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Philips JetNet - DVD Demonstration Model demet

A 10:1 functional scale model of a DVD player, to illustrate the multi-disciplinary character of
optical data storage.

- Physics: optics, diffraction, lasers and Lorentz force
- Chemistry: phase change materials, disc replication
- Mathematics: data coding, error correction

00 Blu-ray Disc

DVD Demonstrator setup
Booklet for students and teacher
Video instructions on DVD

Hoe werkt een DVD speler ?
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Introduction Optical Data Storage

1972: VLP

5 30 minutes video on a
1 3 ra 30 cm diameter optical disc
Play (VLP) Disc

COMPACT = =
IS )ty
DIGITAL ALUDID (’0 |
s
Philips, Sony Compact Disc development team (l9
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Introduction Optical Data Storage

Scanning confocal microscope

An objective lens focuses a laser beam into a tiny spot on an optical disc, and collects the scattered
light from the pits on the disc.

WRITING, “BURNING™

“11001100011100°"

Reading:  Reflected light from disc hits detector:
pit = high signal “I”, no pit = low signal “0”

Writing: A binary data stream is send to laser:
“0” means low laser power; “1” means high laser power, burning data into disc
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Introduction Optical Data Storage

The optical disc

Artist impression
of a Blu-ray Disc

An optical disc contains a spiraling groove, along which the binary data are recorded.
This groove is needed for tracking purposes.
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Introduction Optical Data Storage

The optical disc

Width of tracks:

""" CD: 1.6 ym
DVD: 0.74 um
BD: 0.32 um

A dark area (amorphous phase) represents the “0’s”;
The lighter areas in between (crystalline phase) correspond to the “I’s
(re-writable disc)

1
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Introduction Optical Data Storage

CD / DVD / Blu-ray Disc Optical Pickup Unit
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Introduction Optical Data Storage

Blu-ray Disc optical pickup unit
CD disc

objectief lens
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Introduction Optical Data Storage

Blu-ray Disc optical pickup unit
DVD disc
| |

A |
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Introduction Optical Data Storage

Blu-ray Disc optical pickup unit
BD disc
| . |

objectief lens

CD laser A/4 plaatje

precoll = collimator
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Introduction Optical Data Storage

Blu-ray Disc optical pickup unit
BD disc
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CD laser
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Introduction Optical Data Storage

Diffraction and storage capacity

The storage capacity of an optical disc is mainly determined by diffraction of light.

The smallest effect that can be read is determined by the size of the laser spot.

...human vision

Numerical aperture
NA ~ sin(e) Pho'togmphy
l microscopes
" 1 telescopes
«Tx NA —m lithography (IC’s) ...
"%

W

Introduction Optical Data Storage

From CD to Blu-ray Disc

The 3 generations:

Blu-ray Disc

=405 nm
NA=0.85

0.1 mm cover layer
capacity 25 GBytes

1.=650 nm

NA=0.6

0.6 mm substrate
capacity 4.7 GBytes

1=780 nm

NA=0.45

1.2 mm substrate
capacity 0.65 GBytes

[CoMPACT B
DIGITAL AUDID il
650 MBytes 4.7 GBytes 50 GBytes z.ayer
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Introduction Optical Data Storage

From the Analog to the Digital Domain

Real world content = analog !

Audio (music, speech),

Photography & Video, At each time interval Ts a new sample is taken
Written communication, ...

E.g. sound:

042V = 00l10110 ollolOlI
0.67V = 0ll10I10 Ill0100I

(16 bits)

Nyquist sampling theorem:

fo= UTg=2x A1, 0.38V = 00110000 010010
For humans: f_, ~20 kHz 0.75V = 01111101 10011100
For CD: fs = 44.1 kHz i
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Introduction Optical Data Storage

Q: How many bits needed for | hr of music?

| hr. Music = 60 min. = 3600 sec.
Sample rate = 44100 samples / sec.
Sampling depth = 16 bits / sample

No. Channels (stereo) =2

= 5.08 x 107 bits
= 635 MBytes

Q: How many bits needed for | hr of video ?

| hr. Video = 60 min. = 3600 sec.
Frame rate = 25 frames / sec.

No. Pixels per frame =720 x 576 pixels | frame
No. Colors / pixel =3 (RGB)

Color depth = 8 bits / pixel

= 895.8 x 107 bits

= 112 GBytes @ —
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Introduction Optical Data Storage

From the Analog to the Digital Domain

laser
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USER DATA

0011110000110001 111000001111
0000110011000001 111110001100
0011100001 11100001 110000011
1000111000011 1110011100001 11
0011110000110001 111000001111
0000110011000001 111110001100
0011100001 11100001 110000011
1000111000011 1110011100001 11
0001111100000110001 100011111
0000001 11111000001 1001100000
1111000011000001 111
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compression,

encryption

-

channel
coding,
modulation

oolloololoololoollololololoo
I11oloolioololololioloololio
loloolooloololiolioololololo
1001

error correction
coding (ECC)

01001100101010101100101001010f
ollolololololoolioololololiol
10010101011010010110101001001
oolollolloolololololoolloolol
1ol1oololololoololiolioololol
oloolollolioololololoololloll
oololololoololiolloolololo

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

a

s

(-

lhformatj’bn*.Theo

4

Prd

—_—

11 AT

.41[“111[11

2/5/2013

11


http://www.google.nl/url?sa=i&rct=j&q=arj+icon&source=images&cd=&cad=rja&docid=wVmYDlMAHeEWtM&tbnid=BvbolVWRcPLKAM:&ved=0CAUQjRw&url=http://www.deviantart.com/morelikethis/collections/340350135?view_mode=2&ei=A8sKUZGhPKPI0AXBnoDAAQ&bvm=bv.41642243,d.d2k&psig=AFQjCNFpDpMKL01YELF6d3X65uJjpqvxtA&ust=1359748214015482
http://www.google.nl/url?sa=i&source=images&cd=&cad=rja&docid=RDLVBQeggkkV3M&tbnid=aRIJhFgNzXD06M:&ved=0CAgQjRwwAA&url=http://findicons.com/icon/172864/jpg&ei=ssoKUeC9AZTa0QWp_ICIBQ&psig=AFQjCNEyF1q0SlXbTfCqeUwZmcSpq6t8ZQ&ust=1359748146112037
http://www.google.nl/url?sa=i&source=images&cd=&cad=rja&docid=rb3pSGvq5trIxM&tbnid=LwEte0N1rTHtPM:&ved=0CAgQjRwwAA&url=http://ictoblog.nl/2011/12/08/tip-zip-bestanden-openen-op-je-ipad-of-iphone&ei=PcoKUZqqD8mu0QW4k4HADQ&psig=AFQjCNHZ-X73OtENk9FqDu2n4n5b37SaKg&ust=1359748029294585
http://www.google.nl/url?sa=i&source=images&cd=&cad=rja&docid=RSuT52Pgfg7KIM&tbnid=SdLD4kOoPHH06M:&ved=0CAgQjRwwAA&url=http://www.oecd.org/site/worldforum06/summaryvideooftheoecdglobalprojectonmeasuringtheprogressofsocieties.htm&ei=gcoKUaOID4GV0QWysICABg&psig=AFQjCNE-ZOQ3wRAjZ44IsmpBzGPZiPTrJQ&ust=1359748097283145
http://www.google.nl/url?sa=i&source=images&cd=&cad=rja&docid=wAKJd-M7F6284M&tbnid=CLgSIRX9pTqrXM:&ved=0CAgQjRwwAA&url=http://www.veryicon.com/icons/system/world-aqua-4/encryption.html&ei=LssKUeTPOquR0QWJhYBQ&psig=AFQjCNH4jUgOCnYvsj8ouz5wGrdPdCx0mA&ust=1359748271005762

Information Theory and Coding Language

Claude Elwood Shannon
1916-2001

American mathematician and electronic engineer

MIT, Bell Labs
“The Father of Information Theory”

The Bell System Technical Journal

Vel XXVII July, 1948 No.3
A ical Theory of
By C. E. SHANNOK
INTRODUCTION
HE recent of v hods of madulat has PCM

and PPM which exchange bandwidth for signal-to-noise ratio has in-
tensified the interest in @ general theory of communication. A basis for
such a theory is contained in the important papers of Nyquist' and Hartkey®
on this subject. Tn the present paper we will extend the theory Lo include a
numbee of new factors, in particular the effect of noise in the channel, and
the savings passible due 1o the statistical structure of the original message
and due to the nature of the final destination of the information.

INFORMATION
SOURCE  TRANSMITTER RECEIVER  DESTINATION

MESSAGE MESSAGE

Naise
SOURCE

Fig. | —Schematic diagranyof a geveral communication system.

PHILIPS

The Shannon Theorem:

“Given a noisy communication channel, we can
compute a maximum channel capacity C (in bits/sec):
then for any communication rate R < C, coding
schemes exist such that the error rate at the receiver
becomes arbitrarily small.”
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Information Theory and Coding Language

PHILIPS

Sender, Communication Channel and Receiver

Information Channel

Sender | = —=[ Message ]

© Original Artist

Reproduction rights obtainable from

a
wwiw.CartoonStock.com L&) ’

Information channel: smoke signals

It’s from your wife, she says ‘Get take-away... diner is burnt...!

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Receiver
Sender: wife
Message: you'd better not come home ...
Receiver: husband
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Information Theory and Coding Language

Sender, Communication Channel and Receiver

Information Channel

Sender —_Message | Receiver

Oh great!
That’s what I call a simple interface.
Just one button.

receiver

— \

Message sent using:  Morse code

Alphabet: dot * , dash =
Information channel: electric pulses over a copper wire

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Information Theory and Coding Language

Sender, Communication Channel and Receiver

Information Channel

Sender —=|_Message | Receiver
Message: Physical channel:
- radio & TV - electrical pulses over copper wire, computer interfaces
- telephony - optical signals over glass fiber
- fax - electromagnetic waves through air (3G, 4G, satellite, ...)
- audio, speech - optical disc readout (CD, DVD, Blu-ray)
- video - magnetic tape recording
- internet - harddisc recording (magnetic)
- e-mail - barcode reading
- GPS
- telebanking

- cloud storage

N
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Information Theory and Coding Language

Letters, Codewords and Alphabets

In sending information across a channel, the receiver needs to know what signals to expect, and
how to interpret these signals in order to extract the information.

For inter-human communication we agreed to use a standard language that we all

understand:
Code = a certain language
e.g. English, Dutch, French, ltalian, ...
Codewords = all the words in the vocabulary belonging to that language
Letters = all the characters making up the different words; the

collection of all letters is called the alphabet

In the digital domain, for transporting data from A to B:

SIEEE

Code = different codes are being used,

e.g. 802.11 for WLAN, Reed-Solomon for error correction, ...
Codewords = all the words, consisting of bits or symbols, being part

of the code
Letters = bits or symbols; alphabet = {0,1}, or ‘field’

IEEE 802.1 | standard
PH",' PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Information Theory and Coding Language

Different Types of Codes

The purpose of an information channel is to send information from sender to receiver
- as fast as possible (short waiting times),

- as accurate as possible (no errors and misunderstandings),

- as secure as possible (no cheating, no abuse)

- as condensed as possible (high storage capacity)

Receiver Y ‘
Message
Analog to digital conversion Digital to analog conversion
Data compression (lossless or lossy) Data decompression
Data encryption Data decryption
Error correction coding Error correction decoding
Channel coding Physical Channel Channel decoding

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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Information Theory and Coding Language

- Error Detection
- Error Correction - Hamming codes

- Error Correction - Reed Solomon codes

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Error Detection

Noisy Information Channel

In real world all communication channels either contain some noise, or have very low
signal levels. As a result errors occur when transmitting messages from sender to
receiver.

Information Channel

(e . . 1 .
Sender én\mﬁ i@ﬂ R;celver

Q: - Can we detect a possible error ?
- And if so, can we correct it ?

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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Error Detection

The Human Brain

What about this mess ... ?

Can you read this? Only 55 people out of 100 can:

| tdnuolc elveieb taht | dluoc yulaclta desdnatnru tahw | saw gdanier. Eht
lhaonmneap rweop fo eht nuah dnim, goccdrnia ot a hcheearcr ta
Emabrigdc Yinervtisu, ti tseno‘d rtaetm ni tahw rerdo eht stterel ni a drow
era, eht ylno tproamtni gihnt si taht eht trsif dna tsal rtteel eb ni eht tghir
eclap. Eht tser nac eb a laott ssem dna uoy nac litls daer ti thotuiw a
mboerlp. Siht si ecuseab eht nuamh dnim seod ton daer yrvee rtetel yb
fstlei, tub eht drow sa a elohw. Gzanmia huh? Haey dna | swlyaa tghuhot
glpelins saw tpmoranti!

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Error Detection

The Human Brain

And now (first and last letter of each word at the right position) ... ?

Can you read this? Only 55 people out of 100 can:

| cdnuolt blveiee taht | cluod aulaclty uesdnatnrd waht | was rdanieg. The
phaonmneal pweor of the hmuan mnid, aoccdrnig to a rscheearch at
Cmabrigde Uinervtisy, it dseno't mtaetr in waht oerdr the Itteres in a wrod
are, the olny iproamtnt tihng is taht the frsit and Isat Itteer be in the rghit
pclae. The rset can be a taotl mses and you can sitll raed it whotuit a
pboerlm. Tihs is bcuseae the huamn mnid deos not raed ervey Iteter by
istlef, but the wrod as a wlohe. Azanmig huh? yaeh and | awlyas tghuhot
slpeling was ipmorantt!

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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Error Detection

Adding Redundancy - Parity or Control Bits

Suppose we want to transmit a message over a binary channel with alphabet {0, 1}.
Let’s take as message to send the numbers 0 ... |5, represented by their binary equivalent;
a user data word (the user message) is then 4 bits long, e.g. (0100) or (1101) ...

Suppose we want to send over the user message (101 1) and before the message reaches the
receiver, an error occurs and a single bit flips: the receiver now reads (1001) in stead of (1011).

Information Channel
Sender = 1011] —[_1001] Receiver

Q: Is there a way to predict whether an error has been made ?

A: No, since all received words, irrespective of any error that might have occured, are perfectly
allowed codewords.

In order to detect an error we are going to add redundancy to the user message. These additional

parity bits allow the receiver to distinguish between valid and an invalid messages (codewords).

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Single Parity Check

Adding Redundancy - Single Parity Check

In order to detect an error we are going to add redundancy to the user message. These additional
bits, called parity bits, have been chosen carefully such that after the (user message + parity bits)
arrive at the detector, the receiver is able to judge whether an error has occured.

Now, before we send over the user message (101 1), an additional parity bit ¢ is added such that
the total number of ‘I’s in the message, i.e. the overall parity, is even.
Or, in other words: the sum of all bits - modulo 2 (mod,) is zero.

User message: (rorr)
Code message: (10llc) and (140+1+l+c)mod, =0 = c=1
hence, message = codeword = (101 11)

Q: How to check whether an error has occured ?

A: Check the overall parity of the received message; if | then error, if 0 then no error

Q: Can we detect all errors ?

A: No, e.g. if two bits would have flipped, the overall parity would still be even;
with single parity check we can detect only | bit error.

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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Single Parity Check

Adding Redundancy - Single Parity Check

In general we can add a parity bit to a user data word (u,,, U,,,..., U, u;) with an arbitrary length,
say m bits. The codeword that is sent to the receiver is then:

Codeword:  (u,, U, ... , Uy U}, €) ; the codeword now has length n=m + |

m-1> *

Let’s assume that some white noise is added to the channel; as a result the overal probability of
a single bit error becomes p. That is to say: on average one in every |/p bits is detected wrong.

Q: What is the probability that a codeword is interpreted as being correct, but is actually wrong?

A: -0 errors: OK, no error detected
- | error: error correctly detected
-2 errors: errors not detected
- 3 errors: errors correctly detected
-4 errors: errors not detected

o

o
2 %

—p=01

e
W
&

——p=001

™~

p=0.001

n n
P(n, p) :[Zj p2 '(1— p)"’2 +[4] p4 ,(1_ p)n74 .
n2(n ) : uu; a—
= Z[2|J p2l (17 p)ﬂ*ZI o s 0 20 o -
i=1

user word length m

——100% (p=0.001)

P {wrong interpretation)
o
o
&
N
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s g
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Single Parity Check

Adding Redundancy - Single Parity Check

Once an error has been detected, the receiver might send back a signal to the sender with a
request to resend the message. This is called Automatic Repeat Request (ARQ).

Q: Try to think of a situation where ARQ is not feasible ...
A: Life communication: Listening to a CD, watching a DVD, TV broadcasting, Skype, ...
A: Satellite communication; actually one of the first real applications of error correction coding
was in the Voyager program, sending a satellite to the outer rim of our solar system.
Voyagerl, launched by NASA in 1977, sent an Our planet Earth -
image back to earth when it was 6 billion km
separated from the earth. It took the signals
approx. 6 hrs. to travel to earth at the speed of
light. Sending an ARQ would again take 6 hrs. to
arrive at the spacecraft. In total the spacecraft
would havg travelled (at a speed Qf 64-009 “Pale blue dot image”, Voyagerl, 1990, using
km/hr.) a distance of 770000 km in this time span Hamming coding
of 12 hrs.
PI-III.I PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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2-Dimensional Parity Check

Adding Redundancy - 2-Dimensional Parity Check
We can do a bit better than single parity check, by using 2-dimensional code checking.

Suppose the user want to send the message ...01100010 1011 0001 ...
The message is split in blocks of e.g. 4 bits each, and e.g. 4 blocks of data are put in a matrix.
Now, for each row and each column a new parity bit is calculated.

User message: (0110) (0010) (l1011) (0001)
2D-Parity matrix: o[ 1] 1]ol|[o]

ofof ITol|[1]

o[ 1] 1]{[1]

ol ol o[ 11|[1]

LI aTol|[1] = Codeword: (01100) (00101) (10111 (0001 )(11101)

Now, suppose a burst error of 3 successive bits occurs, and the receiver reads:

Codeword: (01100) (11001) (10111) (00011)(11101)

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

2-Dimensional Parity Check

Adding Redundancy - 2-Dimensional Parity Check

So the receiver retrieves the following signal:

Codeword: (01100) (mm) (10111) (00011) (11101)

Next, we put these bits at the corresponsing position in the parity matrix and check the parities:

Parity matrix:

Now, after error detection we also know the position of the erroneous bits, meaning that
we can also correct the detected error(s) ! The corrected codeword, originally sent by the
sender must have been:

Codeword: (01100) (00101) (10111) (0001 1)(11101)
and the original user message: (0110) (0010) (1011) (o00l)

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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2-Dimensional Parity Check

PHILIPS

Adding Redundancy - 2-Dimensional Parity Check

The 2-dimensional parity check is a first step towards Forward Error Correction (FEC), but it

is rather crappy ... !

Q: Why is the 2-dimensional parity check not a very robust method ?

A: A single bit error can always be detected and corrected.

For 2 or more bit errors, depending on where the bit errors occurs, the 2D parity check
may be able to detect multiple errors, but also can lead to erroneous decoding !

Suppose the following string of bits was read by the receiver (again 3 bit errors, different positions):

Codeword: (01101) (11101) (10111) (00011)(I 1 101)

Parity matrix:

Error correction seams to be feasible by
adding parity bits, but a more robust method
is needed !

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Error Correction

PHILIPS

Richard Wesley Hamming
1915-1998

American mathematician

Manhattan project, Bell Labs, colleague of Shannon

“The Father of ECC Theory”

The Bell System Technical Journal

Vol XXIX April, 1950 No. 2

Copyright, 1950, Americar. Telephone and Telograph Compasy

Error Detecting and Error Correcting Codes
By R. W. HAMMING

1. Isropreriox

HE author was led to the study given in this paper from a considera-

Tasee 11

Pousin

Introduced the concept of systematic codes, the
Hamming distance and Hamming bound.

Triggered a vast R&D effort on error correction
coding leading to new coding theories and opening
up new application spaces.
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The Hamming Code

The Hamming Distance

Hamming was the first to describe the process of error detection and correction using a
mathematical model. His theory is based on the concept of Hamming distance d,;:
the number of bits one needs to flip in order to go from one to another codeword.

Example: (10) = (Il) : Hamming distance d,, = |
(rroroy — (?Il?:) : Hamming distance d, =4
(rrootr100) == (I I“?g)OO) : Hamming distance d, =4

The Hamming distance d; between two codewords w, and w, can be calculated by bit-wise
mod,-subtraction or XOR operation between the two codewords, and adding the individual bits.

dHamming (W1IW2) = dH (lewz) = z XOR(Wll Wz)i

allbitsi

The Hamming distance d,, between a received word and the originally sent codeword is the
number of bit errors that occured during transmission !

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

The Hamming Distance

Q: Calculate the Hamming distance between the original codeword w, and the received word w,:
-codelengthn=4: w,=(1001)andw,=(1010)

- code length n=4:  w, = (| 0 00lol1o00101I)and
|

lololl
w,=(10001010110001000)
Example: w,=(1001)

w,=(1010)

XOR(w;,w,) =(001 1) == dy=sum of bits = 2

Example: w,=(11010110010100101)

w,=(10001010110001000)
XORW,w;) =(01011100100101101) = dy=sum of bits =9
PI-III.I PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

The Hamming Distance

Actually, we human beings also use the Hamming distance between regular words “part of our
code” in order to do error correction.

Information Channel

“Tinner is heady ... I”

Sender / Receiver
Valid words similar to “Tinner” Valid words similar to “heady”
Similar words Hamming distance Similar words Hamming distance
Tinker | XH heavy |
Dinner | 2 3| ready |
Tunnel 2 handy 2
Banker 3 happy
PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

The Hamming Distance

Now, back to the binary world. We are going to construct a code W, using binary letters
b; =0 and I, and using codewords of length n. The codewords weW consist of a user word u of
length m, and k control or parity bits c; consequently n =m + k. nis called the code length.

W={w=(b,b, ....,b); b=(0,1),i=l..n} ; w = (b, by ..., by) = (Upy ey Uy €y wenrCy)
Example: the user words consist of 4 bits (m=4): u =(u;,uy uzu)=(0110),
we add 3 parity bits (k=3): c =(c,cnc)=(110),

resulting in codewords of lengthn=m+k=7: w=(0110110)

Q: How many different codewords can we make for a code length of n = 7?

A: The total number of codewords of length n, using binary letters, is: 2", i.e.2” =128

We define the code rate or the efficiency of the code as: R = m 1

n 1+k/m
The higher the code rate, the more efficient the code is.

PHI I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

2/5/2013

22


http://images.clipartof.com/small/443416-Royalty-Free-RF-Clip-Art-Illustration-Of-A-Cartoon-Woman-Shouting-And-Ringing-A-Dinner-Bell.jpg

2/5/2013

The Hamming Code

The Hamming Distance

Let us reconsider the single parity check case with user words of length 3: m=3, k=I; code
length n=4.

In total we have 24=16 codewords available, out of which 8 have even parity and 8 have odd
parity. Let’s define the even codewords as W/ and the odd ones as W,, then W, and W, are
subsets of W= W, + W,. Codewords from W, are valid codewords (even parity), codewords
from W, are invalid (odd parity).

0000 000 | The sender only transmits words weW, .

001 1 0010

0101 0100 Suppose a single bit error occurs: then the receiver detects a word
0110 ol 1 we W, and knows that an error has occured.

100 I 1000

1010 101 1 The receiver is not capable of correcting the error, since it does not
1100 1101 know which bit is likely being detected wrong !

(N 111o

— — Reason:

W, w, The Hamming distance between all codewords in W/ is 2 or larger !
h W g Or: the minimum Hamming distance for the parity check code is 2.
PH",' PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

The Hamming Distance

Let us try to visualize all codewords of W=(b,b,,b;,b,)

In three dimensions, W=(b,b,,b;) , i.e. n=3, this would be easy: the 8 points spanned by the x, y,
and z unit vectors (x,y,z) in 3D Carthesian coordinates:

W (n=3): 110 111

010 -
Y .
101
| :X ﬂ' @ Valid codeword (even parity)
z
000 001

@ 1hvalid codeword (odd parity)

Q: Can we also visualize the fourth dimension ?

A: Yes, since we are only using binary numbers ...

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

The Hamming Distance

Let us try to visualize all codewords of W=(b,b,,b;,b,)

Q: Can we also visualize the fourth dimension ?

A: Yes, since we are only using binary numbers ...

PHILIPS

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

The Hamming Distance

Now back to code length n=4, let us try to visualize all codewords of W=(b,,b,,b;,b,)

0000 000 | W (n 11
001 | 0010

0101 0100

0110 o1l

100 1| 1000 1101
1010 101 |

1100 110 | 001”

Pl 111o

H—l H—I

w, w,

-
L

@ Valid codeword (even parity)
0000 0001 @ Invalid codeword (odd parity)

Whenever a wrong codeword w, eW, is detected, there are always more than one valid
codewords w; eW, (in this case 4) with Hamming distance d;=1, closest to w,. Hence, the
detector can by no means decide which codeword would have been the correct one.

PHILIPS
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The Hamming Code

The Hamming Distance

All codewords of W=(b,,b,,b;,b,) :

111
0000 000 | W (n=4):
001 I 0010
010 I 0100
0110 o1l |
100 I 1000 101
1010 101 |
1100 1101 0010
N 1110
—_
W, W,
w

Suppose we receive the codeword (01 11). Since the parity is odd, we know an error occured.
There exist 4 valid codewords with a minimum Hamming distance of |, closest to (01 11). It is by
no means evident which of these is the correct one!

PHILIPS

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

@ Valid codeword (even parity)
0000 0001 @ Invalid codeword (odd parity)

The Hamming Code

The Hamming Distance

Q: s there a way to determine which of the nearest valid codewords is the correct one ?
A: Yes: define a subset of valid codewords W, eW such that the minimum Hamming distance
between all valid codewords is 3 (or more) ! The error checking method requires a more

sophisticated parity checking algorithm (next slides).

w (n=6)’ dH,min=3 :

PHILIPS

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

2/5/2013

25



The Hamming Code

@ Valid codeword (even parity)

@ Invalid codeword (odd parity)

Corr!

The Hamming Code

The Hamming Distance

Q: s there a way to determine which of the nearest valid codewords is the correct one ?

A: Yes: define a subset of valid codewords W, eW such that the minimum Hamming distance
between all codewords is 3 (or more) ! The error checking method requires a more
sophisticated parity checking algorithm (next slides).

w (n=6)’ dH,min=3 :

@ Valid codeword (even parity)
@ Invalid codeword (odd parity)

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

The Hamming Distance

Q: s there a way to determine which of the nearest valid codewords is the correct one ?

A: Yes: define a subset of valid codewords W, eW such that the minimum Hamming distance
between all codewords is 3 (or more) ! The error checking method requires a more
sophisticated parity checking algorithm (next slides).

W (n=6), dyyin=3 : o

@ Valid codeword (even parity)
@ Invalid codeword (odd parity)

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

The Hamming Distance

Having defined the proper set W, W containing only codewords (@) with minimum Hamming
distance 3 w.r.t. each other, we can now find a single valid codeword w;eW closest, i.e. having
Hamming distance |, to a detected codeword w (Q). Since this w, only differs only | bitflip
from the detected w, whereas the others differ in 2 positions, it is very likely that this w, is the
correct(ed) codeword.

W (n=6), d;in=3 : ® O Detected codeword w
’ ,min N

@ Valid codeword (even parity)

@ Invalid codeword (odd parity)

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

The Hamming Distance

The reasoning of Hamming was as follows: first, we need to find a code W, where the Hamming
distance between all allowed codewords w € W/ is at least a certain minimum distance d; .,

Ay i = Min (dy, (W, w,); Vi, j eWsi# j)

H,min

Define a code W, ={w} with minimum Hamming distance d,, ;, and let’s visualize all allowed
codewords O and all not-allowed codewords O along a |-dimensional line:

Then W, ={0 };all other codewords { O ¢W, }

'min
wl (dH,min=2) :

W, @dymn=3): —O—0—0—0—0—0—0-00000000—
W, (dymn=4): —O—O0—O0—O0—0O0000000000—

Wi (@dymin=5): —O—O0—O0—0—0O0-000000000—

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

S_ : sent codeword .

@ : received codeword, i errors

The Hamming Distance

08 e,
WI (dH,min:Z) :

No. erroneous bits that can be detected: |
No. bits that can be corrected: (1]

> 8 &
W, dyme=d):  —O—O—O—0—0—0—0—0—0—0—0—0—0—0—0—

No. erroneous bits that can be detected: |
No. bits that can be corrected: I

> e &Y

Wi @dymin=4): —O—O0—O0—0—0O0000000000—

No. erroneous bits that can be detected: 2
No. bits that can be corrected: |

0o oY

No. erroneous bits that can be detected: 2
No. bits that can be corrected: 2

WI (dH,min=5) :

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

The Hamming Distance

Summarizing:

- User data word length: m (Up,es uy,)
- Number of parity bits: k (Cryeees &)
- Length of codeword: n=m+p (by,..,b,)=(U,.., Uy, Creut, &)

If we are able to define a code W, e W ={ (b,,..,b, ) ; b=(0,1),i=1...n} with a certain
minimum Hamming distance d,; ;.. then:
- The number of erroneous bits that can be detected: N, = truncate[ d, .;./2 |
- The number of erroneous bits that can be corrected: N,,,.= truncate[ (dy - 1)/2 ]
Remaining questions to be answered: —

&4 dH,min _2'Ncorr.+1

- How many parity bits do we need ?
- How to define the parity bits ?

- How to generate the codewords ?

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

How Many Parity Bits ?

Suppose we have a code with length n. In order to be able to indicate not only whether an error
occured, but also which bit was in error, we need to identify the erroneous bit unambiguously.
Furthermore we assume we need to correct only one bit (only single bit errors).

The number of the erroneous bit, e, in the detected codeword w ranges from 0 ... n:
- e =0in case no error occured

-e=1l...n in case bit number e of the codeword w was erroneous.

This value of e is encoded in the numerical value of the parity word c.

Example: (uy, Uz,/fg,..., Uy ) (€ -6 )  : mtk discrete positions

tee ¢ ¢ €

1 2 3 ..m mil.mtk D e=3

The numbers e = 0 (i.e. no error) ... m+k need to be encoded in the k parity bits ¢,

With k parity bits we can binary encode 2* distinct values ranging from 0 ... 2k-1.
In order to be able to uniquely identify the erroroneous bit, e, we have the condition:

2X_1>m+k = 2X—k>m+1

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

How Many Parity Bits ?

Or, given the number of parity bits k, we can determine the maximum number of user bits m

using the relation:
Number of Max. number of | Code length | Code rate
parity bits k | user bits m n=m+k R=m/n
I 0 I 0 <

... not very useful ...

2 | 3 0.33
3 4 7 0.57
4 I 15 0.73
5 26 31 0.84
6 57 63 0.90

Q: How many parity bits are needed if we want to encode a user word of 6 bits length ?

Q: Why isn’t this very efficient ?

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

How to Define the Parity Bits ?

We need to think of a systematic way to do a parity check on a certain number of n bits, and
from this parity check obtain the value of e, i.e. the bit number that has been detected wrong.

We know that with a single parity check this is not possible.

Suppose we want to send the user word (m=7): u= (0loll1o0l)
Single parity check: c= (0)

Codeword to be sent: w= (01011010)
The single parity bit here checks ALL user bits: Enﬂnnmn @

:

PHI I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

How to Define the Parity Bits ?

What if we were to use 2 parity bits, with the following parity check rule ?

“The first parity bit (bit 8) checks bits | to 3, and the second parity bit (bit 9) checks bits 4 to 7"

OK

I 34 7 89 liji

Lol tfoliftTofr] [1]r] == [o[i]o ILIILIELL] S aunnnnnann

Error

Now we can conclude that there must have been an error somewhere in bits |...3 or 8!
The parity check at bits 4...7 and 9 seems to be OK and these bits should be fine.

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

How to Define the Parity Bits ?

And what about the following parity check rule ?

“The first parity bit (bit 8) checks bits | to 4, and the second parity bit (bit 9) checks bits 4 to 7"

[T =
I 34 7 89

UNrnnomn = [ol1]o 1[11oLiIol! s aunnnnon

Error
Again we can conclude that there must have been an error somewhere in bits |...3 or 8!

But what if the fourth bit (b,) would have been erroneous ? Error
Both parity checks indicate an error! Since we assume
that there has been only | bit error, the erroneous bit

must have been at position 4 !! o[ t]ofo] ]ol1]

. . . e
Error correction can be achieved by collaborating parity bits ! Error

PI-II I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

How to Define the Parity Bits ?

And now the way Hamming did it in a more systematic way: he realized that each integer
number can be represented by its unique binary equivalence.

C5CC3 G ()

100038

0[0

0

W N UhA W N —

©

olo|=|=|=|=|—-|=|—|=|c|lo|ec|o|o|e

olo|=|—|—-|—-lole|ole|=|—|—|=|o|e

N

olo|—|—-lo|o|-|—-|ec]lo|-|-|o|o|- |-

—lo|=lo|=le|=le|=]lo|-|lo|-|c|-|e

PHILIPS

I 2 5 8 10 16 20 25
w: [alelulealw]wlufelolul [ T T [ ] TTTTTTTTTT]
TR N O N N M O N A S M M
& A I R rr 17 1
& 17 M M
% O M rr1
os: A

The first parity bit checks the parity of all bits at odd positions

The 2" parity bit checks the bits at position 2, 3,6, 7, 10, I I, 14, 15, ...
The 3" parity bit checks the bits at position 4, 5, 6,7, 12, 13, 14, I5, ...

etc...

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

How to Define the Parity Bits ?

Let’s take an example: user datawordu = (01 1010):
m = 6, requires 4 parity bits, k =4 ) codelengthn= 10

u uy Uz u us u
¢ ¢ Y Y2l g Us Us

(o8

(=%

[P

l

oftfolofit[ifof1]i]o]
T

1

T

1

rT11

LT

Hence, the codeword sent over to the receiveris: (01001 10110)

PHILIPS
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The Hamming Code

How to Define the Parity Bits ?

An error occurs in the communication channel and a single bit flips. The receiver now reads the
following codeword:
(o1o001fop110)

ol||zo.| 0 O.I 0
Sttt it

= S j\ /I\j\ 1

= S r11

Syt M

The same parity check rules used for determining the parity bits ¢, are now being used for
calculating the syndrome vector S = (S, S,, S;, S,): §=0 if parity is even, S=1 if parity is odd.

Apparently, the syndrome S, and S; indicate a read error. Supprisingly, the position e of the
erroneous bit can now be easily calculated: the error has been detected and corrected !

LS .
e=>»5-2" | =0-2°+1-2"+1.2240-2° =6
i=1

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

How to Generate the Codewords ?

Hamming derived a thorough description of the underlying mathematics and came to a more
systematic approach of generating the codewords and detecting and correcting errors.

(i) Given the number of user bits m, determine the number of parity bits k ;
resulting in codewords of length n =m + k = 2k- |

(i) The codeword w belonging to the user data word u is given by simple matrix algebra, using
the Hamming parity check matrix H and the Generator matrix G:

«m . k
1110100 Note: I, = x-dim identity matrix
H= H’ I, -~ 1101010
108100 1)4m3,m
Containing all k-dimensional binary
vectors, except the O-vector
1000111 w=u-G
G- o |01 00110
- I H " joo10101
m
: 0001011,
m
PI-III.I PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

How to Generate the Codewords?

Let us take a closer look at the (n=7, m=4) Hamming code.

The user is sending the user dataword u= (101 1).

Q: Calculate the codeword w that is to be transmitted to the receiver.

1000111
Go 0100110
0010101
0001011
1000111
o 0100110
W=0G=( 011 =L 011001
0010101
0001011
PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Hamming Code

How to Generate the Codewords ?

Let us take a closer look at the (n=7, m=4) Hamming code.

The codeword r is received at the detector: T = (1 01100 @
The syndrome S can now be calculated as follows:

S=H-r
1
0
1110100 1 0 The syndrome vector corresponds with the
S=11101010 1| = |0] == 7th column in the parity check matrix,
1011001 0 1 i.e. the 7th bit must have been wrong !!
0
0
PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Hamming Code

The Hamming Code & Hamming Distance ?

We did see earlier that for a code with minimum Hamming distance d,,,;, , the number of errors
that can be detected is:

/2] or d 2-Ng, +1

H,min — corr.

N¢,rr. = truncate [(d

corr. H,min

For the single error correcting Hamming code the minimum Hamming distance should be 3.

Let’s check this for the (n=7, m=4) Hamming code.

The total number of valid codewords is 2™ = 16: w,, i=1..16
1000111
w=u-G=(u, u, u; u,) 01001101 ith u =(01); i=1.4
YT T2 S R 00101 0 1] with Uy =05, 1=L..
00010011
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The Hamming Code

The Hamming Code & Hamming Distance ?

(n=7, m=4) Hamming code:

[D],; = [ (wi,wj)]—{ (XOR(wi,w,-))}

allbits

W = { (0000000) "0 3343 4434334344377
(0001011) O A
(OOIOIOI) 3403 433 434434734
(0011110) | o e s s s s sas ey
(OIOOIIO) 3443033 434474334
(oto1101) 4334304 343743443
(8::?8(;:)) 43 34340347343 443
EIOOOIII; p-| 244343307442 4334
Tl 4334344703343 443

1001100
§IOIOOIO; 3443437 430434334
(|0||00|) 3443 473 434034334
(||0000|) 4 3 347 44343303443
(||0|0|0) | 3447 433434430334
3 3 3 3
(1110100) 437 434434334304 :
(reeeeeny 47343 44343343403
L7443 433434434330 ]
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The Hamming Code

The Hamming Code & Efficiency

The Hamming code is one of the very first error correcting codes, capable of correcting only |
error in a sequence of bits. How realistic is this? Or, what is the probability of a double or
higher bit error occuring, compared to a single bit error?

Define the probability of a single bit error as p.

For a (n,m) Hamming code with length n we have the following probabilities:
- Probability of no error occuring = P, = (1— p)"

- Probability of single error occuring= P, =n- p~(l— p)ni1

o N i n—i
- Probability of > error occuring= P, = (Ij p' -(17 p)
i=2
n(n .
With error correction: P, = %[ ij- p-(L-p) Pooror =Py +P =(1+p-(n-1))-(1-p)"*
i

[T]E - (:!—i)!

No error correction: P, . = %{TJ p'-(1- p)“fi Poerror = Py = (l— p)"
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The Hamming Code

The Hamming Code & Efficiency

i=2

With error correction: P, = = ZHJ(TJ pi ~(1— p)“fi Poerror =P+ P = (1+ p-(n —1))~(1— p)"_1

No error correction: P, == i[?] p' ~(1— p)nfi Poerror =P = (l— p)"

i=1

Let’s look at the performance of the Hamming code, for a single bit error probability of e.g. $=0.01
The probability of a symbol error is now:

P(NoECC;Error) P(WithECCError)

P (symbol error)
P (symbaol errar)
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Finite Field Coding

Galois Fields and Reed-Solomon Coding

Evariste Galois
1811-1832

French mathematician, the founder of modern group theory
and finite field algebra: Galois Field theory

o Irving Reed 1923-2012 (left)
| Gustave Solomon 1930-1996

Both american mathematicians and electrical engineers,
major contributions in the field of error detecting and
correcting coding theory

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Finite Field Coding

Finite Field Algebra

Finite field, or Galois field, algebra is based on a field containing a finite number of elements.

Some general characteristics of finite fields, denoted as GF or F :

- Within this algebra, addition and multiplication is defined amongst its field members; the
outcome of an addition or multiplication is again an element of the field.

- The number of elements of the field, g, the order, must be equal to an integer power n of a
prime number p: q =p" (n>0) . p is also called the characteristic of the field.

- Field algebra is done using a polynomial representation of the field elements;
in short this comes down to some kind of cyclic arithmetic, like Mod, for binary numbers.

-Ex: Fy =Fy ={(b,,...,1n;); b, =(0,1),i=1..8} with Mod, arithmetic

F,=F={b.b,) b=(012),i=1.2}  with Mod, arithmetic
= eg: (0,21) + (12,2) = (11,0)
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The Reed Solomon Code

Reed Solomon Coding

Reed-Solomon codes are cyclic, non-binary error detection and correction codes.

On CD the Reed-Solomon codewords are part of a finite field F,s = F,54 using binary arithmetic.
Here we demonstrate the principle of RS-coding using a somewhat smaller finite field: Fj,.

Making the example a bit more practical: let’s assume we are going to encode the letters of our
alphabet including some special reading characters, as being part of this finite field F;,.
The field F;, then contains the following symbols: { A, B, .., Y, Z, +,-,!,2,.}.

Let’s consider a book having 400 pages, 4000 characters each page.
And assume that the book has been printed on a crappy printer: the printer makes a printing
mistake every | character on 1000. Consequently, the probability of a symbol error is 0.001.

In order to cope with this we are going to add additional
parity symbols, to be used for error correction.

Rule I:
For every 4 user characters (m=4) we are adding 2
additional parity symbols (k=2).

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Reed Solomon Code

Reed Solomon Coding

Let us consider the user word u = “CODE”: u,=“C”"=3, u,=“O”=15, u;=“D”=4 and u,=“E"=5.
Next, we add 2 parity symbols ¢ = (c,,c,), such that:

W = (Wo, Wy, Wy, W3, Wy, Ws ) = (€, C, U, Uy, U, Uy )

Rule 2: Encoding scheme

n-1
@: DW=0 | < W+W+W,+W+W,+W, =0 Mod,
i=0

n-1
(2): W =0 | < w+2w,+3w,+4w, +5w; =0 Mod,,
i-0

Now we fill in the numbers for w, for the symbol “CODE” and we obtain:
from (2):

1., +2-3+315+4.4+5.5=¢,+92=¢,+30=0 = c,=1="A"
J

and from (1): v
¢, +1+3+15+4+5=¢c +28=0 = ¢ =3="C"

The actual code word that will be printed is w = “CACODE”.
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The Reed Solomon Code

Reed Solomon Coding

Now suppose we read the following word from the printed book: “XGFOPT”
Leaving out the control symbols we would actually read “FOPT”, which is an existing word !
However, is it correct? The word read by the detector is denoted as we.

wd = (wdy, wd, wd,, wii, we,, wio ) =(24,7,6,15,16,20)

5
By putting the w/'s in (I) we get: szi =24+7+6+15+16+20=88=26 Mod,, =0

i=0

This means that an error must have been made somewhere. Lets assume the value of the error
was e and occured at symbol position j. The detected word can then be written as:

w E(Wdi, i:O...n—l):(W., i j;w+ei= j)

Equations (1) and (2) can now be rewritten and result in the decoding scheme for RS-codes:

Rule 3: Decoding scheme

n-1 n-1 n-1
@: D whi=e+dw, =| e=> w
i=0 i=0 i=0
n—: n-— n-1
2): ii‘Wdi = j~e+ii~wi = je=li-wh
i=0 i=0

i=0

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Reed Solomon Code

Reed Solomon Coding

Let us fill in the numbers for wd: “XGFOPT” = (' w,, W, Wy, W3, W, Ws ) = (24,7,6,15,16,20) .

From (1):

-1

e=> w'i=(24+7+6+15 20)=88=26=-5
®:

i=0

E]

By putting the w¥’s in (2) we get:

n-1
j-e=Yi-w'i=(0-24+1-7+2-6+315+4-16+5-20) = 228 =11= 20

i=0

Concluding: the value of the error was e=-5, and the symbol position must have been j=4.
wii=w,+e = w,=w'j—e=16—(-5)=21="U"

So the incorrectly read word “XGFOPT” is being corrected into “XGFOUT” and the

original user word was “FOUT” !

Q: How many symbol errors can we correct in a single word with this method?

Q: How many bit errors can we correct in a single word with this method?
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The Reed Solomon Code

Reed Solomon Coding - Efficiency

400 Pages, each page contains 4000 characters or symbols with a probability of a single symbol
error of p =0.001. Without error correction we have on average 4 symbol errors per page !

Now how well does the RS-code perform?

First we have to mention two additional complicating factors:
(i) Since the rate of the proposed code R = 4/6, and we want to print the same number of user
characters on a single page, we need to print in total 1.5 x 4000 = 6000 symbols = 1000 words.

(i) If we want to print more characters on the same page, the characters (the font) become smaller,

and consequently the probability of a printing error goes up, let’s say a factor of 2: p =0.002 .

A word of 6 symbols is interpreted correctly if it contains zero or only one symbol error.
The probability of an uncorrectable word error is then given by:

6(6) . & (6 ) )
P>1symbo| error — Z[j pl (1- p)tH = Z[-j'o'oozl ' (0-998)67I ~6-107°
iz \ ! iz \ |
With 1000 words per page this means we have on average 0.06 erroneous words per page.
An improvement of a factor of ~ 30 !! (assuming approx. 2 symbol errors per word error).
... but still not good enough ...

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Reed Solomon Code

Reed Solomon Coding - Efficiency

We can do even better than this: RS-codes can also correct multiple errors !

In this example we again use a code over Fj;;, but now a single code word consists of 8 user
symbols u (m=8) and 4 parity symbols ¢ (k=4). The rate of this code again is 8/12 = 2/3.
The codewords are given by w = (w,..., w;; ) = (¢}, &, G5, C4, Uy, Uy, Us, Uy, Us, Ug, Uy, Ug)
Th ding rul R
e encoding rules now become Z\Ni ~0 Mod,,

i=0

11

>i“-w; =0 Mod,, for k=123

i=0
When decoding we get 4 linear equations with 4 unknowns, meaning, we can detect and correct
for 2 symbol errors ey, e;, at symbol positions j; and j, :

11
A S
e, +e, = w
i=0
K K 11
e+ e =i wh for k=123
i=0

Q: Atwhatexpense...? Computational complexity !
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The Reed Solomon Code

Reed Solomon Coding - Efficiency

Since the rate of this code is also 2/3, the probability of a single symbol error remains p=0.002 .
However: now we can detect 2 symbol errors in a single word!

Q: What s the difference between the first RS-code (| error correcting out of 4 user symbols)
and the second RS-code (2 errors correcting out of 8 user symbols) ?

The probability of an uncorrectable readout now becomes:

P —i 121 1-p)*'= (12 0.002'-(0.998)"*" ~1.8-10°°
>2 symbol error — i P p) _Z i e ( . ) ~ 4.0

i=3 i=3

On a total of 6000 symbols per page, we now have 6000/12 = 500 words per page. The average
probability of making a readout error now becomes 0.0009 word errors on single page, which
comes down to approx. 2 characters in a 400 pages book (~5 symbol errors per word error)

No coding 4 1600
RS(6:4) 0.12 4
RS(12,8) 0.006 2
PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

In the Compact Disc system two Reed Solomon codes CI and C2 work together in an
interleaved fashion. As a result the system becomes very robust to burst errors.

Cl is a [28,24,5] RS code on F,5,: code length 28, 24 data / 4 parity symbols, Hamming distance 5
C2 is a [32,28,5] RS code on F,5,: code length 32, 28 data / 4 parity symbols, Hamming distance 5

The CD records sound at a sampling rate of 44100 Hz (i.e. sample clock is T, = 22.68 psec) with
16 bits accuracy. The number of bits acquired during 6 sample moments (6T,=0.136 msec) is then

Ng¢r = 6 (samples) x 2 (stereo) x |6 bits = 192 bits = 24 x 8 bits = 24 symbols in F,g, .
These symbols are then encoded using the CI RS-code yielding 28 symbols.

Cl [28,24.5]
(I I I I I I I i tel I I I I I IIITI]

28 (8-bit) symbols
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

During sampling the CI encoder feeds its symbols to a memory buffer:

cl: [A]A[A]AJA]ATA]A[AATA[ATA[A]A[A]A[A]A[A]A[A]A] A

<= time

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

PHILIPS

The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

During sampling the CI encoder feeds its symbols to a memory buffer:

Cl: |B|B|B/B/B/B/B/B|/B/B/BB/B/B/BBB/B|/BBBBBB
AlA[A|A|AIAIA|A[AA[ATAIAJAIATAIA[AIA[AIAJAIALA

time

“Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

During sampling the CI encoder feeds its symbols to a memory buffer:

Cl: |C[C|C[C|C|C|C|C|C|C|C|C|C|C[C|C|C|C|C|C|C|C|C|C
B|B|B/B/B/B/B/B/BB/BBBBBBBBBBBBBB
AlA[AJAIAIAIA[A|AAIAIAIA[A[AIAIAIAIA[A[AIAIAIA

w
oW
w
o
o

<= time

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

After 28 x 6 sample clock intervals (28 x 0.136 msec = 3.81 msec) 28 CI codewords are available:

Cl: |E|E|E|E|E|E|E|E|E|E|E|E|E|E(E|E[E|E[E|E}E|E|E|E
D|D|D|D|D|D|D|D|D|D|D|D|D|D|D|D|D|D|D|D{D|D|D|D
CI[C[C|C|C|C|C|C|C|C|C[C|C|C|C|C|C|C|C|CiC|C|C|C ®
B|B/B|B|B|B|B|B|B|B/B/BB/B/B/B|B[B(B|B{BB|B|B a

° A|A|AJA|A|AA|A[A|AIAIAA|A[A/A[AIA]AAIA A[AIA §_ o

S ® ®

H 5§ [Q

1 & |3

e &
s
2 &
E RS
o w
o N
<
3
g
o C2[32285]
T 1T
'y
=
<
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Both CI and C2 RS-codes can detect 3 and correct 2 symbol errors

'8[s[s[s[e[B[B[B[B[B[B[B[B[B[B[B[B[B|B[B[B[B[BB
|A|A[A[A[A[A[A[A[A[A[A[A[A[A[A|A[AJA| A[A]A]A] Al A
z|z|z|Z|Z|Z|Z|Z|Z]Z|Zz|Z|Z|Z|Z|Z|Z| z| Z| Z] Z| z|Z]z] | &
YIY[Y[Y[Y[Y[Y Y[ Y Y Y YYD Y[ Y Y vy YY) | @
XX X < JBRX [ X ¢ XX XX XX X XXX %] | 8
& b3
| 5 |8
& 8
] Q, &
HEBEEEEEEEE Elread direction {E|E| | &
p|p|D/D[D|D|D[D p|p[p|p|p|p[p[D[D[D[D[D|D| | & %
c[c|clc|c|c|c|c|c|c|c[c|c|c|c|c|c|c]c|c|c|c|c|c] | = i
s(e[B/e[B[e/B[B[B[B[B[B|B[B[B[B|B[B/B[B[B[B[B[B 3
AAAAiAAAAAAAAAAAAAAA!AAA g

. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Both CI and C2 RS-codes can detect 3 and correct 2 symbol errors

'8|8[8[e[B[e[B|e[B[B[B|[B[B[BB[B[B[B[B|B[B[B[B IEIHEHEI
[A[A[BIA[A[A[A]A[A]A[A[A[A]A[A[A[A  A[A[A[A[A[A
z1z|z|z|Z|z|Z|Z|Z|Z|z|z]z|Z|Z]Z|Z] z]Zz|Z|Z]z|Z]Zz] | &
YIYIYIYIYIYIY[Y]Y Y[y [Y[Y Y[ [y [y [y [y [y [y[y] | @
XIXIXIXX XX x XX I XXX XXX | 8
s |8
u
[a]
|| 5 g
S e
EENEE ] L
E[e[E[E[E|e|e|e[E[E[E[E Elread direction {E[E| | % &
D|D|D|D|D|D|D|D p/p|p|p[p[p[p|D[D[D[D[D[D| | &
c|c|c|c|c|c|c|c|c|c|c[c[c[c[c[c[c[c|c[c[c[clc[c] |= S
8B|BB|B|BB|B[BB[B[B|B|B[B[B[B[B|B|B|B|B|B|B 3
AlA[A|A[A[A|A[A[ATA[A[A|A[A[A[A[A[A[A[A  A[A[A g
w
|

. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Both CI and C2 RS-codes can detect 3 and correct 2 symbol errors

s[e[B[B[B[B/B[B[B[B[B[B|B[B[B[B[B[B[B[B[B/B[B[B
IA|A A[A[A[A[A[A[A[A[A[A[A[A[A[A  A[A]AJA]AA
7|z|z[z|Z|z|Z|z|Z|Z|z|Z|Z|Z|Z|Z|Z|z[z|z]Z]Z|z]Z] | R <;:>
YIY[YIY[YIYIYIY]Y S Y Y YYDy DYy [y [Y[YlY[Y]y] (2
XXX XXX [ [X T x[x[x] |8

& ]

§ |0

& 3
] ° &
N [] AL
BENEEEEEEEED Elread direction E[E| |§ | &
p|p|p/p|p[D|D|D b|p|p|p[p|p|p|D[D|D[D[D[D| | °N
clclclc[c]|c|c|[c|clc|c[c|c]c|[c]c|c|c]c[c]c|c|clc] | = §
8/B[B|B[B[B[B[B[B[B[B[B. B[B[B|B[B[B[B[B[B[B[B 3
AlA[A[A[A[A]A[A[A[A[A[A]A[A[A[A[A[AJA]A  A[A[A g

I

. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

What happens if longer burst errors occur ?

EJBBBBBBBBBBBBBBBHBBBBBB IEIIEEEI
[A[AJA[A[A[A[A[A[A[A[A[A[A]A[A[A]AJA| A| A[ A A| A[A
z|z|z|Z|Z|Z|Z|Z|Z|Zz|Z|Z|Z|Z|Z|Z|Z|z]Z|Z|Z|Z|Z]Z] |®
YIYIYIY[YYIY Y Y Y Y Y Y Y DY Y DY Y Y[ Y Y Y[ Y] | @
XXX XX X XXX XXX XXX XXX %] | 5

s |8

.

g |8
| o |&
AR EEEEEEE Elread direction {E|E| | &
p|D|D|D|D|D|D|D p|p|p|p|p|D|D[D|D|D g %
c|c[c|c[c[c|c|c|c]c[c[c|c|c|clc]c[c]c]c]c|clclc] |= S
8/8/8/8[B[B|B[B|B/B|B[B|B|/B|[B|B|B|B|B[B|B[B[B[B E
A|A[A]A[A[ATA[A[ATA[A[A]A[A[A]A[A]A| A[AJA A[A] A g

. Random errors (noise) - Burst errors (dust, scratches)
PHI I.l PS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

45



2/5/2013

The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code
Burst errors are

i "
What happens if longer burst errors occur ? difficult to correct !!

'8/B[B[B[B[B[B[B[B[B[B[B[B[B[B|B[B|B|B[B[B[B[B[B
AlA_ A[A[A|A[A[A]A[A[A]A[A[A]A[A  A[A[A[A[A[A
z|z[z]z|Z|Z|Z|z|z|Zz|z|Z|z|z|Z|Z|z]Z]z|z]z]z|z]Z] | R <;:>
YIY[YIYIY[YIY Y Y] Y Y Y Y Y Y Y Y v Y[y [y]y] | @
XIX[xIx[x XXX x[x[xIxx[xIx[x[x[x[x| x[x[x| |8
% ®
H Q
[] & |8
il LT s}\ [} g—
C D (B |3
E@i?sse E[E[E [E Elread drecioniE[E| | $ &
p|btetd|p[p|p|D D|D|D]D|D|DID|D|D|D[D[D[D| |& e
clc[clc[c[c[c[c[cc[c[c[clclc[c]clc[c[clc[clcle] |+ 8
B|B[B|B|B|B|B|B|B|B|B|B B|B|B|B|B|B|B|B|B|B|B E
AlA|A[A[A]A[A[A]A[A[A]A]A[A]A[A[A]A[A[A] A[A[A g
|| [

. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

By interleaving the data on the disc, the burst errors occur in different codewords !

B[c[p olp[a[R[s[T[U
NECEE olP|QRIs|T[U
z|alB[c|D o|PlQ[R[S[T[U
v|z[AlB[c|D || olPla[R[s|T[u
x|y|z|A[B]€[D olP|QlR[s|T[U
x|Y|z[a[B[c|D o|p|Q[R[s[T
x|Y|z|a[B|c[D H olP|alR[s
x|¥|z|AlB[c[D PRER
x|Y|z|A[BlC olPlQ
L] P
| o
D|E A
c|plE x|y|z|a[Blc|D
B[CD|E x|Y|z|A8[cp
AlB[C|D|E x|y|z|alB[c|D [
AlB[CBIE x|Y|z|A[B[C|D
AlB[C[D[E x|Y|z|AB[c|D
ABCDEH XHZABCD
AlBc|p|E x|Y|z|a[s[c|p

. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

By interleaving the data on the disc, the burst errors occur in different codewords !

EBBBBBBBIB]BBBBBBBBBBBlBBB£
AlAIAIA|AIAIAIAIAIA[AIAIAIAIAIAIAIAIAIATAIALA In stead of having many (>2)
atadiapandrasd | cdbaciracapdbl hAndpd | bacaks symbol errors in one codeword
YYYYYYYYYYYYYYY)'(;?YY YIY|Y]Y 4 d ds havi
XXXX!XXXXXXXXX)g\@X XIXIXIXIX we get many codewords having
only I or 2 symbol errors !
NS
And codewords with less than 3
symbol errors are correctable ...
E|E|E|E|E[E|E[E|E|E|E|E E|E|E|E|E|E|E|E|E|E
D[D|D|D|D|D|D|D|D|D|D D|D|D|D|D|D|D|D|D|D|D
ICICIGICICIEIC|C|CICJBIC|C|C|C|C|CICIC|CIC|CIC
B|B|B/B/B/B|B|B/B/B/B|B|B|B|B/B/B|B|B|B|B/B[B|B
AlA[AIAIAIAAIA[A AJAIATAIAIAJA[A[AA[A[A[AIA| Al
[1] [

. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Both CI and C2 RS-codes can detect 3 and correct 2 symbol errors

[B[B[B/B[B[B[B[B[B[B[B[B[B[B[B[B[B|B[B[B[B[B[B] ﬁ C2 decoder
A[A[A[A[A]A[A[A[A[A|A]A[A[A[A[A[A[A[A[A A[A
z|z|z|z|z|z|z|z|@Z|z|z|Z|z|z|z[Z|Z|z|z] z|z|z
YIYIYIYIY[YY[Y[Y Y [YIY]YTY[YDRSAY YT [ Y[Y]Y[Y
X[X[X[X X IXXXIX XXX XX x[X[XX[x
RS
ElE[E[E[E[E[E[E|E[E|E[E E[e[E[E[E[E[E[E[E[E
'p[p|p[p|p[p[p|p[p[p[p [Bp[p[p|p|D[D[D[D|D|D[D
clci clc. clc[clc clc[c[c[c|c[clc]c[c|clc
(s[B[B[e[B[B[B[B[BIB[B[B[B[B[B[B[B|B|B[B[B[B|B
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. Random errors (noise) - Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Both CI and C2 RS-codes can detect 3 and correct 2 symbol errors

B[B[B[B[B[B[B[B[B[B[B[B[B[B[B|B[B[B|B|B[B/B[B]B]
A[A[A[A[A[A]A|AA[A[A[A[A]AA[A[A[A[A[A A[A
z|zZ|z|Z|z|Z|z|z| Z|z|zZ|Zz|Z|Zz|ZIZ|Z]Z]|Z] z[Z|Z ¢ | ClI decoder
YIYIYIY[Y[YIYIYIYIY[Y[Y]YIY[YDRSAYTY . [Y[Y]Y]Y
X[XIX[X - XIXXXIX XXX XX XXX XX
&
N
[ [
E|E[E|E[E[E) HE e[E[E[E[E[E[E[E[E[E
'o|p|po|p|p|p|pjwrersip  p[o|p|p|p|p|b|p|pD|D
iclci clct c[c[c|ch clc[c[c]c]c[c|c|c|c[c|c
B([B[B[B[B[B[B]B B[B|B|B|B|B|B[B/B[B[B/B[B|B
AlA[AJA[A[A[AIAT A A A[A[A| A A[A[A[A[A A
B
L[| | |
LTTTT []

[[IRandom errors (noise)  [JTJT]T] Burst errors (dust, scratches)
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Using these two RS-codes in succession, what is the probabilty of an uncorrectable error ?
Lets assume that the probability of making a single symbol error when reading the Compact Disc
is slightly less than 1%: p = 0.008 .

Since both codes can correct 2 errors, the probability that C2 cannot correct a codeword is:

2 (32) .
1 —1
PCZ,codeword error — z i P (1_ p)
i=3
Now the probability of a certain symbol of this codeword of C2 being wrong, is given by:

2(32) i .
Pe2, symbol =Z( i jﬁ p'-(1-p)*

Next the CI code is going to correct the symbols obtained by the C2 decoding, and the error of
having an uncorrectable codeword now is:

28

28 i g
PCl, codeword error — z( | J PCZ,SymboI : (1_ P(:Z,Symbol)32

i=3
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The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Q: On a Compact Disc we have 700 Mbytes available, the equivalent of | hr music.
Suppose the CD player has a probability of making a symbol read error of 0.008.
How many “hickups” do we have during | minute, without error correction ?

A: 0.008 x | hr =29 seconds; 2 hickups each minute !

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

The Reed Solomon Code

CIRC - Cross Interleaved Reed Solomon Code

Filling in the numbers:
2(32) i : i
Pea, symbol —Z( i j32 p'-(1-p)*' =2.0x10"*
i-3

3 28 i 32-i -8
PCl, codeword error — Z | : PCZ,SymhoI ' (l_ PCZ,SymboI) = 28><10
i=3

We had 28 codewords available in 3.81 msec.

- Consequently in | second we need to process 7350 codewords;

- With a probability of making a read error of 2.8x10%, in | sec we have 2.8x10® x 7350 =
0.00021 uncorrectable codewords;

- This means that on average only one read error occurs once every 491 | sec = 82 minutes !!

IMPRESSIVE ... !!
Note:

On a Compact Disc we have 700 (user) Mbytes available = 29.2x10¢ symbols ;
With a symbol error rate of p=0.008, without error correction we would have ~ 2.3x10° errors
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Some further reading ... :

“Reed Solomon codes and their applications®,
Stephen B. Wicker, Vijay K. Bhargava
ISBN 0-7803-5391-0 (1994)

“Algebraic codes for data transmission®,
Richard E. Blahut
ISBN 0-521-55374-1 (2003)

“Error correction coding:

mathematical methods and algorithms*,
Todd K. Moon
ISBN 0-471-64800-0 (2005)

... and many freely accessible pdf’s and Youtube movies on the internet ...

PHILIPS “Blu-ray Disc en Wiskunde — De Magie van Fout Correctie”, NWD2013, Jean Schleipen, Philips Research

Philips JetNet - DVD Demonstration Model

|
Lesmateriaal + ondersteunende video (DVD)

Contact:

Inhoud lesmateriaal & demonstrator: jean.schleipen@philips.com

Reserveren van demonstrator: anja.welvaarts@philips.com ~

Philips JetNet: http://www.philips.nl/researchljet-net l : &* t

JetNet algemeen: http://www.jet-net.nl/ e e
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2/5/2013

50


http://www.google.nl/url?sa=i&rct=j&q=moon+error+correction+coding&source=images&cd=&cad=rja&docid=oKNEG5dwcPECOM&tbnid=Yy-UyaO19a2g_M:&ved=0CAUQjRw&url=http://www.betterworldbooks.com/error-correction-coding-id-0471648000.aspx&ei=2eQKUdGdIbGW0QW6moHACA&bvm=bv.41642243,d.d2k&psig=AFQjCNEOCOgo2FEtdbj_Plp2hgy5OxCkKg&ust=1359754839427627

