics learning from the preschool years through eighth
grade.  The National Research Council, which is the principal operating agency
of the National Academy of Sciences, established a committee of 16 people to
carry out this task.  The charge to the committee had three parts:

1. to synthesize the rich and diverse research on pre-kindergarten through
eighth-grade mathematics learning;

2. to provide research-based recommendations for teaching, teacher educa-
tion, and curriculum for improving student learning and to identify areas
where research is needed;

3. to give advice and guidance to educators, researchers, publishers, policy mak-
ers, and parents.

The Mathematics Learning Study Committee included school practitioners,
research mathematicians, educational researchers, and a retired business execu-
tive.  Committee members differed not only in expertise but in viewpoint—at the
beginning of the committee’s work its members had many different and contrast-
ing ideas about how mathematics learning can and should be improved.  Over
the course of eighteen months and eight meetings, the committee reviewed and
synthesized the relevant research, gathered materials from commissioned papers
and presentations, and discussed mathematics learning in light of the many and
varied experiences of its members.  In the process, the committee members grad-
ually arrived at a consensus about the changes needed in mathematics teaching,
teacher education, and the mathematics curriculum.

The committee’s final book benefited from the efforts of many different peo-
ple concerned with improving mathematics education.  The book  Adding It Up:
Helping Children Learn Mathematics can be purchased from the National
Academy Press at 800-624-6242; it is also available on the World Wide Web at
http://www.nap.edu/catalog/9822.html.

To disseminate the major conclusions of Adding It Up to a broader audience,
a subcommittee of the Mathematics Learning Study Committee has overseen the
production of this short book.
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ur analyses of the mathematics to be learned, our reading of the
research in cognitive psychology and mathematics education, our expe-
rience as learners and teachers of mathematics, and our professional

judgment have led us to adopt a composite view of successful mathematics
learning.  Recognizing that no term completely captures all aspects of expert-
ise, competence, knowledge, and facility in mathematics, we have chosen
mathematical proficiency to express what we think it means for anyone to learn
mathematics successfully.

Mathematical proficiency has five strands:3

(1) Understanding: Comprehending mathematical concepts, operations, and rela-
tions—knowing what mathematical symbols, diagrams, and procedures mean.

(2) Computing: Carrying out mathematical procedures, such as adding, sub-
tracting, multiplying, and dividing numbers flexibly, accurately, efficiently, and
appropriately.

(3) Applying: Being able to formulate problems mathematically and to devise
strategies for solving them using concepts and procedures appropriately.

(4) Reasoning: Using logic to explain and justify a solution to a problem or to
extend from something known to something not yet known.

(5) Engaging: Seeing mathematics as sensible, useful, and doable—if you work
at it—and being willing to do the work.

The most important feature of mathematical proficiency is that these five
strands are interwoven and interdependent.  Other views of mathematics learning

9
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have tended to emphasize only one aspect of proficiency, with the expectation
that other aspects will develop as a consequence.  For example, some people
who have emphasized the need for students to master computations have
assumed that understanding would follow.  Others, focusing on students’ under-
standing of concepts, have assumed that skill would develop naturally.  By
using these five strands, we have attempted to give a more rounded portrayal of
successful mathematics learning.

The overriding premise of this book is that all students can and should
achieve mathematical proficiency.  Just as all students can become proficient
readers, all can become proficient in school mathematics.  Mathematical profi-
ciency is not something students accomplish only when they reach eighth or
twelfth grade; they can be proficient regardless of their grade.  Moreover, math-
ematical proficiency can no longer be restricted to a select few.  All young
Americans must learn to think mathematically if the United States is to foster the
educated workforce and citizenry tomorrow’s world will demand.

�
��������������

(1) Understanding:  Comprehending mathematical concepts, operations, and
relationsÑknowing what mathematical symbols, diagrams, and procedures
mean.

Understanding refers to a student’s grasp of fundamental mathematical ideas.
Students with understanding know more than isolated facts and procedures.
They know why a mathematical idea is important and the contexts in which it
is useful.  Furthermore, they are aware of many connections between mathe-
matical ideas.  In fact, the degree of students’ understanding is related to the
richness and extent of the connections they have made.

For example, students who understand division of fractions not only can
compute 6 � = 9.  They also can represent the operation by a diagram and
make up a problem to go with the computation.  (If a recipe calls for cup of
sugar and 6 cups of sugar are available, how many batches of the recipe can be
made with the available sugar?)

Students who learn with understanding have less to learn because they see
common patterns in superficially different situations.  If they understand the gen-
eral principle that the order in which two numbers are multiplied doesn’t mat-
ter—3 � 5 is the same as 5 � 3, for example—they have about half as many
“number facts” to learn.  Or if students understand the general principle that
multiplying the dimensions of a three-dimensional object by a factor n increas-

2
3

2
3
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es its volume by the factor n3, they can understand many situations in which
objects of all shapes are proportionally expanded or shrunk.  (They can under-
stand, for example, why a 16-ounce cup that has the same shape as an 8-ounce
cup is much less than twice as tall.)

Knowledge learned with understanding provides a foundation for remember-
ing or reconstructing mathematical facts and methods, for solving new and
unfamiliar problems, and for generating new knowledge.  For example, students
who thoroughly understand whole number operations can extend these con-
cepts and procedures to operations involving decimals.

Understanding also helps students to avoid critical errors in problem solv-
ing—especially problems of magnitude.  Any student with good number sense
who multiplies 9.83 and 7.65 and gets 7,519.95 for an answer should immedi-
ately see that something is wrong.  The answer can’t be more than 10 times 8
or 80, as one number is less than 10 and the other is less than 8.  This reason-
ing should suggest to the student that the decimal point has been misplaced.

(2) Computing:  Carrying out mathematical procedures, such as adding, sub-
tracting, multiplying, and dividing numbers flexibly, accurately, efficiently, and
appropriately.

Computing includes being fluent with procedures for adding, subtracting, mul-
tiplying, and dividing mentally or with paper and pencil, and knowing when
and how to use these procedures appropriately.  Although the word computing
implies an arithmetic procedure, in this document it also refers to being fluent
with procedures from other branches of mathematics, such as measurement
(measuring lengths), algebra (solving equations), geometry (constructing similar
figures), and statistics (graphing data).  Being fluent means having the skill to
perform the procedure efficiently, accurately, and flexibly.

Students need to compute basic number combinations (6 + 7, 17 – 9, 8 � 4,
and so on) rapidly and accurately.  They also need to become accurate and effi-
cient with algorithms—step-by-step procedures for adding, subtracting, multi-
plying, and dividing multi-digit whole numbers, fractions, and decimals, and for
doing other computations.  For example, all students should have an algorithm
for multiplying 64 and 37 that they understand, that is reasonably efficient and
general enough to be used with other two-digit numbers, and that can be
extended to use with larger numbers.

The use of calculators need not threaten the development of students’ com-
putational skills.  On the contrary, calculators can enhance both understanding
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Reform efforts during the 1980s and 1990s downplayed com-
putational skill, emphasizing instead that students should
understand and be able to use math.  In extreme cases, students
were expected to invent math with little or no assistance.
Reactions to these efforts led to increased attention to memo-
rization and computational skill, with students expected to
internalize procedures presented by teachers or textbooks.  The
clash of these contrasting positions has been called the “math
wars.”

Which position is correct?  Neither.  Both are too narrow.
When people advocate only one strand of proficiency, they lose
sight of the overall goal.  Such a narrow treatment of math may
well be one reason for the poor performance of U.S. students in
national and international assessments.

Math instruction cannot be effective if it is based on extreme
positions.  Students become more proficient when they under-
stand the underlying concepts of math, and they understand the
concepts more easily if they are skilled at computational proce-
dures.  U.S. students need more skill and more understanding
along with the ability to apply concepts to solve problems, to
reason logically, and to see math as sensible, useful, and
doable.  Anything less leads to knowledge that is fragile, dis-
connected, and weak.

12
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and computing.4 But as with any instructional tool, calculators and computers
can be used effectively or not so effectively.  Teachers need to learn how to use
these tools—and teach students to use them—in ways that support and integrate
the strands of proficiency.

Accuracy and efficiency with procedures are important, but computing also
supports understanding.  By working through procedures that are general
enough for solving a whole class of problems, such as a procedure for adding
any two fractions, students gain appreciation for the fact that mathematics is
predictable, well structured, and filled with patterns.

When students merely memorize procedures, they may fail to understand the
deeper ideas that could make it easier to remember—and apply—what they
learn.  When they are subtracting, for example, many children subtract the
smaller number from the larger in each column, no matter where it is, so wrong
answers like the following are common:

62
– 48

26 (instead of 14)

Children who learn to subtract with understanding rarely make this kind of error.5

Developing computational skill and developing understanding are often seen
as competing for attention in school mathematics.  But pitting skill against
understanding creates a false dichotomy.  Understanding makes it easier to
learn skills, while learning procedures can strengthen and develop mathemati-
cal understanding.

(3) Applying:  Being able to formulate problems mathematically and to devise
strategies for solving them using concepts and procedures appropriately.

Applying involves using one’s conceptual and procedural knowledge to solve
problems. A concept or procedure is not useful unless students recognize when
and where to use it—as well as when and where it does not apply.  In school, stu-
dents are given specific problems to solve, but outside school they encounter sit-
uations in which part of the difficulty is figuring out exactly what the problem is.
Therefore, students also need to be able to pose problems, devise solution strate-
gies, and choose the most useful strategy for solving problems.  They need to
know how to picture quantities in their minds or draw them on paper, and they
need to know how to distinguish what is known and relevant from what is
unknown.
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Routine problems can always be solved using standard procedures.  For exam-
ple, most children in second grade know that they must add to answer the 
following question: “If 12 students are on the minibus and 7 more get on, how
many students are on the bus?”  But for nonroutine problems, students must
invent a way to understand and solve the problem.  For example, second
graders might be asked the following question:  “A minibus has 7 seats that hold
2 or 3 students each.  If there are 19 students, how many must sit 2 to a seat,
and how many must sit 3 to a seat?”  To come up with an answer, they must
invent a solution method.  They need to understand the quantities in the prob-
lem and their relationships, and they must have the computing skills required
to solve the problem.

(4) Reasoning:  Using logic to explain and justify a solution to a problem or to
extend from something known to something not yet known.

Reasoning is the glue that holds mathematics together.  By thinking about the
logical relationships between concepts and situations, students can navigate
through the elements of a problem and see how they fit together.  If provided
with opportunities to explore and discuss even and odd numbers, for example,
fourth graders can explain why the sum of any even and any odd number will
be odd.

One of the best ways for students to improve their reasoning is to explain or
justify their solutions to others.  Once a procedure for adding fractions has been
developed, for example, students should sometimes be asked to explain and
justify that procedure rather than just doing practice problems.  In the process
of communicating their thinking, they hone their reasoning skills.

Reasoning interacts strongly with the other strands of mathematical profi-
ciency, especially when students are solving problems.  As students reason
about a problem, they can build their understanding, carry out the needed com-
putations, apply their knowledge, explain their reasoning to others, and come
to see mathematics as sensible and doable.

(5) Engaging:  Seeing mathematics as sensible, useful, and doableÑ if you work
at itÑ and being willing to do the work.

Engaging in mathematical activity is the key to success. Our view of mathe-
matical proficiency goes beyond being able to understand, compute, apply, and
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Yes.  The widespread availability of calculators has greatly
reduced the need for performing complex calculations with
paper and pencil.  But students need to understand what is
happening in these complex calculations, and they still need to
learn to perform simpler computations with pencil and paper
because that helps them develop math proficiency.  For exam-
ple, a certain level of skill with basic number combinations is
needed to understand procedures for multiplying two-digit
numbers, and computational fluency is often essential in solv-
ing problems in algebra and explaining their solutions. How
much instructional time should be spent on complex pencil-
and-paper calculations is a question that will need to be contin-
ually revisited over the next decades.
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reason.  It includes engagement with mathematics:  Students should have a per-
sonal commitment to the idea that mathematics makes sense and that—given
reasonable effort—they can learn it and use it, both in school and outside
school.  Students who are proficient in mathematics see it as sensible, useful,
and worthwhile, and they believe that their efforts in learning it pay off; they see
themselves as effective learners, doers, and users of mathematics.

Success in mathematics learning requires being positively disposed toward
the subject.  Students who are engaged with mathematics do not believe that
there is some mysterious “math gene” that dictates success.  They believe that
with sufficient effort and experience they can learn.  If students are to learn, do,
and use mathematics effectively, they should not look at it as an arbitrary set of
rules and procedures.  They need to see it instead as a subject in which things
fit together logically and sensibly, and they need to believe that they are capa-
ble of figuring it out.

Engaging oneself with mathematics requires frequent opportunities to make
sense of it, to experience the rewards of making sense of it, and to recognize
the benefits of perseverance.  As students build their mathematical proficiency,
they become more confident of their ability to learn mathematics and to use it.
The more mathematical concepts they understand, the more sensible the whole
subject becomes.  In contrast, when they think mathematics needs to be learned
by memorizing rather than by making sense of it, they begin to lose confidence
in themselves as learners.  Students who are proficient in mathematics believe
that they can solve problems, develop understanding, and learn procedures
through hard work, and that becoming mathematically proficient is worthwhile
for them.

�������������
������������������������

Just as a stool cannot stand on one leg or even two, so mathematical proficien-
cy cannot stand on one or two isolated strands.  To become mathematically pro-
ficient, students need to develop all five strands throughout their elementary
school and middle school years.

At any given moment during a mathematics lesson or unit, one or two strands
might be emphasized.  But all the strands must eventually be addressed so that
the links among them are strengthened.  For example, a lesson that has the main
goal of developing students’ understanding of a mathematical concept might
also rely on problem solving and require a number of computations.  Or stu-
dents might be asked to reason about a newly introduced idea rather than sim-
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ply being presented with a definition and examples.  In addition, throughout the
school year, students should have opportunities to focus on various strands in
various combinations.  If teachers routinely stress just one or two strands, ignor-
ing the others, the mathematics their students learn is likely to be incomplete
and fragile.

Developing the strands of proficiency individually is much harder than learn-
ing them together.  In fact, it is almost impossible to master any one of the
strands in isolation.  This might be why it is so hard for students to remember,
for example, all the rules for computing with fractions and decimals if that is all
they learn.  Addressing all the strands of profi-
ciency makes knowledge stronger, more durable,
more adaptable, more useful, and more relevant.

Integrating the strands of mathematical profi-
ciency is entirely consistent with students’ typical
approaches to learning.  For example, as a child
gains understanding, he or she remembers com-
putational procedures better and uses them more
flexibly to solve problems.  In turn, as a proce-
dure becomes more automatic, the child can
think of other aspects of a problem and can tackle new problems, which leads
to new understanding.  The box on page 18 provides a further description of the
integration of the strands of mathematical proficiency.

U.S. school mathematics today often assumes that children must master cer-
tain skills before they can understand the procedures and apply them—as if
children cannot play a tune before they have mastered all the scales.  But stu-
dents can figure out that there are five and a half -foot lengths of ribbon in
a 2 -foot strip before they are taught to “invert and multiply.”  In fact, solving
such problems can help students understand the invert-and-multiply proce-
dure.  They might, for example, observe that the number of -foot lengths in
1 foot is two.  Hence multiplying 2 � 2 (the reciprocal of ) will give the total
number of -foot lengths in the 2 -foot strip.

Just as a symphony cannot be heard by listening to each instrument’s part in
succession, mathematical proficiency cannot be attained by learning each of
the strands of proficiency in isolation.  Instruction needs to take advantage of
children’s natural inclination to use all five strands of mathematical proficiency.
(The box on pages 19-20 gives examples of how the strands of proficiency can
be integrated in learning how to solve proportions.)  In this way, students under-
stand and know how to apply procedures that they are often expected merely
to memorize.

3
4

1
2

1
2

3
4

1
2

3
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1
2
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Integrating the Strands of Proficiency in Learning Number Combinations

Learning to add, subtract, multiply, and divide with single-digit numbers has long
been characterized in the United States as “learning basic facts or number combi-
nations,” and students traditionally have been expected simply to memorize those
combinations.  Research has shown, however, that students actually move through
a fairly well-defined sequence of solution methods when they are learning to per-
form operations with single-digit numbers.  This deeper understanding of student
learning demonstrates how the four other strands of proficiency—in addition to
computing—can be strengthened through the learning of number combinations.6

Understanding
Number combinations are related.  Recognizing and taking advantage of these

connections can make the learning of number combinations easier and less sus-
ceptible to forgetting and error.  For example, students quickly learn that 5 cookies
plus 4 cookies is one more than 4 cookies plus 4 cookies.

Students also learn some number combinations earlier than others.  For example,
they often learn doubles (e.g., 6 + 6, 9 + 9) and sums to ten (e.g., 7 + 3) earlier than
other number combinations, and they can use this knowledge to learn other num-
ber combinations (e.g., 6 + 7 is one more than 6 + 6; 8 + 5 can be broken down
into 8 + 2 + 3).

Connections between addition and subtraction and between multiplication and
division can be exploited to make it easier for students to learn subtraction and divi-
sion number combinations.  For example, 13 – 8 can be thought of as the number
that needs to be added to 8 to get 13.  It is easier for many students to do subtrac-
tion in this building-up way, which is related to their knowledge of addition.

Applying
Learning number combinations can be treated as a problem-solving activity.

Students use number combinations they know to generate number combinations
they do not know.  For example, because multiples of 5 are relatively easy to learn,
a student can use his or her knowledge of 5 � 8 to find 6 � 8.  It is (5 � 8) + 8.

Reasoning
As students talk about how they figured out a particular number combination,

they have an opportunity to explain how they did it.  By explaining their solutions,
they demonstrate and refine their understanding of the relevant relationships.  An
example might be:  “I know that 4 � 6 is 24 because I know my fours.  And 8 � 6
will be another four groups of six.  So 8 � 6 is 24 plus 24, and that’s 48.”

Engaging
When they consider the relationships among number combinations, students see

the learning of number combinations as sensible, not simply as the learning of arbi-
trary associations between numbers.  They begin to see themselves as capable of
using numbers to solve practical problems.

They also learn that they can generate number combinations if they forget them.
They have resources to learn on their own and do not have to depend on a teacher
to tell them whether they have the right answer.
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Mathematical Proficiency in the Development of 
Proportional Reasoning

Results from national assessments indicate that solving proportion prob-
lems such as “If a girl can read 3 pages in 4 minutes, at this rate how many
pages will she have read in 10 minutes?” is often difficult for U.S. eighth

graders.  However, when
students are encouraged to
explore proportional situa-
tions in a variety of prob-
lem contexts, they natural-
ly draw on all the strands of
mathematical proficiency.
Further, encouraging them
to integrate the strands
while they are learning
how to solve proportions
can lead to higher achieve-
ment.7 For an illustration
of how students integrate
the strands of proficiency,
consider the work of sever-
al fifth-grade students who
were given the following
problem:8

Ellen, Jim, and Steve bought three helium-filled balloons priced at 3 for
$2.  They decided to go back to the store and buy enough balloons for
everyone in the class.  How much would they pay for 24 more balloons?

Belinda got the correct answer ($16) by drawing 24 circles on her paper
and then crossing out three and writing $2.  She continued to cross out cir-
cles in groups of three, keeping track of the $2 amounts in a column, and
then added the column of $2s.

Damon divided 24 by 3 to arrive at $8; then he divided 24 by 2 to arrive
at $12.  Unable to reconcile his two answers, he resorted to using a set of
cubes; he formed eight groups of three cubes each.  He announced that the
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answer was $16, explaining that because each pack of three balloons cost
$2 and there were eight packs, 2 � 8 = 16.

Marti calculated the unit price for one balloon by dividing $2 by 3 on her
calculator.  She got 0.6667, which she called “a wacky number.”  She mul-
tiplied this result by 24 to get 16.  Later, Marti was telling her older brother
about the different ways the children in her class had solved the balloon
problem.  Her brother showed her another way by using equivalent frac-
tions:  $2 for three balloons is equivalent to how much for 24 balloons?
(That is, = .)  He explained that because you multiply 3 by 8 to get 24,
you must multiply 2 by 8 to get the missing numerator.  So the answer is $16.

The ways in which these children solved the problem demonstrate that
mastery of proportional reasoning requires integrating all the strands of pro-
ficiency.  They all solved the problem, but each child used a different tech-
nique, some more sophisticated than others.  They did not just randomly
perform operations on the numbers, as Damon started to do.  They all
understood that the relationship between the balloons and the dollars must
remain the same, as Belinda’s circles and column of $2s illustrate.

Being fluent with various computational procedures such as counting,
multiplying, and dividing helped each student attack the problem.  Each
child also was able to reason about the situation and to explain to the oth-
ers what he or she was doing.  They all expected to be able to make sense
of the problem and persisted until they reached a solution they were sure of,
even though Damon began with two different answers and Marti with a
“wacky number.”

This example illustrates how students can use their own sense-making
skills to get started in a complex domain such as this.  As they gain more
experience with proportional situations, they can continue to develop and
learn more efficient methods without losing contact with the other strands of
mathematical proficiency.

?
24

$2
3
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Mathematical proficiency cannot be characterized as simply present or absent.
Every important mathematical idea can be understood at many levels and in
many ways.  Obviously, a first grader’s understanding of addition is not the
same as that of a mathematician or even an average adult.  But a first grader can
still be proficient with single-digit addition, as long as his or her thinking in that
realm incorporates all five strands of proficiency.

Proficiency in mathematics develops over time.  Thus, each year they are in
school, students ought to become increasingly proficient with both old and new
content.  For example, third graders should be more proficient with the addi-
tion of whole numbers than they were in first grade.  But in every grade, stu-
dents ought to be able to demonstrate mathematical proficiency in some form.

��������������������������!�����������

Historically, school mathematics policy in the United States was based on the
assumption that only a select group of learners should be expected to become
proficient in mathematics.  That assumption is no longer tenable.  Young peo-
ple who are unable to think mathematically are denied many of the best oppor-
tunities that society offers, and society is denied their potential contributions.

Many adults assume that differences in mathematics performance reflect dif-
ferences in innate ability, rather than differences in individual effort or oppor-
tunities to learn.  These expectations profoundly underestimate what children
can do.  The basic principles, concepts, and skills of mathematics are within
reach of all children.  When parents and teachers alike believe that hard work
pays off, and when mathematics is taught and learned by using all the strands
of proficiency, mathematics performance improves for all students.

Careful research has demonstrated that mathematical proficiency is an obtain-
able goal.  In a handful of schools scattered across the country, high percentages
of students from all backgrounds have achieved high levels of performance in
mathematics.  Special interventions in some low-performing schools have pro-
duced substantial progress.  More is now known about how children learn math-
ematics and the kinds of teaching that support progress.

Research evidence demonstrates that all but a very small number of students can
learn to read proficiently.  They may learn at different rates and may require differ-
ent amounts and types of instructional support to learn to read well, but all can
become proficient in reading.9 The same is true of learning and doing mathematics.
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Teaching focused on one strand at a time—such as mastering
computational procedures followed by problem solving—has
not helped most students to achieve math proficiency.  Results
of major national studies dating back decades suggest that stu-
dents have never been particularly successful in developing
computational skills beyond whole numbers, and they have
been very unsuccessful in applying the skills they have learned.10

They also haven’t demonstrated much understanding of the
math concepts used in either computation or problem solving.
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By teaching math in an integrated fashion, teachers will actu-
ally save time in the long run.  They will eliminate the need to
go over the same content time and again because students did
not learn it well in the first place.  They will not spend so much
time on a single strand, deferring the other strands until stu-
dents “are ready.”  Rather, the five strands will support one
another, which will make learning more effective and enduring.
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Success in Classrooms of Disadvantaged Students

The evidence from research suggests that students can achieve proficiency
if mathematics is taught in a coherent, integrated way.  For example, a large-
scale study of 150 first-grade to sixth-grade classrooms serving low-income
families demonstrated the advantages of teaching for mathematical profi-
ciency.  One set of classrooms used a conventional computation-oriented
curriculum.  Another set stressed conceptual understanding and expanded
the range of mathematical topics included in the curriculum beyond arith-

metic.  In the latter classrooms,
teachers used multiple represen-
tations of mathematical ideas to
support understanding, focused
on nonroutine problems to
strengthen application of con-
cepts, emphasized multiple solu-
tions to problems to develop
computing fluency, and held
classroom discussions requiring
logical reasoning that explored
alternative solutions or meanings
of mathematical procedures or
results. 

Students in the latter class-
rooms performed substantially
better than those in the conven-
tional classrooms.  At the end of

the two-year study, these students not only had a greater grasp of advanced
skills but also had better computational skills.  Similar results were found for
reading and writing.

A commonly held myth in education is that students in high-poverty class-
rooms should not engage in academically challenging work until they have
mastered the basic skills.  This study dispels that myth.  It shows that teach-
ing that is organized around all the strands of mathematical proficiency is
especially appropriate and effective with disadvantaged students.

11
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o achieve the goal of mathematical proficiency for all, many compo-
nents of U.S. school mathematics must be changed.  In particular,
instruction, instructional materials, assessments, teacher education and

professional development, and the broader educational system must work
together to ensure that all students become engaged with mathematics through-
out their elementary and middle school years.  The following sections address
each of these five areas of needed change.
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Whether students will become proficient in mathematics depends in large part
on the instruction they receive.  Teaching that builds proficiency can take many
forms; although there is no best way to teach, not all ways of teaching are
equally effective.  The key question to ask about any instance of instruction is:
Does it provide opportunities for students to develop all five strands of mathe-
matical proficiency?12

Teaching for proficiency requires thoughtful planning, careful execution, and
continual improvement of instruction.  Lessons need to be designed with specif-
ic mathematical learning goals in mind.  Teachers must ask:  How will this les-
son help students develop and integrate the strands of proficiency?  How will stu-
dents’ learning in this lesson build on past lessons and set the stage for later les-
sons?  What knowledge do students bring with them to this lesson, and how are
they likely to respond to the mathematical tasks it contains?  What materials and
activities can help students achieve the goals for the lesson?

25
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Proficiency is much more likely to develop when a mathematics classroom is a
community of learners rather than a collection of isolated individuals.  In such a
classroom, students are encouraged to generate and share solution methods, mis-
takes are valued as opportunities for everyone to learn, and correctness is deter-
mined by the logic and structure of the problem, rather than by the teacher.

Questioning and discussion that elicit
students’ thinking and solution strategies
and build on those strategies lead to
greater clarity and precision.  A signifi-
cant amount of class time is spent devel-
oping mathematical ideas, not just prac-
ticing skills.13

In addition to working as members of
the classroom community, students also
need to become independent learners,
both inside and outside the classroom.
Students should have opportunities to
work independently of the teacher, indi-
vidually and in pairs or groups.  When
homework is assigned for the purpose
of developing skills, students should be
sufficiently familiar with the skills so

that they do not practice incorrect procedures.  Only by becoming independent
learners can students come to see mathematics as doable and useful.

One of the strongest findings from research is that time and opportunity to
learn are essential for successful learning.  For all students to develop mathe-
matical proficiency, schools should devote a substantial and regular amount of
time to mathematics instruction.  As an overall guideline, an hour each school
day should be devoted to mathematics instruction from kindergarten through
eighth grade.  This time should be apportioned so that all the strands of mathe-
matical proficiency receive adequate attention.
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It depends.  Students in groups—sometimes called cooperative
groups—of three, four, or five can work on a math task together and
thereby increase their proficiency.  But if the task does not allow each
student to contribute, and if students are not sure what they are sup-
posed to do, precious learning time is wasted.  When used appropriate-
ly, small groups can both increase achievement and promote positive
social interactions among students.14 But for groups to be effective,
tasks must be well chosen and students must be taught how to work in
this mode.
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“Ability grouping” in elementary and middle school, in which stu-
dents are separated into classes based on test scores or math grades, is
really grouping by achievement, and it tends to be self-perpetuating.
Students placed in lower groups receive fewer opportunities to develop
all the strands of math proficiency.  Their classes typically have a less
demanding curriculum, less capable teachers, and few or no strong
peer models.  As a result, achievement gaps grow rather than diminish,
and socioeconomic, racial, and ethnic disparities widen.15

These observations suggest that the wiser course in elementary and
middle school grades is not to group students into classes by ability or
achievement.  Accelerated classes are not necessary to help high-
achieving students learn more; this can be accomplished within mixed
groups.  Some countries with impressive math achievement scores do
not separate high achievers from low achievers.  Effective teaching 
methods can help all students in mixed-ability classes to develop profi-
ciency, and teachers can be supported to acquire and use these methods.
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Textbooks and other instructional materials in the United States need to support
the learning of all five strands of mathematical proficiency.  They should devel-
op the core content of mathematics in a focused way and with continuity with-

in and across grades.  More time should be
spent developing fewer topics in each grade,
as is done in many countries where mathe-
matics achievement is strong.16 Textbooks
should move on to new, more advanced top-
ics and should develop those in depth rather
than repeating many topics every year.

Instructional materials need to have teacher
notes that support teachers’ understanding of
mathematical concepts, student thinking and
student errors, and effective pedagogical sup-
ports and techniques.  Instructional materials
should incorporate activities and strategies
that assist teachers in helping all students

become proficient in mathematics, including students low in socioeconomic sta-
tus, English-language learners, special education students, and students with spe-
cial interests or talents in mathematics.
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In recent years, many states and districts have mandated a variety of assessments
to measure the mathematics performance of students.  Some of these assess-
ments have serious consequences for students, teachers, and schools, such as
determining whether a student will graduate or whether a school will avoid state
sanctions.  In some cases, the assessment aims at what students have mastered,
and all students should be able to demonstrate mastery.  In many other cases,
however, the assessment ranks students, schools, or districts; this means that half
of those being assessed are necessarily below par.  Such assessments typically do
not provide information that can be used to improve instruction.

The goal of mathematical proficiency for all requires as one of its first tasks a
rethinking of what assessments are measuring.  Large-scale comparisons are sel-
dom aligned with the curriculum and often focus on only one or two aspects of
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Reflecting on the use of physical objects—such as blocks,
sticks, and beans—can help students to develop understanding by
linking their informal knowledge and experiences to school
math.17 However, much depends on how these objects are used.
Physical materials should not be used simply as tools to calculate
answers.  Students need to be able to move from using physical
objects to finding solutions numerically.  Teachers must provide
opportunities for students to make explicit connections between
activities with the objects and the math concepts and procedures
that the objects are intended to help teach.  The math is in the
connections, not the objects.
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Yes.  Algebra is the gateway to higher math.  Proficiency in
algebra helps students solidify their proficiency in numbers and
integrate their knowledge of math.  Algebra provides the con-
cepts and language to move from individual numerical calcula-
tions to general relationships.  The study of algebra, however,
need not begin with a formal course in the subject.  The ele-
mentary and middle school curriculum can support the develop-
ment of algebraic ways of thinking and thereby avoid the diffi-
culties many students now experience in making the transition
from arithmetic to algebra.  The basic ideas of algebra can be
learned by the end of middle school if they are taught in ways
that draw on and develop all strands of math proficiency.
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performance.18 Preparing for and taking tests that do not measure the five
strands of proficiency consume time that could be devoted to teaching and
learning mathematics.

All assessments need to support the development of mathematical proficien-
cy.  They need to measure the five strands of proficiency and their integration.
By doing so, they will provide opportunities for students to become proficient
rather than taking time away from this goal.  Teachers’ informal assessments of
student progress provide valuable information as they adjust their instruction to
help their students become proficient.  More formal assessments also can help
to track students’ progress and identify areas in which they need help.

As large-scale formal assessments become increasingly popular, the goal of
supporting the development of students’ mathematical proficiency could be fur-
thered if a government agency were to fund an independent group to analyze
these assessment programs for the extent to which they promote mathematical
proficiency.  This group could recommend how such programs might be mod-
ified to promote the goal of proficiency.
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Like any complex task, effective mathematics teaching must be learned.  Teachers
need a special kind of knowledge.  To teach mathematics well, they must them-
selves be proficient in mathematics, at a much deeper level than their students.
They also must understand how students develop mathematical proficiency, and
they must have a repertoire of teaching practices that can promote proficiency.
Unfortunately, very few teachers have the specialized knowledge needed to teach
mathematics in the ways envisioned in this report.19 The view of mathematical
proficiency presented here requires that teachers act in new ways and have
knowledge and understanding they once were not expected to have.

Like learning in any profession, learning to teach for mathematical proficien-
cy is a career-long challenge.  Acquiring this knowledge and learning how to use
it effectively in the classroom will take not only time but resources.  Professional
development must become a continuing part of the teacher’s workweek rather
than taking the form of an occasional workshop.20 Teachers need extensive
opportunities to learn, to observe models of effective practice, and to have
access to expertise in mathematics teaching.  It is not reasonable in the short
term to expect all teachers to acquire the knowledge they need to teach for math-
ematical proficiency.  To further promote effective teaching and learning, math-
ematics specialists—teachers who have special training and interest in mathe-
matics—should be available in every elementary school.

The undergraduate years of teacher training must provide significant and
continuing opportunities, linked closely to classroom practice, for prospective
teachers to develop the knowledge needed to teach for mathematical profi-
ciency.  Prospective teachers must study students’ thinking and relate that think-
ing to the kinds of mathematical knowledge that students bring with them to
school.  People intending to be teachers must continue developing their own
mathematical proficiency and learn how to use that proficiency to guide dis-
cussions, modify problems, and make decisions about what to pursue in class.
They cannot wait until they enter the profession to learn to teach effectively.
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Yes.  New tests may be needed, and old tests may need to be
changed.  Most current math tests, whether standardized
achievement tests or classroom quizzes, address only a fraction
of math proficiency—usually just the computing strand and sim-
ple parts of the understanding and applying strands.  Teachers
need tests and other assessment procedures that let them gauge
how far students have come along in all five proficiency strands.
Furthermore, instead of taking time away from learning, these
instruments should allow students simultaneously to build and
exhibit their proficiency.

��������	
�������
��������
�������32

http://nap.nationalacademies.org/10434


Helping Children Learn Mathematics

Copyright National Academy of Sciences. All rights reserved.

�����������!�
��������
���������������������
�����&��	����������’�	�����
������’����

���������#���������������������

Many people have worked very hard in recent years to change the ways in
which mathematics is taught and learned.  However, the problem requires
greater and different efforts than those made so far.  Complex systems like
school mathematics are what social scientists call overdetermined.  A large
number of pressures exert forces on these systems, making them remarkably sta-
ble and resistant to change.  Altering such a system requires the coordinated
efforts of everyone involved.

Mathematical proficiency for all is an ambitious objective.  In fact, in no
country—not even those that have performed better than the United States on
international comparisons of mathematics achievement—do all students dis-
play mathematical proficiency as defined in this book.  Reaching this goal will
require fundamental changes in many areas of school mathematics.

The only way to achieve long-term improvement is through a coherent and
systematic approach.  This will require that all aspects of the system be
reformed simultaneously.  We therefore conclude with a list of actions that the
individuals and groups to whom this book is addressed must take to achieve the
goal of mathematical proficiency for all.  By pursuing these actions in a coor-
dinated and resolute fashion, those people involved in mathematics education
in the United States can drive changes that will have substantial and lasting
benefits for all students and for the nation as a whole.
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Before Children Enter School

Just as parents can help their children be ready to learn to read, they can give
children a good start in learning math by helping them develop proficiency with
informal math concepts and skills.

• Play games such as dominoes and board games.

• Find natural opportunities to count, to sort objects, to match collections of
objects, to identify shapes (while reading bedtime stories, going up stairs,
setting the table, etc.).

• Count a collection of objects and use number words to identify very small
collections.

• Talk with your child about simple math problems and ideas.  (How many
spoons do we need to set the table?  Give me the cup with the two flowers
on it.  Find the other circle on this page.  Sort the blocks by shape.)

After Children Enter School

• Have high expectations.  Children’s math achievement is shaped—and lim-
ited—by what is expected of them.
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• Expect some confusion to be part of the learning process but emphasize
that effort, not ability, is what counts.  Math is understandable and can be
figured out.

• Avoid conveying negative attitudes toward math.  Never tell children to not
worry about a certain kind of math because it will never be used.

• Ask your child what he or she did in math class today.  Ask him or her to
give details and to explain.

• Expect your child’s homework to include more than simple computation
worksheets.

• Give your child meaningful problems that use numbers or shapes while you
are going about everyday life.  Ask the child to explain what he or she did.

• Be an advocate for the theme of math proficiency in textbooks, assess-
ments, and instruction.

• Advocate allocating and using a regular time each school day for instruc-
tion to develop math proficiency.

• Support professional development activities for teachers and administrators.


������������������������ �!�������36

http://nap.nationalacademies.org/10434


Helping Children Learn Mathematics

Copyright National Academy of Sciences. All rights reserved.

���
�)�	������������"

• Be committed to the idea that all children can become proficient in math.

• Develop and deepen your understanding of math, of student thinking, and
of techniques that promote math proficiency.

• Emphasize to policy makers, administrators, parents, and students the need
for and the achievability of math proficiency.

• Use an instructional program and materials that, based on the best avail-
able scientific evidence, support the development of math proficiency.

• Teach mathematics for a sufficient amount of time (e.g., an hour a day).

• Attend professional development activities that integrate math, student
thinking, and instructional techniques.

• Advocate for ongoing, sustained, coherent professional development activ-
ities that support teaching for math proficiency.

• Organize and participate in study groups at your school that focus on
teaching practice.

• Engage in conversations with colleagues about developing proficiency and
about students and their math proficiency.

• Become a mentor to a colleague learning to teach for math proficiency.
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• Embrace the overarching goal of math proficiency for all.

• Promote the idea to teachers and parents that math proficiency for all is
both desirable and achievable.

• Become an instructional leader in your school.

• Spend time in math classrooms observing teachers and coaching teachers
on teaching for proficiency.

• Provide for a math curriculum aligned with the goal of math proficiency
and expect teachers to design their instructional program accordingly.

• Hire one or more math specialists for each elementary school.

• Ensure that sufficient time is allocated for learning math.

• Provide time and resources for ongoing district-wide and school-based pro-
fessional development focused on math.

• Make available teacher stipends, released time, and other support for sub-
stantial and sustained professional development.

• Focus on coherent, multi-year programs.

• Attend staff development activities for administrators to become familiar
with math proficiency and with how proficiency is attained.
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• Embrace the overarching goal of math proficiency for all.

• Stress to interested stakeholders the need to accomplish this goal.

• Support the allocation of scarce education resources to bring about needed
critical changes.

—Realign curricula to promote math proficiency.

—Fund independent groups to assess alignment of textbooks and testing
to achieve math proficiency.

—Encourage the expenditure of time and resources for necessary and 
sustained teacher professional development.

—Support the placement of one or more math specialists in each 
elementary school.

• Maintain consistency with the above by supporting the concept that, when-
ever possible, education decisions should be based on evidence. 

• Take full advantage of the current national focus on and interest in improv-
ing education.
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