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heterogeneity and differentiation

Differentiation in mathematics education is not a new problem teachers
have to cope with. Since the early seventies of the last century, many
publications can be found, and those references are still cited in actual
publications (Bonsch, 1976; Geppert, 1981; Klafki & Stocker, 1976;
Winkeler, 1976). Though it is an old problem, it can be stated that the
extent of heterogeneity, the range between slower and faster learning
students, low achievers and bright children, has been expanded (Beutel &
Ruberg, 2010). In one classroom there may be students whose range of
proficiency can spread over three grades.

You will find in a first grade classroom children whose mathematical
knowledge is restricted to numbers up to 10 and others who calculate with
numbers up to 1000.

Besides this, ‘differentiation’ has become a modern term in pedagogy and
educational policy, if not to say a label which is expected to serve as an all-
purpose weapon for optimizing the output of achievement at school.
Differentiation and individualization are two of those pedagogical terms
which are so universal and by this so ambiguous that it makes sense to
have a closer look at opportunities and forms of differentiation, because it
remains a convincing leitmotiv to create the most favourable learning
conditions for each individual student (Wielpitz, 1998, p.42).

classical ways for coping with heterogeneity

Analyzing the literature and the common practice of teacher education in
Germany, it is obvious that till today nearly the same solutions as 20-30
years ago are offered for coping with heterogeneity (Bénsch, 2004;
Paradies & Linser, 2005; Vollstadt, 1997). Heterogeneity is mostly seen as
a problem because of didactical traditions in teachers’ heads which still
may be oriented to an ideal of a homogenous learning group (Reh, 2005;
Tillmann, 2004). This habit in itself already can be questioned, which is
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part of our project as well, but will be addressed later. In our view - and
our project experiences confirm this view - heterogeneity, under certain
conditions, can be a source of productivity and a chance and great advan-
tage for teaching and learning.

But what are the suggested (classical) solutions in literature:

— social differentiation (individual work, partner work, group work): The
teacher puts together a heterogeneous group and the faster learning
pupils should help the slower learning ones;

— differentiation via teaching methods (e.g. projects, courses): In project
work that touches different subject matters the pupils could choose an
activity according to their strengths;

— differentiation via media (e.g. textbooks, worksheets, manipulatives):
Low achievers may use counters or a calculation frame for a task
whereas the bright children solve the same task mentally;

— quantitative differentiation (same amount of time for different amount
of content, or different amount of time for same amount of content): In
a phase of individual work pupils are expected to finish one or two
worksheets;

— qualitative differentiation (different aims respectively levels of difficul-
ty): For a specific topic, like calculations up to 20, the teachers pre-
pares three different worksheets on three different levels.

This list could have been taken from a current catalogue of pre-service and
in-service courses. But it dates back to a publication from Winkeler
(1976).

As our concrete examples illustrate, most of the decisions are usually
made by the teacher and they are made in advance. That's not to say that
those mentioned solutions per se are to be valuated in a negative way, nor
do we say they are ineffective. But as we think, there are several indica-
tions:

— that they are not always implemented in the intended way;
— that they are necessary, but not at all sufficient.

what about mathematics?

One major problem is the fact that the discussion concerning
heterogeneity and differentiation is mostly guided by organizational and
methodical questions (e.g. see above social differentiation). Secondly, if
one looks at the literature, the discussion about conceptual forms of
differentiation is dominated by pedagogy. This neglects the essential
importance of the subject matter, here mathematics, and its specifics.
Some suggestions in literature even can be seen as counter examples,
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related to essentials of mathematics education.

Although by all means there are several proposals for learning
environments in mathematics education where desirable forms of
differentiation can take effect — because, in a sense, it is implemented in
the topic itself (Hengartner et al., 2006; Hirt & Walti, 2009). But what is
missing, is a more comprehensive contribution which deals with a concept
of natural differentiation from a theoretical point of view and with the
perspective of mathematics education. It is merely mentioned on a half
page in a teachers’ manual of the German textbook ‘Zahlenbuch’
(Wittmann & Muller, 2004, p.15).

natural differentiation
The following attributes (Wittmann, 2001a; Krauthausen & Scherer, 2007,
p.228 f.) are constituent for natural differentiation (ND):

— All students get the same material. So there is no need for a vast num-
ber of additional worksheets or materials.

— This offer must be holistic (referring to the content, and, here, not
meant in the sense of ‘head, heart & hand’), and it may not fall below a
specific amount of complexity and mathematical substance (complexity
is not necessarily the same as complicated). It could be an open task,
a problem to be solved or an activity that looks for structures and pat-
terns. These kind of challenging and complex learning environments (in
contrast to common isolated tasks) are absolutely not just an advan-
tage for better learning students (Scherer, 1999; Van den Heuvel-Pan-
huizen, 1996).

— Holistic contexts in that sense by nature contain various levels of de-
mands which must not be determined in advance. The level of that
spectrum which is actually worked on is no longer assigned by the
teacher, but by the student him- or herself. This not only subserves the
support of increasingly realistic self-assessment, but the student him-
or herself can rate his or her specific abilities better than the teacher
who is not able to look inside the student’s head. Though, students
have to learn that kind of self-assessment, and that does not happen
by simply tossing them again and again into such situations. Rather
they need situations, consciously planned and organized by the teach-
er, where they can talk and reflect about demands and their criteria on
a meta-cognitive level (Treffers, 1991, p.25).

— In addition to the level the students decide to work on, they can freely
make their own decisions concerning: ways to solve, use of manipula-
tives and facilities, kinds of notation, and even the problems they de-
cide to solve (problem solving also includes problem posing).
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— The postulate of social learning from and with each other is fulfilled in
a natural way as well, because it makes sense from the content itself:
it is obvious to exchange various approaches, adaptations and solu-
tions. In doing so, insight and understanding can grow or be deepened.

All students will be confronted with alternative ways of thinking, different
techniques, variable conceptions, independent from their individual cog-
nitive level. Rigid inner differentiation more likely will just complicate this
opportunity. (...) So, the various, individually organized ways of solution
also have an impact on affective, emotional areas. They leave a cognitive
margin to students what can facilitate their identification with the learning
demands. In this way, the direct experience of autonomy can lead to mo-
tivation and interest.

(Neubrand & Neubrand, 1999, p.155, translated PS/GKr; also cf. Freu-
denthal, 1974, p.66 ff.).

These attributes have to be described in more detail (e. g. what does the
same offer mean) and have to be put in concrete terms for teaching and
learning processes. This is the aim of the project that will be described in
the following. The presented concept can be seen in accordance with ‘real-
istic mathematics’ (Treffers, 1991, p.24 ff.): Learning mathematics is a
constructive activity, moves at various levels of abstraction, is promoted
through reflection and interaction and leads to a structured entity of
mathematics. The different types of problems and tasks can be seen as
‘free productions’ or ‘own productions’ in the sense of developing own
strategies (Streefland, 1990).

the project NaDiMa (natural differentiation in mathematics)

project group

The European project NabDiMa ‘Motivation via Natural Motivation in Math-
ematics’ is supported by the Comenius-program ‘LifeLongLearning’ (LLL;
duration: 01.10.08-30.09.10). The official scientific project partners are
from Poland (Eva Swoboda), Czech Republic (Alena Hospesova, Filip Rou-
bicek & Marie Ticha), the Netherlands (Maarten Dolk) and Germany (Gun-
ter Krauthausen & Petra Scherer). Moreover, this international coopera-
tional project includes partner schools and associated schools.?

Aims and objectives

The project NaDiMa stresses the necessity of a differentiation which ampli-
fies the nature of the subject matter. That is not the same as to make the
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formalism of the mathematics science absolute. Differentiation which lies
within the subject, can be given complete expression under the premise
that the topic is not step by step anatomized and supplied to the students
bit by bit, but as a holistic, sufficiently complex learning environment (see
par. ‘Natural Differentiation’ on page 35). We explicitly see the teacher as
responsible for the sound identification, selection and framing of the prob-
lems to work on in classroom that means: the first two of the constituent
attributes of ND mentioned above. Very helpful for that can be the four
characteristics which Wittmann (2001a) has established as a definition of
a so called ‘substantial learning environment’ (sLg) (Krauthausen & Scher-
er, 2007, p.197 ff.):
1 It represents central objectives, contents and principles of teaching
mathematics at a certain level.
2 Itis related to significant mathematical contents, processes and proce-
dures beyond this level, and is a rich source of mathematical activities.
3 It is flexible and can be adapted to the special conditions of a class-
room.
4 It integrates mathematical, psychological and pedagogical aspects of
teaching mathematics, and so it forms a rich field for empirical re-
search (Wittmann 2001a, p. 2).

Criteria like these, as well as others which are postulated for ‘good
problems’, can be stated as necessary prerequisites, but do not guarantee
effective teaching and learning by themselves (cf. Griffin 2009). With his
criteria, Wittmann gives priority to arithmetical topics but the criteria are
also applicable with geometrical or context-embedded topics.

In NaDiMa the concept of ‘natural differentiation’ will be investigated. Our
hypothesis is that for the learners this concept will contribute:

— to a deeper mathematical understanding, as well as

— to the development of general learning strategies, and

— to high (intrinsic) motivation.

Although the relations between motivation (respectively its various compo-
nents) and achievement in mathematics are not consistent in diverse
studies (for an overview see Moser Opitz, 2009), we see intrinsic motivation
as a general aim in mathematics education. In addition to this, the theo-
retical concept and the term of natural differentiation should be sharp-
ened.

Design and methods

Together with selected teachers, different learning environments were
designed and tried out in primary school (in Germany grade 1-4). The les-
sons (for pilot study and field test 1 completely and for field test 2 partly
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video-taped) are analysed and evaluated with respect to the realization of
natural differentiation. By a cyclic process of evaluation (pilot study, field
test 1 & 2) with reflections of the participating teachers and an extension
of classes and teachers the tested material should be tried out, evaluated
and optimized (fig.1).

pilot study (grade 2 & 4; march/april 2009 | — 3 lessons SLE ‘number chains’

one class) — individual interviews about motivation
(5 to 6 per class)

field test 1 (grade 2 & 4; may/june 2009 — pre-test SELLMO-S (grade 4)

one class) — 8lessons SLE ‘number triangles’

— post-test SELLMO-S (grade 4)

— adapted TIMSS-items on motivation in mathemat-
ics
respectively specific SLE

— individual interviews about motivation
(5 to 6 per class)

— teacher interview

field test 2 (12 classes; october 2009 — — implementation of different SLEs

different grades from january 2010 — adapted TIMSS-items on motivation in mathem-
3 schools) atics

respectively specific SLE

— if applicable, individual interviews about motivation
(5 to 6 per class)

— if applicable, teacher interview or questionnaire

figure 1: overview on content, time schedule and methods
for NaDiMa (Germany

In addition to this, the materials should be prepared for pre-service as well
as for in-service courses.

For measuring motivation, different instruments and methods have been
chosen dependent on the children’s age and on the phase of the project
(fig.1). As standardized methods the TiMss-items (Walther et al., 2008) as
well as the seLLMO-s (Spinath et al., 2002) were chosen. For a qualitative
analysis guided interviews took place (in all project phases video-taped)
with selected children in each class. In addition to other aspects, the chil-
dren were asked about their favorite subjects and their attitude towards
mathematics, about the level of difficulty of mathematics and the specific
learning environment they had experienced in the study.

Whereas the other participating countries tested context-embedded or
geometrical learning environments, in Germany we focused on arithmeti-
cal sLEs for different grades. For the sLE number chains used in the pilot
study, the structure of the series of lessons was the following:

15t lesson: introduction/revision of the format; open problem: own
number chains (see par. ‘Natural differentiation ...’ on this page);
2"d |esson: problem structured activity: reaching a specific target num-
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ber (see par. ‘Natural differentiation ...” on page 43);

- 3" |esson: different investigations (e.g. effects of operative variations;
investigation of specific starting numbers). For the investigation of the
third lesson the teachers were free to choose which and how many they
tried out.

Field test 1 was extended to the following teaching unit, using the SLE
number triangles:

— 1St lesson: introduction/revision of the format; own number triangles;
- 2"d_gt jesson: investigating operative variations;

5th_gth |esson: diverse investigations, e.g. number triangles with num-
bers from the times-table, reaching even/odd exterior fields (see par.
‘Natural differentiating on page 46), number triangles with three given
exterior fields etc.

Teachers and researchers met several times for discussing the learning
environments and the teachers were equipped with didactical literature,
suggested lesson plans and worksheets. These materials should serve as
a framework, and the teachers were free in selecting specific topics of the
series and modify the given plans.

For field test 2, besides number chains and number triangles, we offered
the learning environments ‘time-plus-houses’ (Verboom, 2002; Valls-
Busch, 2004), ‘minus walls’ (Krauthausen, 2006; 2009) and ‘bars and
angles on the field of 20’ (Hirt & Walti, 2009). For these SLES again various
types of problems (operative and problem structured as well as open tasks)
were offered.

selected results

pilot study and field test 1

In the following, three different types of problems will be illustrated show-
ing the opportunities for natural differentiation and discussing the differ-
ent outcomes. The first two examples refer to findings from the pilot study
(sLe: number chains), whereas the third example is taken from field test 1
(SsLe: number triangles). At first, an open task in the sense of a free pro-
duction will be presented. The second and the third example deal with
problem solving activities including the discussion of structures and
mathematical connections.

natural differentiation with open problems: number chains
For our first sLe we focused on ‘number chains’ and chose the length of
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four numbers (cf. Scherer, 2007a). The underlying rule is the Fibonacci
rule: Choose two (arbitrary) numbers as starting number, and write them
side-by-side. Work out the sum and write it to the right. Finally, add the
second and the third number, and write the result as a target number to
the right. Examples:

2 4 6 10 or 12 3 15 18

For both classes (2nOI and 4t grade) that format was new, and after a short
introduction on the blackboard the students completed a worksheet with
four given examples to ensure the correct application of the rule. The
worksheet also contained empty formats to fill in own number chains and
to become familiar with the format. Moreover, the students had a second
worksheet with more empty formats at their disposal. Especially with own
productions and without any specific demands, the students have the
opportunity to work on their own level (Treffers, 1991, p.25). The question
arose if and to what extent the students make use of this openness. In
both classes the students strongly concentrated on their own worksheet.
The results differed with respect to the quantity of tasks and worksheets
as well as with respect to the concrete number chains and the chosen
numbers. Anyhow, the quantity does not say anything about the chosen
level of difficulty. The concrete tasks indicated a wide spectrum and the
following categories are quite representative.

dimensions of starting numbers

In grade 4, the material for the starting numbers varied from numbers less
than ten up to numbers with millions. The biggest numbers were used by
Julian (fig.2). The individual spectrum of one and the same child differed:
just two students restricted their number chains to target numbers close
to 100.

figure 2: Julian’s (grade 4) own number chains
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As expected, the second graders used smaller numbers. Many of the
children stayed in the official number space up to 100. But we could also
detect excursions into ‘unknown’ number spaces up to 1 000, 10 000,
100 000, and even up to one million (fig. 3a and 3b).
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figure 3a and 3b: Konrad’s and Ben’s (both grade 2)
own number chains

special starting numbers

A lot of students chose own productions as starting numbers, e. g. number
chains with zero, pure tens/hundreds/thousands, numbers with the unit
5 or numbers with equal digits (multiples of 11, 111, 1111, ...). Two second
graders made number chains with zeroes in the following way (fig.4a and
4b). Here, the possible individual (mis)understanding of zero or a different
meaning (counters?) has to be clarified through the classroom discussion.

figure 4a and 4b: Louis’ and Ben'’s (both grade 2)
use of zero
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relations between starting numbers

The students explored the relation between the two starting numbers (e.g.
starting numbers of nearly the same size, combination of a rather big
number with a rather small one). Moreover, they chose starting numbers
such a way that they could reach pure tens or hundreds with the third
number.

relations between chains

Relations became obvious not only between the starting numbers but also
between the chains. For example, many second and fourth graders tried
out equal starting numbers or successive starting numbers. In that phase,
some students (more or less consciously) already explored operative vari-
ations like constant sums or increasing both starting numbers by 1 or by
the same amount (see also fig.5b).

For us, a sound phase of plenary reflection at the end of the lesson seems
very important. In such phases students should present and commonly
reflect their individual learning products (see also Treffers, 1991, p.25).
The individual reasons can be quite different: size of the target number,
easy or difficult number chains, appearance of patterns like 123 and 123
as starting numbers etc. (fig.5a). Two children also presented their opera-

tive variations (fig.5b).
75 4
2f |31
2y 18

n |37
1 [3
13 |3
1% [3

figure 5a and 5b: collection of number chains at the blackboard (grade 4)

Leon und Nina transformed the law of constant sums (in a different way
for the first and second starting number). The change by 1 for the target
number could be discovered, and moreover, the constant result of the
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third number. The difference between these two variations was not dis-
cussed in that phase. But this may serve as a starting point for further
investigations in one of the following lessons: What happens if you
increase the first starting number by 1 or both starting numbers? (Scherer
2007a). Discoveries like those are more likely the more the substance of
the learning environment can foster that - a theoretical assumption which
could also be affirmed practically in our project.

Summarizing the results for this type of problems, the self-chosen tasks
represented a wide spectrum according to different criteria and with a
wide-spread size of numbers. At first sight, one could object, that the
students did not choose the size of numbers appropriate to their
achievement level (e.g. the fourth graders actually calculated with
numbers up to one million). But one has to take into account that this is
allowed when dealing with an open problem. Moreover, the teacher could
get helpful information with respect to the achievement level or more
general for the work with open problems.

On the other hand, the above mentioned categories for choosing examples
could show that special numbers, e.g. in the sense of operative variations,
must not inevitably be done with bigger numbers. Perhaps they
consciously shouldn’t even be done with bigger numbers because then the
calculation demands absorb too much cognitive energy. This energy
should have priority for describing, explaining and justifying the patterns.
As a consequence for field test 1, we wanted to ensure that the students
make their choices with a greater (also meta-cognitive) awareness and we
changed the corresponding worksheet for open problems for the sLE
‘number triangles’ in the way that children should differentiate between
what they find ‘easy’, ‘difficult’ and ‘special’ number triangles (see also Van
den Heuvel-Panhuizen 1996, p.145 f.).

natural differentiation with a problem structured task: number chains

In the second lesson of the pilot study, the problem of reaching a specific
target number was posed (Scherer, 1999, p.283 ff.; 2007a; Van den Heu-
vel-Panhuizen, 2001, p.72 f.). On purpose, we chose the small number 50
for the target number. On the one hand, all second graders should have
the opportunity to find solutions. On the other hand, the development of
problem solving strategies and the discovery of patterns should have pri-
ority and not the training of calculation. Insofar, the target number 50 is
also appropriate for the 4th grade and can be discussed with the students
in a meta-cognitive way. Principally, the selection of numbers should be
done according to the dominant aims and objectives of an activity.

For the target number 50, there are several solutions in INg (fig.6) as well
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as solution strategies to solve it. Deliberately, we formulated the instruc-
tion that approximate solutions are also allowed (or desired) which later
could lead to exact solutions.

0 25 25 50
2 24 26 50
4 23 27 50
6 22 28 50
8 21 29 50
10 20 30 50
12 19 31 50
14 18 32 50
16 17 33 50
18 16 34 50
20 15 35 50
22 14 36 50
24 13 37 50
26 12 38 50
28 11 39 50
30 10 40 50
32 9 a1 50
34 8 42 50
36 7 43 50
38 6 44 50

40 5 45 50

42 4 46 50

44 3 a7 50

46 2 48 50

48 1 49 50
50 0 50 50

figure 6: solutions for the target number 50, notated in a systematic way

In addition, the teacher emphasized that the students should try out
things and they were requested not to erase. This request, however, was
more and more ignored when working on the problem because finding an
exact solution dominated.

The problem can be solved with different strategies and on different levels:
Children can do it by trial and error (more or less systematically), by dis-
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covering and using operative variations (‘'If | increase the first starting
number by 1, the target will increase by 1, too. | found a chain with the
starting numbers 17 and 15 and the target number 47, so | increased the
first starting number to 20 and got it!") or by calculating backwards (the
sum of the third and second number equals 50; the first number can be
found by subtracting the second from the third).

For our empirical study, in both classes the students at first should work
individually. Besides the empty formats to try out, the students had so-
called ‘hit-chains’, one big empty format per sheet, to fill in the exact
solutions for the target number 50. Those papers were just collected
individually and not presented yet. Compared with the open problem
presented before (see par. ‘Natural differentiation ..." on page 39), we could
also identify that the children worked individually. But we found a
stronger orientation on other students (‘How many solutions do you
already have?’) This - seen positively - could be a motivation to find more
solutions. On the other hand, it can put pressure on students, if one has
not found as many solutions as the others. The role of the teacher is
important here, to do justice to the individuality of all students (pointing
out that this is not a competition against each other, but efforts to a
common objective) and to give all students the opportunity to present
results, their discoveries and, more general, their insights.

While collecting strategies and results, our students were mainly
interested in collecting the solutions to make sure that they had found all.
They were less interested in reflecting on their strategies, so this reflection
was postponed to the following lesson.

The collection of solutions has to be organized methodically in a way that
all students can contribute to the overall solution of the problem: In grade
4 every volunteering student should tape one solution (hit-chain) on the
blackboard (at first unsystematically). At the same time, the others were
asked to check that the solutions are correct and that there are no
doubles. By and by, the blackboard arrangement became confusing and
the students looked for a better arrangement, for a structure to get a better
overview. At once, the students suggested to sort the solutions according
to the size of the first starting number starting with the biggest one. With
this strategy, they were able to find missing solutions and, lately, to find
all solutions.

This activity was more demanding and time-consuming for the second
graders, but they also found nearly all solutions. Their spontaneous
suggestions for sorting were the following: Sorting the number chains
according to the first starting number (starting numbers beginning with
40s on the left side of the blackboard, beginning with 30s in the middle
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and so on). Another suggestion was the distinction if the first starting
number is bigger than the second or vice versa. A third proposal brought
up by a second grader was to change the places of the both starting
numbers to get all solutions. This could be disproved by a concrete
counter example. With the discussion of different proposals, the students
found out that the first starting number has to be an even number. In the
end, also the pupils in grade 2 found all solutions for the target number
50. Nevertheless, if applicable, for grade 2 one could decide to reduce the
size of the target number (for example 20), so that all students have the
opportunity to develop problem solving strategies and are not hindered by
calculations demands. That was realized in field test 2.

natural differentiation with a problem structured task: number triangles
For field test 1 we chose the sLe number triangles (Scherer, 1997; Witt-
mann, 2001b). The rule for this format is the following (fig.7). The sum of
two adjacent interior fields is written down in the exterior field.

figure 7: number triangles

| ws 4

name: class: date:

Mandy from another class claimed:
» There are no number triangles with three even numbers in the exterior fields!"

And John claimed:
» There are no number triangles with three odd numbers in the exterior fields!"

Who is right? Try out and explain:

LA A A ) A AL

L] [ ] [ ]

figure 8: worksheet of pupils
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For primary grades we (among others) designed the following problem for
investigation (fig.8) which was dealt with in the 6t lesson in the series of
number triangles (see par. ‘Design and methods’ on page 37).

This format can be challenging for pupils and they might ‘happily play the
role of sceptic, looking for falsifying examples’ (Burton, 1987, p.11).
Checking whether the statements are true or false, can be done more or
less extensive and on different levels. Obviously, Mandy’'s statement is
false and can be disproved by one counter example (some children did so).
Moreover, the situation can be investigated in a systematic way with sys-
tematic reasoning (three even or three odd exterior fields).

This could be found with several students: They had a look at several
examples and different cases (three even interior fields with three equal or
different numbers; or analogous for odd interior fields). Others used case
discriminations in order to explore what will happen with a combination
of even and odd interior fields. On the one hand, the chosen level could be
‘based on examples (arithmetical)’ (fig.9a and 9b).

figure 9a and 9b: even exterior fields with three
even or three odd interior fields

Moreover, this problem aims at developing algebraic thinking - not on a
formalistic level, but pre-algebraically: The children argued with even and
odd numbers and used the complete words (fig.10a) or the abbreviations

(fig.10b).
! I =1/ 2 \E

even [e]

figure 10a and 10b: even exterior fields on a
pre-algebraic level
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This was realized in grade 2, with a distinction by different colors. The for-
mal ‘algebraic’ representation (as 2n for even numbers and 2n + 1 for odd
numbers) is not intended for primary level, but for secondary students
(and of course for teacher students and teachers).

The exploration of John’s statement on the mentioned worksheet is more
demanding and can be illustrated on the pre-algebraic level: If you want
to reach three odd exterior fields, you have to choose for two adjacent inte-
rior field one odd and one even number (fig.11a, right side). To get an odd
exterior field also in the bottom field, you have to add an odd number to
the already given even interior field. With this, the numbers for the interior
field on the left side are fixed and, by force, make the exterior field an even
one (fig.11b). Therefore, you will never get a number triangle with three
odd exterior fields if natural numbers are used.

[o] [o] [o] [o]

RGNV O

[o] [o]

figure 11a and 11b: trial to get three odd exterior fields

According to the intention of this investigation, we chose a true and a false
statement (for primary students) on purpose, to analyse the potentially dif-
ferent argumentations. Unsolvable tasks may challenge arguments and
reasoning in a special way, but at the same time demand adequate math-
ematical competences. Beyond content-related objectives, here, process-
related objectives are required: the development of problem solving strat-
egies, argumentations and reasoning (Scherer, 2007b).

As shown before, the students dealt with number triangles during six les-
sons (introduction, open problems, operative-structured activities (see
par. ‘Design and methods’ on page 37). For this specific problem solving
activity, the students should not only calculate but be encouraged to ver-
balize and write down their discoveries. Those verbalizations and nota-
tions could and should be done with the help of number examples and
drawings/sketches, so that different representation levels can be inte-
grated in a natural way.

For primary students, the second statement (John) is an unsolvable situ-
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ation when using natural numbers; that means John’s statement is true.
In our empirical study we found a variety of students’ discoveries:

Carl (2nd grade) showed a typical solution, he tried out a lot (exclusively
with even numbers) and came to the conclusion:

John is right. Because | tried out very often if there are only odd numbers.

Some of the students ascribed the fact that they could not solve the prob-
lem to their own incapability or to the fact that they did not try enough.
This is a crucial point for the plenary reflection, to work out the reasons
for not finding a solution (see also Scherer 2007b).

Don (2"9 grade) expressed the effects of addition of even and odd numbers,
directly addressed to John:

You were right because the numbers are mixed, at least one is even, be-
cause you get an even when you add an odd to an odd.

He concluded, that at least one even number is necessary.
The same direction could be seen with Carsten’s argumentation (4t
grade), expressed in a rather elaborated way:

Even exterior numbers exist. But there aren’t any odd exterior numbers
because one number is always even, namely the number you need to get
the first two odd numbers.

Also Lena (4th grade) reasoned, that one even number is necessary:

There are number triangles with even numbers but no number triangles
with odd exterior numbers. Because 3 odd numbers always have 1 even
number. If you would have a two-sided figure or a number quadrangle, it
could happen that you have all results odd.

She went one step further, looking for alternatives to make the problem
solvable (here turning the figure into a ‘symmetric’ one; in field test 2 it
happened that students explored this idea more systematically by investi-
gating polygons with even and odd numbers of edges like pentagons, hex-
agons, ...).

figure 12: Damian’s (grade 2) number triangles with fractions
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Damian (2nd grade, fig.12) found a number triangle with fractions. Under-
standably, problems with this new symbolic expression occur.

Verbally he explained: ‘Two and two fourth’, so he mixed up numerator
and denominator.

interim conclusions and perspectives

SLE and opportunities for natural differentiation

Ouir first results could show, that the students really made use of the con-
taining substance that allows working on different levels. Moreover, it
could be stated that the different types of tasks, such as open problems,
free explorations and productions, more purposeful problems, problems
which contain the construction, discovery and explanation of patterns and
structures have different effects. Beyond this, it became clear that the size
of the numbers is an important and influencing factor and has to be recon-
sidered with respect to the underlying aims and objectives.

Absolutely essential for the use of substantial learning environments like
these is the opportunity to both foster and demand the general, process-
related competencies, besides the content-related ones. The implementa-
tion and the fulfilment of just these objectives has become more and more
valued and stressed by education policy (NCTM, 2000; KmK, 2005).

The concrete opportunities of natural differentiation became obvious with
respect to the:

— selection of numbers
The widespread selection was presented with the open tasks in the
format of number chains (see par. ‘Natural differentiation ...” on page
39). This became true also for other formats and free productions like
creating patterns for others. With the second problem, reaching a
specific target number (see par. ‘Natural differentiation on page 39),
this freedom was not given, but we could state that some students first
tried out ‘easy’ numbers (pure tens or multiples of 5). The target
number 50 consciously was chosen as an easy one and the importance
of such a selection became clear. With the presented activity for
number triangles, reasoning about the given statements (see par.
‘Natural differentiation ..." on page 46), the children were completely
free to choose the numbers. Many children chose numbers up to 10 or
20 as a maximum, which is quite sensible for such an investigation, as
you may concentrate on the pattern. This is a crucial point for the
common reflection with respect to the development of more general
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problem solving strategies. If the focus is on investigation and
explanation of structural relationships, then it is clever to reduce the
own calculation demands because the size of the numbers does not
play any role for the structure.
The children also used own productions like equal numbers or
successive numbers or multiples of 11. During the plenary reflection on
John's statement, looking for three odd exterior fields, a fourth grader
commented: ‘I tried it out with a zero’ and another: ‘I guessed, perhaps
it will work with prime numbers’. This makes clear that the children do
not choose the numbers accidentally but on the basis of mathematical
experiences and knowledge.

— number of examples
The problems also differentiate according to the numbers of examples
(which is not independent from the former point; see also above: quan-
titative differentiation).

— problem solving strategies respectively general (solution) strategies
The second and the third problem-structured activities focused on
problem solving. As problem solving strategies we could find argumen-
tations with respect to concrete numbers or in a more general manner.
The students should gain experiences with these different levels and we
found a wide spectrum. We could also find students who considered
particular cases, distinction of cases, up to completeness of a proof.
Such types of investigation could challenge a general requirement of
reasoning and proofs (Winter, 1983). For example, some of our children
thought you just have to examine ‘enough’ examples to have a proof.
Also with other types of tasks (e.g. inquiry of structures or self-designed
patterns) we could find different ways and levels of working which could
provide important aspects for reflection and discussion.

— searching for alternatives to turn a problem into a solvable one
For our second statement (John), it turned out that this was difficult
for many students, mostly because they had only few experiences with
such an activity (Scherer, 2007b). But this type nevertheless lead some
children to further investigations. The proposals could be amusing,
like: ‘If 6 and 6 would make 13, then it could work’. Other ideas showed
complex mathematical thinking processes, lead to fractions or varia-
tions of the format as shown before: Johanna (4"h grade) suggested to
change the operation of number triangles: ‘If you would multiply, then
it would work’.

One advantage of sLEs is the fact that the levels of demand are not deter-
mined in advance, but develop quite naturally within a substantial
research problem with floating transitions. This facilitates natural differ-
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entiation for the students, combined with an economical expenditure for
the teacher who therewith wins free zones a) for diagnostic work, and b)
for framing the plenary phase at the end of a lesson. We consciously used
the benefit of the mixture between individual approaches, partner or small
group work, but also with common phases of reflection and integration. In
doing so, the important social learning is strongly taken into considera-
tion, and real deepening mathematical knowledge can take place (cf. Tref-
fers, 1991).

findings with respect to motivation

The first results based on the interviews as well as on the TIMsSs-items have
shown a rather high motivation of the students with respect to mathemat-
ics education and mathematics learning in general. These results are in
accordance with the findings of large scale studies for this age (cf. Walther
et al. 2008, p.78). In our study this positive attitude is not only true for the
bright students, but for nearly all students. Exemplary statements in the
interviews:

- It's interesting.

- It's tricky.

- Because it is easy.

- | like difficult problems.

- Because there exist easy and difficult problems.

- You have to do it with your brain and are not required to write so much
stuff like in German language.

Some of the students commented on the given sLE, that they liked those
activities more than the regular mathematics lessons, because they were
more successful than usually. Exemplary statements:

- | like this format very much.

- Because every time you could do something new with it.
- | was successful with the number chains;

- When | made sense of it, | liked it very much.

In the ongoing project we will scan and analyze different aspects of moti-
vation in more detail (Krauthausen & Scherer, in preparation). Our exam-
ples certify that intrinsic motivation is not imperatively bound to a realis-
tic, everyday context situation: Pure inner-mathematical problems and
contents can be motivating for all children as well. More important than
the question of contexts versus inner-mathematical structures is the
enclosed ‘substance’.

consequences for teacher education

The crucial demands for the teacher and the teacher’s role are the follow-
ing (see also Scherer & Steinbring, 2006; Speer & Wagner, 2009):
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— own mathematical exploration of the format or problem in order to be
able to class and value the different strategies and solutions,

— an anticipated reflection of possible strategies and levels for pupils, as
well as

— an analysis of real student documents,

— the reflection on integration of different strategies, solutions and argu-
mentations, and

— the sound capability to moderate plenary discussions, which includes
e.g. posing questions, initiations, even irritations if needed.

The responsibility for ensuring that these mathematical conversations
are productive ‘ultimately lies with the teacher’. To organize, manage,
and support such classroom dialogue, teachers must model appropri-
ate discursive practices for students, present meaningful tasks, and
actively monitor students’ interactions. Teachers should listen to and
help guide the conversations by requiring explanations and clarifica-
tion of ideas as well as provide feedback about students’ ways of think-
ing about the problem and their solutions. Students should also have
sufficient time to work on tasks, grapple with mathematical ideas, con-
sider alternative approaches, and formulate reasonable explanations to
support their solutions (Kilic et al., 2010, p.352; emphasis GKr/ps).

In our view, a subserving classroom culture is of major importance (see
also Griffin, 2009). It is a prominent task for teachers to provide their stu-
dents with a sound image of mathematics as a science. Inherent to this is
to consciously value the central attributes of doing mathematics. And that
cannot be successful by just giving isolated information, but with the
teacher him- or herself offering a continuous, explicit model, and habitu-
ally initiating and maintaining of meta-cognition.

For example referring to the level of difficulty of a specific task. Questions
like: ‘What is an easy or a difficult task?’, will usually make the students
yield just statements - with a reduced meaning and mostly without any
consequences. Referring to this, not only the sensibility to questions like
these or the consciousness and diversity of the answers must be fostered.
Rather often, deeply internalized underlying pre-experiences have to be
discussed. As traditional classroom culture more likely emphasized the
content-related competencies and neglected the process-related ones, stu-
dents internalized implicit valuations and units of value - unconsciously
or caused by that kind of teaching and learning.

One is rather proud if one can deal successfully with difficult operations,
unusual number systems, like fractions or negative numbers, or big num-
bers. But students still do have less role models for cherishing process-
related competencies. And that is also true for attributes of desirable atti-
tudes of sound working, like endurance, persistence, patience. Students
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must have criteria in order to be able to rate levels of difficulty because ‘dif-
ficulty’ can be related to:

— the complexity of calculation (kind and size of numbers);

— the operations involved (addition/subtraction is often said to be easier
than multiplication/division);

— the demand of thinking and reflection, strategic understanding, pro-
cess-related competencies;

— the understanding of the given tasks (language understanding);

— the amount of necessary (written) text production.

From this, for the implementation of a sound culture of teaching and
learning, the following consequences can be drawn.

The teacher has to make it plausible for the students that the amount of
reflections, the flexibility of strategic ways of solution, an attitude of ques-
tioning, and the individual request for proving (Winter, 1983) at least are
good reasons to feel proud of one’s own capability. The easier that goes,
the more a steady culture of meta-cognition is implemented in the class-
room, so that everybody can talk about the problem in a natural and
habitual way.

Students by themselves will offer reasoning and proofs for solutions quite
naturally if the teacher has asked ‘why’ before (in the beginning: in substi-
tution for the child).

In the same way, with the role model of the teacher, the students’ sensi-
bility, diversity, and valuations of the aspects mentioned above will
increase and be established as an attitude. This points to an educational
assignment of mathematics education which leads far beyond the subject
and the subject matter.

final remarks

The project NabiMa has reached more than half time, and we have already
gained important experiences. In the second part of the project an exten-
sion and evaluation of the first project activities will take place (at the
moment the second field test is running, partly finished). In the center of
the project are the teachers as well as the concrete design of mathematics
lessons.

We also suggest to keep in mind that the described concept of natural dif-
ferentiation within substantial learning environments is not meant as an
exclusive one for the whole range of mathematical learning and teaching,
though rather likely for its major part. Training the basic facts e.g. or intro-
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ducing a specific procedure, may require other practices. Above all, suc-
cessful and motivating learning processes should be possible and are
desirable for as many students as possible.

notes

1 Acknowledgement: The work is supported by grant 142453-LLP-1-20089-1-PL-
COMENIUS-CMP.
2 See for more details: www.nadima.eu

references

Boénsch, M. (1976). Differenzierung des Unterrichts: Methodische Aspekte. Min-
chen: Ehrenwirth.

Bdnsch, M. (2004). Differenzierung in Schule und Unterricht. Munchen: Olden-
bourg.

Burton, L. (1987). Thinking Things Through. Oxford: Basil Blackwell.

Freudenthal, H. (1974). Die Stufen im Lernprozel3 und die heterogene Lerngruppe
im Hinblick auf die Middenschool. Neue Sammlung, 14, 161-172.

Geppert, K. (1981). Differenzierender Unterricht - konkret. Analyse, Planung und Ge-
staltung. Ein Modell zur Reform des Primarbereichs. Bad Heilbrunn: Klinkhardt.

Griffin, P. (2009). What makes a rich task? Mathematics Teaching, 212, 32-34.

Hengartner, E. et al. (2006). Lernumgebungen fur Rechenschwache bis Hochbegab-
te. Naturliche Differenzierung im Mathematikunterricht. Zug: Klett & Balmer.

Heuvel-Panhuizen, M. van den (1996). Assessment and realistic mathematics edu-
cation. Utrecht: Freudenthal Institute.

Heuvel-Panhuizen, M. van den (2001, ed.). Children learn mathematics. Utrecht:
Freudenthal Institute.

Hirt, U. & B. Walti (2009). Lernumgebungen im Mathematikunterricht. Naturliche
Differenzierung fir Rechenschwache bis Hochbegabte. Seelze: Kallmeyer.

Kilic, H. et al. (2010). Techniques for small-group discourse. Teaching Children Ma-
thematics, 16(6), 350-357.

Klafki, W. & H. Stocker (1976). Innere Differenzierung des Unterrichts. Zeitschrift
fur Padagogik, 4, 497-523.

KMK - Sekretariat der Stdndigen Konferenz der Kultusminister der Lander in der
Bundesrepublik Deutschland (2005 ed.). Bildungsstandards im Fach Mathema-
tik fir den Primarbereich Beschluss vom 15.10.2004. Miinchen: Wolters Kluwer.

Krauthausen, G. (2006). Minusmauern - ein variiertes Aufgabenformat. Praxis
Grundschule. 1, 6-8.

Krauthausen, G. (2009). Kinder machen mathematische Entdeckungen mit Za-
hlenmauern. In: Leuders, T. et al. (eds.). Mathemagische Momente. Berlin: Cor-
nelsen Scriptor, 86-101.

Krauthausen, G. & P. Scherer (2007). Einfuhrung in die Mathematikdidaktik. 3rd
Edition. Heidelberg: Spektrum.

Krauthausen, G. & P. Scherer (2011, in preparation). Naturliche Differenzierung -
Motivation, Einstellung und Selbstkonzept im Mathematikunterricht.

Moser Opitz, E. (2009). Ich liebe es einfach, mit Zahlen und Bruichen zu jonglieren.
Begrundungsmuster zur Einstellung zum Fach Mathematik in Klasse 5 und 8.
Journal fur Mathematik-Didaktik. 30(374), 181-205.

NCTM - National Council of Teachers of Mathematics. Commission on Standards

55



P. Scherer & G. Krauthausen

of School Mathematics (2000). Principles and Standards for School Mathematics.
Reston: NCTM.

Neubrand, J. & M. Neubrand (1999). Effekte multipler Lésungsmoglichkeiten: Bei-
spiele aus einer japanischen Mathematikstunde. In: Selter, C. & G. Walther
(eds.). Mathematikdidaktik als design science. Leipzig: Klett Grundschulverlag,
148-158.

Paradies, L. & H. J. Linser (2005). Differenzieren im Unterricht. Berlin: Cornelsen
Scriptor.

Reh, S. (2005). Warum fallt es Lehrerinnen und Lehrern so schwer, mit Heteroge-
nitdt umzugehen? - Historische und empirische Deutungen. Die Deutsche Schu-
le, 97(1), 76-86.

Scherer, P. (1997). Substantielle Aufgabenformate — jahrgangsubergreifende Beis-
piele fir den Mathematikunterricht, Teil Ill. Grundschulunterricht, 6, 54-56.
Scherer, P. (1999). Entdeckendes Lernen im Mathematikunterricht der Schule fur
Lernbehinderte: Theoretische Grundlegung und evaluierte unterrichtspraktische

Erprobung. 2"d Edition. Heidelberg: Edition Schindele.

Scherer, P. (2007a). Investigating children learning mathematics - investigating
mathematics. In: Novotnd, J. & H. Moraova (eds.). SEMT 2007. Proceedings: Ap-
proaches to Teaching Mathematics at the Elementary Level. Prague: Charles Uni-
versity, 22-32.

Scherer, P. (2007b). Unschaffbar«. Unlésbare Aufgaben im Mathematikunterricht
der Grundschule. Grundschulunterricht, 2, 20-23.

Scherer, P. & H. Steinbring (2006). Noticing Children’s Learning Processes -
Teachers Jointly Reflect Their Own Classroom Interaction for Improving Mathe-
matics Teaching. Journal for Mathematics Teacher Education. 9(2), 157-185.

Speer, N. M. & J. F. Wagner (2009). Knowledge Needed by a Teacher to Provide Ana-
lytic Scaffolding During Undergraduate Mathematics Classroom Discussions.
Journal for Research in Mathematics Education. 40(5), 530-562.

Spinath, B. et al. (2002). SELLMO - Skalen zur Erfassung der Lern- und Leistungs-
motivation. Manual. Goéttingen: Hogrefe.

Streefland, L. (1990). Free Productions in Learning and Teaching Mathematics. In:
Gravemeijer, K. et al. (eds.). Contexts Free Productions Tests and Geometry in
Realistic Mathematics Education. Utrecht: Freudenthal Institute, 33-52

Tillmann, K.-J. (2004). System jagt Fiktion. Die homogene Lerngruppe. Friedrich
Jahresheft XXIl. Heterogenitat. Unterschiede nutzen - Gemeinsamkeiten starken,
6-10.

Treffers, A. (1991). Didactical background of a mathematics program for primary
education. In: Streefland, L. (ed.). Realistic Mathematics Education in Primary
School. On the occasion of the opening of the Freudenthal Institute. Utrecht:
Freudenthal Institute, 21-56

Valls-Busch, B. (2004). Rechnen und entdecken am Mal-Plus-Haus. Die Grund-
schulzeitschrift. 177, 22-23.

Verboom, L. (2002). Aufgabenformate zum multiplikativen Rechnen. Entdecken
und Beschreiben von Auffélligkeiten und Lésungsstrategien. Praxis Grundschu-
le, 2, 14-25.

Vollstadt, W. (1997). Differenzierung im Unterricht. Oder: Prufungswissen kom-
pakt. Padagogik. 12, 36-40.

Walther, G. et al. (2008). Mathematische Kompetenz im internationalen Vergleich:
Testkonzeption und Ergebnisse. In: Bos, W. et al. (eds.). TIMSS 2007. Mathema-
tische und naturwissenschaftliche Kompetenzen von Grundschulkindern in

56



Natural Differentiation in Mathematics - the NaDiMa project

Deutschland im internationalen Vergleich. Minster: Waxmann, 49-85.

Wielputz, H (1998). Das besondere Kind im Mathematikunterricht - Anmerkungen
aus der Sicht einer reflektierten Praxis, Beobachtung und Beratung. In: Peter-
Koop, A. (ed.). Das besondere Kind im Mathematikunterricht der Grundschule.
Offenburg: Mildenberger, 41-58.

Winkeler, R. (1976). Differenzierung: Funktionen, Formen und Probleme. Ravens-
burg: Maier.

Winter, H. (1983). Zur Problematik des Beweisbedurfnisses. Journal fir Mathema-
tik-Didaktik, 1, 59-95.

Wittmann, E. C. (2001a). Developing mathematics education in a systematic pro-
cess. Educational Studies in Mathematics. 48(1), 1-20.

Wittmann, E. C. (2001b). Mathematics in Designing Substantial Learning Environ-
ments. In: M. van den Heuvel-Panhuizen (ed.). PME 25. Proceedings of the 25th
Conference of the International Group for the Psychology of Mathematics Educa-
tion (Vol.1). Utrecht: Freudenthal Institute, 193-197.

Wittmann, E. Ch. & G. N. Mller (2004). Das Zahlenbuch. Mathematik im 4. Schul-
jahr. Lehrerband Neubearbeitung. Leipzig: Klett Grundschulverlag.

57



