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ABSTRACT

Pratiwi, Weni Dwi. 2013. Supporting Students’ Conceptual Understanding of
Addition involving Negative Numbers. Thesis, Mathematics Education Study
Program, Postgraduate Program of Surabaya State University. Supervisors: (I)
Prof. Dr. Siti Maghfirotun Amin, M.Pd. dan (II) Dr. Agung Lukito, M.S.

Keywords: Integers, Negative Numbers, Addition, Having-Owing Context,
Number Line, Dice Game, Design Research

Negative number is widely accepted as abstract concept that students struggle
to understand. Providing some rules of addition or subtraction involving negative
numbers could not successfully help the students to grasp the meaning of negative
numbers. The abstractness of negative numbers should be bridged by some
contexts which can help the students to discover the notion of negative numbers.
Moreover, the contexts in teaching should be carefully chosen because not all
context experienced by students in Indonesia. The present study aims at
developing the learning activities about negative numbers with the use of games
which can improve students’ conceptual understanding of addition involving
negative numbers.

The study use Design Research approach in conducting a range of process
including the preparation phases, the pilot experiment, the real teaching
experiment, data collection and data analysis. The teaching experiment is
conducted to test the Hypothetical Learning Trajectory (HLT) that has been
designed.  The HLT is compared to the actual students’ learning   and improved
based on the analysis of supporting data during the study including interview with
the teacher, classroom observation, written works, and the video recording of the
lessons. The students involved in this study were the third grade students in SDIT
Ghilmani Surabaya.

The findings suggested that the designed activities which include some games
can improve students’ conceptual understanding of addition involving negative
numbers in a way that students can discover by themselves in giving meaning to
negative numbers within the context given. Number lines activities were a helpful
context as well as the model of thinking which assist the students to learn addition
of integers. Also, the activities support the students to shift from context to
concepts and vice versa because it enable student to achieve understanding about
addition involving negative numbers in more formal way. It is also recommended
to develop activities regarding negative numbers in various contexts to strengthen
the acknowledgement of students about the concepts.
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ABSTRAK

Pratiwi, Weni Dwi. 2013. Supporting Students’ Conceptual Understanding of
Addition involving Negative Numbers. Tesis, Program Studi Pendidikan
Matematika, Program Pascasarjana Universitas Negeri Surabaya. Pembimbing: (I)
Prof. Dr. Siti Maghfirotun Amin, M.Pd. dan (II) Dr. Agung Lukito, M.S.

Kata Kunci: Bilangan Bulat, Bilangan Negatif, Penjumlahan, Penelitian, Konteks
Utang-Bayar, Garis Bilangan, Permainan Dadu, Design Research

Bilangan negatif dipandang sebagai konsep abstrak yang sangat sulit
dipahami siswa. Memberikan beberapa aturan penjumlahan atau pengurangan
yang melibatkan bilangan negatif  tidak akan membantu siswa memahami dan
memaknai bilangan negatif. Hal ini harus dijembatani oleh beberapa konteks yang
dapat membantu siswa menemukan makna bilangan negatif . Terlebih lagi,
konteks yang dipilih pada saat mengajarkan materi ini harus benar-benar
dipertimbangkan mengingat tidak semua konteks mengenai bilangan negatif
‘dekat’ dengan siswa.  Penelitian ini bertujuan dalam mengembangkan aktivitas
pembelajaran  kelas tentang  bilangan negatif dengan menggunakan permainan
yang dapat membantu meningkatkan pemahaman konseptual siswa tentang
penjumlahan yang melibatkan bilangan negatif.

Studi ini menggunakan pendekatan Design Research dalam pelaksanaan
serangkaian proses penelitian mencakup tahap persiapan, pilot experiment,
teaching experiment, pengumpulan data, dan analisis data. Teaching Experiment
bertujuan untuk mengetes Hypothetical Learning Trajectory (HLT) yang sudah
didesain sebelumnya. Pada tahap ini HLT akan dibandingkan dengan respon
siswa pada pembelajaran sebenarnya dan kemudian diperbaiki berdasarkan
analisis data dari observasi kelas, wawancara dengan guru, hasil pekerjaan siswa,
dan rekaman pembelajaran.  Siswa yang terlibat pada penelitian ini adalah siswa
kelas 3 SDIT Ghilmani Surabaya.

Hasil dari studi ini menunjukkan bahwa pembelajaran dengan menggunakan
konteks permainan dapat meningkatkan pemahaman konseptual siswa mengenai
penjumlahan yang melibatkan  bilangan negatif dengan memungkinkan siswa
untuk dapat menemukan sendiri makna dari bilangan negatif  yang sesuai dengan
konteks yang diberikan pada pembelajaran. Pembelajaran  menggunakan garis
bilangan yang berperan sebagai konteks sekaligus sebagai model berpikir siswa
dapat membantu siswa memahami penjumlahan yang melibatkan bilangan negatif.
Selain itu,serangkaian desain pembelajaran pada penelitian ini juga dapat
membantu siswa  mentransfer pemahaman dari konteks ke konsep dan juga
sebaliknya. Rekomendasi dari penelitian ini adalah agar pembelajaran mengenai
bilangan negatif yang melibatkan banyak konteks dapat lebih dikembangkan
sehingga dapat memantapkan pemahaman siswa tentang bilangan negatif.
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1 

CHAPTER I 

INTRODUCTION 

 

A.   Research Background 

       During school life, students will experience the process of expanding their 

mathematical knowledge to include negative numbers. The students are 

challenged to use their existing concepts about natural numbers to make sense of 

negative numbers. The students may accept that negative numbers as the inverse 

of positive numbers. However, this idea is insufficient. There are many ideas 

about the notion of negative numbers which should be discussed with students. 

Many students are confused about different types of numbers and do not 

understand that all different types of numbers are part of the system of real 

numbers (Bruno, et. al.,1999).  Therefore, the notion of negative numbers must be 

well-understood to make children prepare to learn and understand the bigger 

numerical system.   

       Children aged nine to ten years old should know and understand the reason 

why they learn negative numbers.  They may find the notion of negative numbers 

surround them and know that there is another type of numbers. They try to 

interpret negative numbers by considering what they already know about natural 

numbers. Their previous knowledge about natural numbers can help as well as 

confuse them because they must become aware that the sign in the numbers gives 

meaning to it. Children wonder why 5 is not equal with -5. They should be able to 
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reason and describe this understanding by themselves before they experience 

more complicated situations relating to negative numbers.  

The concept of negative numbers can be complicated for children if it is not 

presented in a meaningful way to students. In dealing with negative numbers,  

students have specific difficulties, such as  conceptualizing numbers less than 

zero; treating negative numbers  as mathematical objects; and formalizing rules  

for integer arithmetic, particularly the meaning of the fact that the opposite of a 

negative number is a positive number. (Stephan and Akyuz, 2012).  Students 

struggle how to cope with the meanings of negative numbers which fit to their 

thinking and intuition.  Also, they may find difficult to distinguish the minus sign 

of negative numbers and sign for the operation. 

Children may grasp the idea of negative numbers if it is learned through a 

familiar context to stimulate their common sense and intuition. Using the context, 

they will use their existing number concept, and the development of new concepts 

and strategies will be supported by the contexts (Linchevski, 1999). Whitacre et. 

al. interviewed a child and found that a child considers negative numbers as 

belonging to a ghost-world in which faint images of object could be seen, 

although the objects were not actually there. It seems that children are able to 

reason and interpret negative numbers by using their intuition. The evidence is 

that a first grader who was not familiar with the notion of negative numbers could 

reason and do the task correctly within the magnitude context (Whitacre, et. al., 

1999). The term magnitude context refers to opposite magnitude contexts, some 

contexts such as lending and owing money; travelling forward and backward, 
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moving up and moving down in an elevator, and soon are included as opposite 

magnitude context (Whitacre, et. al., 2012) Children can have powerful thinking 

to learn the early concept of negative numbers. 

Some contexts in learning negative numbers had already been tried and 

attempted by researchers such as the context of the temperature, abacus and the 

dice (Linchevski and Williams, 1999), assets and debts (Stephan and Akyuz, 

2012), students’ movement along a path (Otten), and the use of the number line to 

represent the operation in negative numbers (Heefer, 2011). They use contexts to 

give meaning to negative numbers that students need to understand. Context must 

be carefully chosen by considering the local culture. An Indonesian context for 

negative numbers has been proposed by Arwadi (2012), which is an equilibrium 

context. He used the model of a sequence of marbles to solve the problem of 

opposite things (opposite magnitude). However, it is argued that although students 

can operate negative numbers using a sequence of marbles and a mental number 

line, the students are still confused by interpreting negative numbers in their own 

words within this context. They need time to understand negative numbers in 

another context to fully grasp the concept of negative numbers. For example, the 

use of mathematical symbols should be postponed until they certainly get the idea, 

and can reason about what they have learnt and construct by themselves an 

acceptable idea about negative numbers. 

At some points, some of the contexts mentioned above could help the learner 

to better understand negative numbers. However, some of those are addressed for 

higher grades, and they contain some abstract calculation which can be 
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complicated for children aged 9-10 years old and probably it is not replicable for 

lower grade. Also, the students need to know why negative numbers appear in 

their life. They have to experience by themselves that negative numbers appear in 

their life in a particular situation. Therefore, there is a need to put them in that 

kind of situation. 

By considering this issue, in the study it is intended to use an activity 

involving a game and number lines to have students in grade three learn negative 

numbers. The game will help them encounter negative numbers by themselves. 

The board game is a designed game using money context in which students will 

move around and stop at the one box containing the item which they have to buy. 

It is expected that trough this game, students will experience a situation in which 

they encounter negative numbers. The idea of designing this game is that negative 

numbers could appear with subtraction process. By making a situation in which 

students will spend their money and finally have insufficient money to buy 

something and need to borrow money from somebody else. It causes the students 

having debts to somebody.  They are expected to understand that when they have 

debts, they have a ‘negative’ amount of money.   

 Students are hoped to grasp the idea by having them reflect about the games, 

so they are able to explain what negative numbers are within this context. Also, 

some number line activities are included to encourage students to use this model 

to learn addition of integers.   
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B. Research Question 

Based on the research background elaborated in the previous chapter, it is 

expected that the conceptual understanding of the students about addition 

involving negative integer can be supported by designing some activities and 

implement it in the classroom. To solve this problem; therefore, research question 

of this study is : How to develop students’ conceptual understanding of addition 

involving negative numbers?  

C. Aim of the Research   

The present study aims at developing the learning activities on negative 

numbers with the use of money context and the model of number line which can 

improve students’ conceptual understanding of addition involving negative 

numbers. 

D. Definition of key terms 

This part describes the definition of some terms underpinned in this study 

which is used to solve the research questions in this study. 

1. Negative number, The integers which is less than zero.  

2. Addition, is mathematical operation that represents the total amount of 

numbers together in a collection which is signified by plus sign (+) 

3. Concept, A notion or statement of an idea which is formed in the 

mind/thinking.  
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4. Understanding,   is a mental process which requires the connecting facts, the 

learners need to make connection between the new acquired information to 

their existing knowledge. (Skemp, 1987) 

5. Conceptual Understanding,  the ability of the learner to develop the 

properties of the concept and other associated concepts to strengthen the 

knowledge about something. (Chadwick: 2009) 

6. Conceptual Understanding of addition,  the ability of the learner to develop 

the properties of the concept about mathematical operation that represent 

amount of objects together in a collection and other associated concepts to 

strengthen the knowledge about it.  

7. Supporting, the process or act to assist or to help. In this study,  supporting 

can be considered as the process or the act to assist which is done by 

researcher and the teacher in learning. Researcher support in designing 

instructional activities; meanwhile teacher support in implementing the 

activities in classroom.  

E.  Significance of the Research  

This present study contributes in promoting Realistic Mathematics Education 

as the basic foundation to improve teaching and learning process. Also, this study 

managed to develop the topic of negative numbers involved in the sequence of 

lesson. Generally, this present study can be taken into consideration in assisting 

further researchers who want to conduct a study in similar circumstances and can 

be the source of information in collecting data.  
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7 

CHAPTER II 

THEORETICAL FRAMEWORK 

The chapter elaborates some main concepts which underpin in this study. 

The content of the whole section will describe mostly about the findings of some 

studies concerning to students’ understanding about negative numbers, the 

teaching strategies in improving the conceptual understanding, and how the use of 

context in reality support the students’ thinking from informal level to more 

formal level. Specifically, the present study conducted with the aim of improving 

the students’ way of learning negative numbers and promoting Realistic 

Mathematics Education (RME) as an instructional theory in designing sequence of 

learning negative numbers.  As cited in Gravemeijer and Terwel (2000, p.77) 

RME  is grounded in Freudenthal's (1971,1977) idea that mathematics is a human 

activity, and consequently must "be connected to reality, stay close to children and 

should be relevant to society and students should learn mathematics by 

developing and applying mathematical concepts and tools in daily-life problem 

situations that make sense to them.  Students are seen as reinventors, with teachers 

guiding and making conscious to student the mathematization of reality, with an 

eye to encouraging students to reflect on the process. Also, RME gives the 

possibility to shift the students’ thinking, which is less formal to an abstract level 

of understanding. Some other part of this section is about the topic of negative 

numbers in Indonesian curriculum and how the sequence of learning designed in 

consideration that it might fit the curriculum.  In this study, it will be conducted 



 
                                                                                                                               8 
 

some supporting action of teacher and the research in designing as well as 

implementing the designed activities in the real teaching experiment. In general, 

based on Merriem Webster - Dictionary, support means to assist or to help. 

Therefore, it can also be described as the act or the process to assist or to help. In 

this study, support is defined as the process or the act to assist which is done by 

researcher and the teacher in learning.  As explained before, the process of 

supporting done by the researcher is in designing the set of instructional activities. 

Meanwhile the process of supporting which is done by the teacher is in 

implementing the designed instructional activities in real classroom. Also, the 

teacher does some actions to support the learning by assisting the students in the 

form of leading the discussion and encouraging the discourse among students.  

A. The Notion of Negative Numbers  

Historically speaking, in European during the 18th century, negative numbers  

regarded as less than nothing, but this idea was difficult to accept (Kilhamn, 

1999). Some great mathematicians struggled in including negative numbers in 

numerical system (Whitacre et.al, 2012). This condition brought impacts to 

teaching and learning negative numbers nowadays.  It was difficult for children to 

make sense negative numbers. Their prior knowledge, however could not help 

them to understand the meaning of negative numbers. 

Negative numbers are the numbers included in numerical system that should 

be learnt and understood by the students to expand their numerical knowledge.  

Negative numbers is integers which is less than zero; meanwhile integers is a 

whole number that can be either greater than zero, called positive, or less than 
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zero called negative. It is also required to define whole number as the set of all 

counting numbers plus zero. The students’ first conception about negative 

numbers may appear by doing subtraction of unsigned numbers result as signed 

numbers.  This extension of number domain could be the indication of the 

acceptance of negative difference (Kilhamn, pg. 199). Concerning this issue, the 

possible task presented is in the form of subtraction of a larger number from a 

smaller number. Kilhamn suggested that the only context that could be 

appropriate for this task was the money context with the concept of having and 

owing. If the task applies for a collection of objects, the subtraction results in 

negative difference does not make sense. The acceptance of negative difference 

was considered crucial when defining and interpreting negative numbers.  

However, many students have difficulties in learning the concept of negative 

numbers because it cannot be modeled physically and require them to reason in 

order to make sense of negative numbers (Stephan and Akyuz, 2012).  

 While exploring the investigation about the difficulties students may have in 

expanding their numerical knowledge, Bruno and Martinon (1999, pg. 790) 

elaborated three basic dimensions of numerical extensions. They are abstract 

dimension, conceptual dimension, and number line dimension. Abstract 

dimension includes the formal knowledge about numbers, such as operations and 

algorithms. Contextual dimension relate to in which the negative numbers applied 

to some environments. For example, owing and lending money, move up-down 

the elevator, and temperatures. Specifically in money context, the simplest use of 

numbers is the expression of a state (‘I have $3’). It is useful to view the state as 
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changeable value.  Another use  of numbers  is the absolute comparison of two 

states  (‘I have $4 more than you’). This dimension includes how children talk 

about negative numbers within those environments.  By supporting students to 

write mathematical context, they can improve their understanding of the concept 

because they can reflect on what they learn and do some clarification to it.  

The third dimension is number line dimension. Number line dimension 

relates to how students use a number line as a representation of addition and 

subtraction involving negative numbers.  Supporting the idea about number line, 

other researcher have describe number line as a representation of numbers on a 

straight line where points represent integers and the distance between points 

matches the arithmetical difference between the corresponding numbers. (Heffer, 

2011). The number line is widely accepted as a model to learn the operation 

involving integers. 

The operation which will be focused in the learning is addition. The addition 

that will be learned by the students through the lesson is the operation between 

two integers that could be the addition of negative and positive numbers.  

Addition is the process of finding the total, a sum, by combining two or more 

numbers. 

B. Conceptual Understanding  

 Chadwick (2009) revealed that the concept is the big idea, understanding, or 

thought embodying the set of things that have one or more properties in common.   

Chadwick also highlight that concrete concepts are generally easier to understand 

and can be used to help to find the meaning of more abstract ones. What can be 
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conferred from this statement that the earlier concrete concepts that student might 

have should have connection with the concept that they want to learn. Concepts 

stimulate the learners to organize the information according to pattern of the 

similarity and difference.  Skemp (1987, pg. 217) revealed that understanding is 

an active process which requires the connecting facts, the learners need to make 

connection between the new acquired information to their existing knowledge. 

Also, it requires not only having knowledge but also doing something with it.  

When the learners have understanding about some concept, they should also 

organize and examine the concept that helps them to strengthen the knowledge.  

Meanwhile conceptual understandings are what learners know and understand 

about the concept (Chadwick: 2009, pg 6).  Moreover, Chadwick (2009) 

elaborated that conceptual understanding is the ability of the learner to develop 

the properties of the concept and other associated concepts to strengthen the 

knowledge about something. The process of developing the concept can be also 

similar to exploring and examining  the concept and  certainly those process not 

only about making definition of some concepts but more about the process to 

build different interpretation of a concepts in any circumstances. Besides, 

conceptual understanding of addition means that the ability of the learner to 

develop the properties of the concept about combining two or more numbers in 

order to find the total or the sum and other associated concepts to strengthen the 

knowledge about it. The students can better learn about the concept if they are 

already able to improve their conceptual understanding. Chadwick (2009, pg. 23) 
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Examined that improvement of learner’s conceptual understanding can be seen by 

these criteria: 

1. the level of their understanding and use of abstract concepts increases (in 

the topic of negative numbers, the example of abstract concepts could 

include awareness of the difference between operational sign and number 

sign) ;  

2. they make connections between multiple concepts (manipulating the 

operation sign in multiplication or division involving negative numbers); 

3. they apply and transfer their understandings to more complex and distant 

contexts as well as to those that are familiar (applying negative numbers in 

various circumstances); 

4. they take responsible actions and make informed decisions that are based 

on their new understandings (solving advance mathematics problem) ; 

5. they begin to understand that concepts can have different interpretations 

(broaden number sense by comparing negative number to other type of 

number in numerical system) . 

If the learners fulfill these criteria, the conceptual understanding has been 

apparently improved.  

C. Sign Rules and Number Line  

 It is widely accepted that the minus sign is used both as a sign of operation 

(subtraction) and as a sign indicating a negative number. Vlassis (2002) noted that 

many of the difficulties students had when solving equations did not depend on 

the structure of the equation or the appearance ofvariables but was a result of the 
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degree of abstraction caused by the presence of negative numbers. In very 

beginning, it is useful to introduce this to children after they  have been able to 

give their own  meaning about negative numbers. 

 Streefland (1996) suggested using a context in learning negative number 

involving the minus-sign rules. He believes that context enable students to learn 

the negative numbers as a real-contextual task rather than a number with simple 

sign-rules.  The understanding of the operation of negative numbers including 

different signs can be supported by using a number line model. Heffer (2011) 

defining the number line as a representation of the numbers on a straight line. 

Furthermore, he describes that the two components of a number line, points and 

distance between points have distinct functions; points represents integer or real 

numbers; distance between points indicate the arithmetical difference between 

numbers.  The negatives on the number line are ordered opposites to the positives. 

The representation of operation of negative numbers usually involves the 

movement of numbers along the path of the number line (Kilhamn, pg. 145). 

Movement to right showed the direction to positive numbers; meanwhile the 

movement to the left showed the direction to negative numbers. Later, in this 

study, the movements along a number line could use the term ‘jumps’ resulted in 

positive or negative numbers. 

D. Researches on Negative Numbers  

Several researchers have attempted to improve the learning of negative 

numbers using the environments to minimize the abstractness of the concept of 

negative numbers. Some of them use manipulation to the contexts. Stephan and 
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Akyuz (2012) have investigated the understanding of the students about negative 

numbers with the use of financial context by using the terms of assets and debts 

including the use of vertical number line to represent the calculation. The findings 

showed that the combination between the finance context and the use of a number 

line managed to raise students’ conceptual understandings of integer and its 

operation. After the instruction, the result indicate that the instruction help 

students improve their test on addition and subtraction significantly. Different 

context was proposed by Whitacre et al. (2012). They use the context which they 

called opposite magnitude relating to the notions of additive inverses and integers 

as representatives of equivalence classes of the sums. Children were given a sheet 

of paper with smiling faces and frowning faces representing happy and sad 

thoughts, and they were asked to make a comparison between days. Here, the 

authors realized that children are familiar with the word ‘opposites’, therefore, the 

authors, use this prior knowledge of children introduce negative numbers in such 

a way that children can explain their reasoning concerning the use of negative 

numbers in that context.  Along the same lines, another study of Whitacre et 

al.(1999) described how children make meanings of negative numbers through 

interviews. The authors conducted an interview with two children to know their 

ideas and thinking concerning negative numbers before they are given a formal 

instruction.  The discussion was about the reasoning of two children from a first 

grader and a fourth grader when they solved open number sentences. Based on the 

interview, the children who have not received any formal instruction about 

negative numbers managed to reinvent sign rules for addition and subtraction of 



 
                                                                                                                               15 
 

negative numbers and can reason the problem by relating the knowledge 

concerning the properties of integers.   

Other researchers have described negative number similarly. Arwadi (2011) 

conducted a study with RME approach about negative number by using 

equilibrium context, in which the number line was used as the model. Arwadi 

described that the equilibrium context is the situation involving two distinct 

entities which contradict each other. The reality context used in the study is the 

sequence of marbles which was arranged in a row horizontally. The researcher 

used the sentence like ‘having marbles’ and ‘lack or marbles’. By relating the 

sequence to the number line, it helps the students did the reasoning that the larger 

numbers located in the right and the the ‘lack of marbles’ means  less than having 

no marbles. The researcher suggested that the combination of the equilibrium 

context and number line model can support students’ understanding of negative 

numbers. Besides, the researcher also  elaborated that the  by involving students to 

discuss the state of having and lack of marbles can help them to get the meaning 

of negative numbers informally.   

Meanwhile, Streefland (1996)  reported a course for the group consisting of 

11-12 year-old upgraders in primary school by using the context of passenger 

getting on and getting off the bus. In this study, the researcher emphasize on how 

the students do the calculation of the number of passengers on the bus, and how 

they can operate negative numbers with shortages. The researcher revealed that, 

with this context, the students were able to notate number sentence in the opposite 
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manner. This could be a good starting point for students to notating number 

formally.  

Given the abstractness of negative numbers, Linchevski and William 

suggested the findings of their study elaborating the disco game using abacus 

attaches the integer more intuitively to the processes of the situation, but the dice 

game is more concrete because children can refer the integer into object that it can 

be easily added and subtracted. (Linchevski and Williams, 1999).  Given the 

contextual approaches that many researchers used to make negative numbers 

become more understandable, Borba and Nunes (1999) argued that not every 

meaning is clearly understood, thus, the introduction of negative numbers should 

be initiated by the most familiar meanings and consider the need for giving 

distinct marks of positive and negative numbers.  

E.  RME (Realistic Mathematics Education): The Instructional Design 

Approach 

The approach in designing the sequence of learning activities is Realistic 

Mathematics Education (RME).  The key idea of RME is mathematics as human 

activity (Freudenthal, 1973).  Freudenthal revealed that the process of doing 

mathematics is more valuable than mathematics as a ready-made product 

(Gravemeijer and Terwel, 2000, pg.780). Through the learning process, students 

are guided to reinvent mathematics by organizing and interpreting realistic 

context. (Gravemeijer, 1994; Stephan, 2012,pg. 433). This process will help the 

students to reason the mathematical aspect within the context. Later, they also 
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realize the usefulness of mathematics concept that they can explain why they 

should learn mathematics.   

In RME, modeling as an activity is further elaborated in a didactical sense 

meaning that students reorganizing the subject matter with the emergence of 

informal ways of modeling and symbolizing. (Gravemeijer, 2002, pg.2).  The 

design will emphasize the context of the game that students can organize their 

thinking through this context because the case of negative numbers is problematic 

because this extension of numbers involving formal mathematical operation, and 

because they are ‘symbolically written’ (Freudenthal, 1999, pg. 432). The 

activities in the learning negative numbers are design in consideration of five 

tenets of RME. These are the description of the tenets and how they are applied 

in the aspects of the design. 

1. The use of context in phenomenological exploration 

While participating in instructional activities, the students are expected to 

expand their mathematical reality. (Gravemeijer, 2002). In an instructional 

sequence, students may explore the informal situation by relating it with their 

existing knowledge. In the game context, they find themselves that negative 

numbers can be explained and explored by engaging in such game. 

2. Emergent modeling  

Another key idea in RME is mathematizing which can also mean as ‘make 

more mathematical’ (Gravemeijer,  2000, pg.781).  Starting with the contextual 

problem which is experientially real for them, they transform their thinking into a 

mathematical model involving symbol and operation. In the instructional activities 
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on negative numbers, students interpret the concept of a negative number in the 

game context and represent on the number line as a mathematical model. There 

are four levels of emergent modeling (Gravemeijer, 2002, pg. 2; see also 

Gravemeijer,1994). This is a description how the instructional sequence involves 

these levels of modeling 

a. Activity in the task setting, students may interpret the concept of negative 

numbers in the learning situation they engage. For example, by playing the 

game, they can state that negative numbers appeared when they have debts 

to someone because they do not have enough money to buy things 

(situational level) 

b. Referential activity, the students attempt to model the situation by using 

their own interpretation and visualization. They may model the situation of 

having debts by making notes and using the play money.  

c. General activity, students start using the number line as a mathematical tool. 

The transformation of their models into the number line model is the 

process to a formal level.   

d. Formal mathematical reasoning, the students who are in this level will no 

longer depend on the model-for because they manage to work on the 

numbers and symbolic operation formally. 

3. The use of students’ contribution  

The instructional activities ask the students to play the game as well as to 

facilitate themselves in discussion. All activities invite  them to participate in 
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doing the investigation about negative numbers in the context and the operation 

involved.   

4. Interactivity 

The interactive instruction of design guide the students to cooperate to do the 

range of tasks, share and discuss the essential concepts, rules, and principle in 

learning negative numbers.  

5. The intertwining of various learning strands or units 

Within the context using a board game, various learning could be intertwined 

to improve the student’s understanding. It also gives the possibility to expand the 

game to learn any other essential mathematical topic. 

F. The topic of negative numbers in Indonesian curriculum  

In Indonesian curriculum, the topic of negative numbers included in the 

chapter of integers are taught in the second semester, in fourth grade. For several 

reasons, the lesson is conducted in third grade to know whether to see how 

students in lower grade response to the designed activities. Based on the 

mathematics textbooks used in the classroom (BSE), there are four main topics 

students should understand about negative numbers. They are (1) Introduction to 

integers; (2) addition of integers; (3) subtraction of integers; (4) mixed operation 

(addition and subtraction) of integers. However, in this study, I will not focus to 

all those core elements of learning negative numbers. I intend to make the 

learning less formal because at some points, for examples subtraction of negative 

numbers, which involve two minus sign,  (one for operation; one for numbers 

sign) are presented formally in the mathematical textbook. Because that concept 
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has no relation to the context of my study, it will be difficult to understand by the 

students. I limit my study not to elaborate the rules of sign in subtraction of two 

negative numbers. Therefore, my expectation is that, with the help of games 

context, students can understand negative numbers by describing it within the 

context.  

G. Mathematical Classroom Practice and Social Mathematical Norms 

Mathematical classroom practice and social mathematical norms will be 

discussed in this section because in conducting the study, the observation should 

not be limited in the individual learner development and the classroom discourse 

(Kilhamn, pg. 127).  The other crucial factor, which may influence the activities, 

is the setting in which the teaching and learning process takes place. These are the 

following activities might happen in the classroom: 

1. Whole class discussion; whole class discussion mostly be started by the 

teacher by explaining the core of learning, by asking some questions to 

students, and posing some problem which may stimulate the students to 

participate. The discussion usually happens in the beginning of the lesson 

or after finishing the students’ group work which need to be discussed in a 

larger group. The questions from a student can also be a whole discussion. 

If the situation happens, students may ask someone else to answer before 

she/he comes to the final answer. Teacher has a role to give decision on 

how long the discussion and she/he also has a right to make a final 

decision. However, the students also can argue or make other statements 

concerning teacher’s explanation.    
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2. Individual work; individual work usually happen at the end of the 

discussion to make an individual assessment of students. The students sit 

in their own seat and do some task quietly. During this activity, students 

are allowed to ask some questions by raising their hands or some to 

teacher’s desk, but not asking to their friends. In this activity, students are 

expected to do the tasks by themselves to measure their knowledge after 

the lesson. Teacher may circle around the classroom to see directly what 

students are doing or help them if they have something to ask, but they are 

afraid to go to teacher’s desk to ask or feel shy to raise their hands. 

3. Working in pairs; working in pairs mostly takes less time that the 

workgroup does because students have many things to discuss in pair, 

some may ask questions and some others may response their friends’ 

questions. In pair, they usually do the activity with their desk mates. The 

activity, which is done in pairs, could be a small activity, for example, in 

discussing questions from the teacher.  

4. Work in a group; the bigger assignment is done in a group of 3, 4, 5 

people. The students may choose by themselves the member of their group 

or for some reason, the teacher may do that, for instance because the 

teacher wants the students to work with people they never interact with or 

because the teacher want to have the mixed group in which there are 

students with different ability.  In group work, the teacher will circle 

around the classroom to monitor and observe the discussion of the 

students, and how they behave to each other, whether ones is too dominant 



 
                                                                                                                               22 
 

than other or too silent.  The teacher might find the solution if there is a 

student has not participated yet by giving her/his chance to speak, and 

everybody in her/his group must stop talking. In this study. In this study, 

the workgroup may take place during the students play the games about 

integers or when the students do the worksheet.  

5. Non-mathematical activities; beside the mathematical activities, there are 

some non mathematical activities such as the teacher may give some 

information about homework, test, the lesson for next meeting, or other 

practical things relating to classroom.   

Social mathematical norms relate to the judgments on the students’ 

explanation whether it is acceptable mathematically. Cobb (1996, pg. 461) 

introduced social mathematical norms as an acceptable mathematical explanation 

and justification including what counts as mathematical difference and 

mathematical sophistication. Differences of student’s opinion, solution, and 

argumentation may happen in whole class discussion or group work. By sharing 

as much as possible answers they can discuss, they will learn and notice which of 

those is the most acceptable as the sophisticated solution, opinion, or 

argumentation. For example in this study, In learning negative numbers, students 

may share their interpretation and finally come to the judgments whether which of 

those interpretation or meaning of negative numbers could be more acceptable as 

sophisticated explanation.  
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CHAPTER III 

   RESEARCH METHODS 

The chapter is about the method used in the study include the description of 

the study approach, data collection, and data analysis.  

A. Research approach 

The purpose of this study is to improve mathematics education specifically in 

supporting students’ conceptual understanding of addition involving negative 

numbers in Indonesian primary school. Thus, this present study uses design 

research. Design research is chosen as the research approach because an 

intervention should be conducted in mathematics education by designing a 

learning sequence in understanding negative numbers, which are based on 

Realistic Mathematics Education. Through this study, it is expected that to give a 

contribution in developing teaching materials for mathematics teachers in 

supporting students in learning the concept. 

B. Data collection 

1. Preparation phase 

       Preparation phase includes classroom observation and interview with the 

teacher. All these data collections are conducted as the preparation before 

conducting the classroom teaching experiment.  The purpose of preparing these 

two types of data is to get insight and clarify about the classroom situation, and 

how the sociomathematical norms happen during the lesson.  The interview with 

24 



 
                                                                                                                               25 
 

the teacher will support the classroom observation meaning that some information 

obtained from the classroom observation need clarification from the teacher.  

a. Classroom observation 

       Conducting a classroom observation is aimed at getting information about the 

classroom, the setting of the classroom, social norms, the interaction between the 

teacher and the students.  The focus of the observation is not only the practical 

things, but also the situation which can help the researcher to get a prediction 

about what will happen in the classroom.  Before conducting the classroom 

observation, the researcher makes a list which includes all relevant points that 

should be observed by the researcher.  

       During this observation, some data which is needed to be collected are the 

participation of the students, how the teacher handles the classroom discussion, 

setting of the classroom, the interaction among students during the discussion, 

what they discuss,  and how much the contribution of the teacher in guiding the 

students during the lesson or discussion.  The purpose of knowing this situation 

that the researcher can relate the data to HLT  to check whether the HLT include 

the particular behavior or reaction of the students. Also, the classroom observation 

is useful for the readiness of students as well as the researcher because it is an 

introduction before doing the experiment. The observation is conducted by 

making a video registration of the lesson. The researcher is also assisted by some 

other colleagues to make some notes about the lesson.  
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b. Interview with the teacher 

       An interview with the teacher is conducted after conducting the classroom 

observation. The purpose of doing the interview with the teacher is to get 

information and clarification of what the teacher did during the observation 

because probably, there some points that need to be explained by the teacher. The 

interview with the teacher is also conducted to talk about the lesson with the 

teacher, to communicate how the lesson be implemented in the classroom. The 

Hypothetical Learning Trajectory as well as the teacher guide is discussed to the 

teacher. The researcher may explain briefly about the expectation of teaching and 

learning process during the lesson to the teacher. However, the teacher is the one 

who know the characteristics and the abilities of the students better than the 

researcher do that she/he can adjust the HLT to the classroom. It is necessary for 

the researcher to keep the respectful relationship with the teachers because the 

improvement of the teaching and learning process needs cooperation between 

both of the researcher and teacher.  Besides, specifically in teaching negative 

numbers,  the interview also useful to know how the teacher interpret negative 

numbers and how she will introduce it to the students. Teacher’s experience is 

helpful for the researcher to as the preparation before the researcher conducts the 

experiment in the classroom.   

To sum up, some data collected during this phase such as information about 

teacher’s personal experience in teaching concerning some difficulties and 

challenge in conducting discussion among students and other aspects of socio 

norms and socio mathematical norms.  Also, in this phase, some clarification 
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about classroom observation is required to be asked to the teacher to enrich the 

description of certain situation that have been observed.  

2. Pre-test 

The pre-tests are conducted in two cycles: (1) the first cycle: 

preliminary teaching experiment and (2) the second cycle, classroom experiment. 

the purpose of doing the pre-test in  the first cycle is not only for checking the 

starting points of the students, but also to make sure whether or not the students 

can understand the questions. In the second cycle, the purpose of the pre-test is to 

know the starting point of the students about negative numbers.  The researcher 

will give the pre test for students; although the students have not learned about 

negative numbers, the researcher assumes that they have an informal knowledge 

about the concept. In the second cycle,. The participants of this test are 15 

students of fourth grade. The outcome of this test will give the first impression 

about the performance of the students before the lesson.   

By seeing the result of written test, the students’ prior knowledge about 

negative numbers and addition concept is investigated.   

3. Preliminary teaching experiment 

The preliminary teaching experiment is the first cycle of testing the 

HLT. The participant of this experiment is the small group of the students consists 

of at least five students. In this phase, the researcher acts as the teacher. The 

outcome of this phase is the written work of the students, the discussions, 

argumentations and reasoning of the students in interpreting negative numbers, 

and what difficulties students might have concerning to the activities.  
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Some data collected during this phase are in this following description: 

a. Written test 

Students’ work related to the activities  are collected to get information 

about the students’ knowledge after the learning process.  Written test is 

important document to support the whole data contributing to the 

restrospective analysis.  

b. Video recording 

Video recording of students’ learning process during the lesson also play 

important role. It is required to collect some interesting discussion among 

students. The transcripts are made to investigate the situation clearly.  

Some students’ strategies and responses are also collected by this method. 

c. Observation 

Observation method collect some situation about students’ strategies, the 

teacher activities, the role of the teacher in opening discussion, and how 

the students give response toward the teacher’s instruction. Some field 

notes are made from the observation to support other method of collecting 

data.  

d. Interview with the students 

Interview helps in collecting information about student’s thinking process. 

For example, while students do the problem, sometimes they explain 

something which is not quite clear. Therefore, it is needed to ask them 

some follow up questions. Also, interview can collect data about the 

students’ clarification concerning to the situation which has been observed 
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previously. It relates to some strategies they use to solve the problem or 

some important discussion among them. 

4. Teaching experiment 

In experimenting the next cycle(s), the participant is different from those in 

the previous cycle. In this phase, the researcher tests the HLT which has been 

designed in the preparation phase. The purpose of doing the cycle is to test the 

HLT and the conceptual understanding of the students about negative numbers.  

During the experiment(s), the researcher pays attention to one group of the 

students as the focus of the observation. The focus group consists of the students 

which have been selected by the teacher. In selecting the students for the focus 

group, the teacher considers making group of the students who can cooperate.  

The purpose of doing this is that to get deep information about the students. 

Besides, in this cycle, the researcher can so as much as interaction with the 

students to know their thinking. The classroom experiment (s) can be recorded in 

considering that the existence of a video camera will not influence the students’ 

natural behavior. A researcher’s role is as a participant observer who assists the 

teacher in interacting with the students. While doing the observation, the 

researcher can make some notes about what kind of activity, what the teacher 

talks about in the lesson, who is participating in the lesson, and what is written in 

the whiteboard. The researcher will not only focus the observation in the focus 

group, but also the researcher walks around the classroom to talk with some 

individual students.  



 
                                                                                                                               30 
 

The data collection method  in this cycle(s) are the individual written test, the 

written group work, the recorded observation including the  discussion among the 

students the reaction from the teacher, and some notes about important things 

such as some unexpected situation, obstacle in managing the classroom, and so 

on. To sum up, the role of the researcher in this phase is as the observer of some 

group of the students in following the activities.  The outcome of this cycle is  a 

learning trajectory that has been revised which has been the end product of the 

learning. This cycle can be repeated until it reach some requirements. The 

requirements of obtaining it caused by some situation: (1) Learning goals of each 

lesson are already achieved, (2) The similarity condition found between 

Hypothetical Learning Trajectory and actual learning trajectory in teaching 

experiment(s).  Briefly explained, some data collected during this phase is quite 

similar to those in preliminary teaching experiment. They are in this following 

description: 

a. Written test 

Students’ work related to the activities  are collected to get information 

about the students’ knowledge after the learning process.  Written test is 

important document to support the whole data contributing to the 

retrospective analysis.  

b. Video recording 

Video recording of students’ learning process during the lesson also play 

important role. It is required to collect some interesting discussion among 
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students. The transcripts are made to investigate the situation clearly.  

Some students’ strategies and responses are also collected by this method. 

c. Observation 

Observation method collect some situation about students’ strategies, the 

teacher activities, the role of the teacher in opening discussion, and how 

the students give response toward the teacher’s instruction. Some field 

notes are made from the observation to support other method of collecting 

data.  

d. Interview with the students 

Interview helps in collecting information about student’s thinking process. 

For example, while students do the problem, sometimes they explain 

something which is not quite clear. Therefore, it is needed to ask them 

some follow up questions. Also, interview can collect data about the 

students’ clarification concerning to the situation which has been observed 

previously. It relates to some strategies they use to solve the problem or 

some important discussion among them. 

5. Post test  

After conducting all the learning sequences, the researcher gives   the post-

test to the students which are involved in classroom experiment. The post tests are 

conducted in the first cycle (preliminary teaching experiment) and the second 

cycle (teaching experiment). The purpose of conducting this test is to get 

information whether or not the students make a progress after experiencing the 

sequence of activities in classroom experiment. Also, the post test is helpful to 
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know if the students use the model to solve the problem and how the context used 

in the activities can support their understanding. The outcome of this test is the 

written test of the students which will be analyzed and compared to the pre-test of 

the previous phase.  

C. Validity and Reliability 

To improve the internal validity of the study, the researcher will triangulate 

three types of methods in collecting data during the phases of this study such as 

tests, the classroom observation and interview with the teacher. The researcher 

expects that with the triangulation of the methods of data collection, the 

conclusion could be strengthened. To increase the external validity, the researcher 

presents all the data collection transparently to make sure that the readers can 

follow how to adjust their own hypothetical learning trajectory to the context of 

the study.  

To increase the internal reliability of the study, the researcher has already 

discussed the instrument of the study with the expert to minimize the subjectivity 

of the researcher. The instrument is in the form of written test of the students, both 

for the pre test and the post test. Therefore, it will provide more information about 

the data to expect the reader can have the same interpretation and conclusion. 

Besides, the researcher have elaborated the learning process step by step as well 

as the important parts of the lesson during the classroom experiment to increase 

the external reliability (trackability) to help ones who replicate this study can have 

the same conclusion.  
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Table 3. 1 The Outline of Data Collection in  

The Outline of data collection 

Phase  Activities Participants  Data 

collection 

method  

Data which is  needed to 

be collected 

Pre test 

 

 

 

All studens 

in 

preliminary 

and 

teaching 

experiment 

 

written test  students’ prior 

knowledge 

Preliminary 

teaching 

experiment 

Students play a 

game with money 

context (having-

owing) and how 

they investigate 

negative numbers 

in representing 

amount of debt. 

6 third-

grader 

students 

from SDIT 

Ghilmani 

Surabaya 

-observation  

 

 

 

 

-video record  

 

 

 

 

 

 

 

interview 

 

students’ discussion; 

students’ learning process 

 

 

some responses of the 

students about how they 

explain negative numbers 

for the first time; students’ 

activity during the lesson 

 

students’ thinking from 

some interesting situation 

and ask some students 

personally 

 Students visualize 

the problem of 

having debt or 

having money  on 

the number line. 

 -observation 

 

 

 

-video record 

 

 

 

 

-interview 

students’ knowledge about 

number line; students’ 

activity 

 

students’ strategies in 

solving problem using 

number line; students’ 

discussion and responses 

 

students’ understanding 

about debt or if they have 

experience having debt; 

students’ understanding 

about debt 

 Students locate 

numbers in correct 

order on the 

number line.  

 -observation 

 

 

 

-video record   

students’ strategies in 

connecting the random 

number on the number line 

 

students’ discussion about 
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-interview 

the position of numbers and 

compare those numbers 

ask some additional 

questions about two 

numbers and how the 

students can compare them 

 Students play a 

game which 

shows the 

simulation of 

adding integers. 

 -observation  

 

 

 

-video record 

 

 

 

 

 

-interview 

students’ strategies on how 

they make movement along 

the number line 

 

students’ discussion in 

which students discuss the 

result of two different 

numbers and make jumps 

in different direction 

 

students’ understanding in 

interpreting the game 

 Students do some 

missing problem 

related to context 

of the game.  

 -observation 

   

-video record 

 

 

-interview  

 

 

students’ idea of the 

problem ; some discussion 

 

students’ difficulties and 

strategies 

 Students make 

their own number 

line to visualize 

problems related 

to jumps. 

 -observation  

 

 

 

-video record  

 

 

 

 

 

-interview  

students’ way to  draw the 

number line 

 

 

some discussion about 

making jumps; and if they 

make jumps in correct 

direction when they pay or 

accept money 

 

some students’ clarification 

about the answers they give 

 Students exercise 

to do some 

problems related 

to the previous 

problem and wrote 

the addition in 

more formal way. 

 -observation 

 

 

-video record 

 

 

 

-interview 

students’ strategies in 

writing numbers of addition 

process 

some interesting discussion 

to see what they can get 

from the activities 

 

students’s way in 

concluding the lesson 

Refine initial HLT  

Teaching 

experiment(s) 

Activities  19 third-

grader 
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students 

from SDIT 

Ghilmani 

Surabaya 

 Students play a 

game through 

money context 

(having-owing) 

and investigate 

negative 

numbers in 

representing 

amount of debt. 

 -observation   

 

 

-video record  

 

 

 

 

 

-interview 

 

students’ discussion; 

students’ learning process 

 

some responses of the 

students about how they 

explain negative numbers 

for the first time; students’ 

activity during the lesson 

 

students’ thinking from 

some interesting situation 

and ask some students 

personally 

 Students 

visualize the 

problem of 

having debt or 

having money  

on the number 

line. 

 -observation 

 

 

 

-video record 

 

 

 

 

-interview  

students’ knowledge about 

number line; students’ 

activity 

 

students’ strategies in 

solving problem using 

number line; students’ 

discussion and responses 

 

students’ understanding 

about debt or if they have 

experience having debt; 

students’ understanding 

about debt  

 Students locate 

numbers in 

correct order on 

the number line.  

 -observation) 

 

 

 

-video record  

 

 

 

-interview  

students’ strategies in 

connecting the random 

number on the number line 

 

students’ discussion about 

the position of numbers and 

compare those numbers 

 

ask some additional 

questions about two 

numbers and how the 

students can compare them 

 Students play a 

game which 

shows the 

simulation of 

adding integers. 

 -observation 

 

 

 

-video record 

 

 

students’ strategies on how 

they make movement along 

the number line 

 

students’ discussion in 

which students discuss the 

result of two different 
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-interview  

numbers and make jumps 

in different direction 

students’ understanding in 

interpreting the game 

 Students make 

their own 

number line to 

visualize 

problems related 

to jumps.  

 -observation  

 

 

 

-video record  

 

 

 

 

-interview  

students’ strategies in  

drawing the number line 

 

 

some students’ discussion 

about making jumps; and if 

they make jumps in correct 

direction when they pay or 

accept money 

students’ clarification about 

the answers they give 

 Students 

exercise to do 

some problems 

related to the 

previous 

problem and 

wrote the 

addition in more 

formal way. 

 -observation 

 

 

  

-video record  

 

 

 

-interview 

 

 

 

students’ strategies in 

writing numbers of addition 

process 

 

interesting discussion to see 

what they can get from the 

activities 

 

students’ way of 

concluding the lesson 

Post test 

 

 

 

All studens 

in 

preliminary 

and 

teaching 

experiment 

 

written test students’ learning 

progress, students’ 

development in 

understanding the 

concept 

 

 

D. Data analysis  

1. Pre test 

The result of pre-test is analyzed to get some information about the starting 

point of the students. The considerations in analyzing the result of the pre-test are 

about the students’ interpretation about the problem whether they could reason the 
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problem using their existing knowledge and some strategies that used by the 

students in solving problems in the pre-test.  

2. Preliminary teaching experiment   

The result of the pre-test in the preliminary teaching experiment will be 

analyzed by checking the correct written answers of the students to know the 

starting points of the students and to test whether or not they understand what 

being asked in the test. Another type of data collected in this cycle is the result of 

classroom observation and some field notes about some noteworthy things happen 

during the lesson. Also, the video registration of the lesson will be analyzed by 

selecting some interesting video fragment about students’ discussions or students’ 

performance. The researcher compares what happened during the classroom to the 

expectation of the teaching and learning process in Hypothetical Learning 

Trajectory. The purpose of analyzing the data of the whole lesson is to test the 

conjectures of students’ responses to the actual learning process.  The transcript of 

the selected fragments will be used to test the conjectures of the HLT. The 

researcher will use the analyzed data to revise the original HLT for the teaching 

classroom experiment. The results of the post-test are analyzed by checking 

whether the students make progress after the lesson. This can be seen in the 

written work considering the strategies and the model used in getting the answers 

of the problems.  
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3. Teaching experiment  

The result of the classroom observation and interview with the teacher will be 

analyzed to get information about the situation of the classroom. The analysis of 

the pre-test in the second cycle includes a quantitative analysis and a qualitative 

analysis. A quantitative analysis relates to the numbers of correct answers made 

by the students; meanwhile a qualitative analysis relates to the strategies used by 

the students to solve the problems on the test. The data analysis in the teaching 

experiment is quite similar to those in the first cycle. The classroom observation, 

the video registration, and the field notes are analyzed to see whether they fit to 

the conjectures in Hypothetical learning trajectory. After analyzing the video 

lesson of the whole class, the analysis emphasize on the focus group of students 

which are selected by the researcher. The focus group will be the representation of 

the whole class. The researcher will analyze the discussion among them, the 

written worksheet of group work, and interesting students’ argument might appear 

during the lesson. Some interesting fragments of video lesson will be analyzed to 

compare the prediction of teaching and learning process and the actual teaching 

and learning process. The analysis of these data will contribute in producing 

conclusion of the study whether or not the research questions answered based on 

the data and to revise the original hypothetical learning trajectory. 

4. Post-test 

The post-test is analyzed by checking all students’ answer and see the change 

or progress they made compared to the pre-test. The analysis is done by 

considering that students make progress of their conceptual understanding after 
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the lesson. Besides, the analysis pay attention to their work whether or not they 

used the model to solve the problems in the test. The data analysis from the post-

test also contributes in answering the research questions.  

E. Validity and Reliability of Data Analysis 

The internal validity of the data analysis can be improved by triangulating 

three types of data such as; the written test of the pre test and post test, the result 

of classroom observation, and the result of interview data. To increase the external 

validity, the researcher presents the description of analyzed data transparently that 

the readers can use the information to test their own hypothetical learning 

trajectory to the context of the study.  To improve the internal reliability, the 

researcher discussed some essential parts of the lesson with supervisors and 

colleagues to minimize the subjectivity of the researcher in interpreting the 

situation during the lesson. For instance, the video fragment of interesting scene in 

the lesson will be discussed together with supervisors or colleagues to get the 

same interpretation. To improve the external reliability, the researcher make a 

video of the lesson that the reader can follow the teaching and learning process. 

F. Research Subject and Timeline of the Research 

The research subject of this study is the students from the third grade aged 8-

9 years old. In the preliminary teaching experiment  6 students  from the third 

grade  classroom which are all boys from SDIT Ghilmani Surabaya were involved 

. The preliminary teaching experiment is aimed at investigating the responses of 

the students to the designed tasks and to test the initial HLT. The real teaching 

experiment involves 19 students from the girls classroom of third grade in SDIT 
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Ghilmani Surabaya.  The purpose of real teaching experiment is to test the refined 

HLT and to observe the students’ learning development.  The students involve in 

real teaching experiment were not the students involved in the preliminary 

teaching experiment. This following table is the timeline of the research.  

Table 3. 1. Timeline of the research 

Date Activities Data Collection 

October- January 2012 Studying literatures and 

designing initial HLT 

 

February 2013 Discussion with the 

teacher 

Interviewing 

Classroom observation  Video recording  

Pre-Assessment students’ work 

18 February 2013 Lesson 1 (The “Hop 

Shop” game) 

 

Video recording and 

students’ work 

20 February 2013  Lesson 2 (How much 

money/debts will I have? 

(drawing jumps on the 

number line) 

 

Lesson 3 (Ordering 

Integers) 

Video recording and 

students’ work 

21 February 2013 Lesson 4 (The Number 

Line Game) 

 

Lesson 5 (“What is your 

position now?”) 

Video recording and 

students’ work 

22 February 2013  Lesson 6 (Empty 

number line) 

Video recording and 

students’ work 

February-March 2013 Redesigning the HLT  

1 April 2013 Lesson 1(The “Hop 

Shop” game) 

 

Video recording and 

students’ work 
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5April 2013 Lesson 2 (Drawing 

jumps on the number 

line) 

Mini lesson (ordering 

integers) 

Video recording and 

students’ work 

8 April 2013 Lesson 3 (The Number 

Line Game) 

 

Video recording and 

students’ work 

10 April 2013  Lesson 4 (“What is your 

position now?”) 
Video recording and 

students’ work 

12 April 2013 Lesson 5(Empty number 

line) 

Video recording and 

students’ work 

12 April 2013 End-Assessment Video recording and 

students’ work 
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CHAPTER IV 

HYPOTHETICAL LEARNING TRAJECTORY 

 Gravemeijer (2004) revealed that Hypothetical Learning Trajectory (HLT) is 

the prediction on how students may react to some instructional activities. Teacher 

should investigate that response of the students fit on the conjectures or the she 

has to do some adjustment of the conjectured to some findings during the 

classroom session. HLT can also be guideline for the teacher to keep the track 

about what students might respond. To improve the HLT, it requires some 

activities that can support the HLT and enable the researcher to make some 

revision on that. In the description below, there will be seven activities. They are 

designed in considering some theory about learning negative numbers. The 

activities which have been designed as the tool to support the HLT are:  (1) the 

game using money context in which students reinvent the concept of negative 

number, (2) number line activity with the use of money context where paying-

accepting money is modeled by jumping along the number line, (3) locating 

negative and positive numbers on the number line, (4) & (5) Another game 

involving number line model in which students are introduced about addition of 

integers, (6) determining the final position of one’s movement along the number 

line, (7) using empty number line and learn how to write addition formally.   

 There are some theories underpinning this sequence that support the whole 

learning process. The theory has been the consideration in designing the order of 

each activities. It is hoped that this sequence can help students better understand 

the concept of addition involving negative numbers.  To describe the first activity,  

42 
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Mc Gullick, et. al (2012) explained that it is difficult for students to accept 

negative numbers because it requires an acceptance of quantities worth less than 

zero;  it is easy to speak that “I have two books”  but it is not easy to say “I have 

negative two books”. With this elaboration, it is needed to start the learning with 

created situation in which students can speak about the negativity of certain object 

for example, using money context.   Under the circumstances, students can learn 

how to make representation of some object.   Kilhamn revealed that the simplest 

form of representation is the identification of a concrete object, an attribute, an 

activity etc. by a name, a word or a sign. It is considered that the students could 

come up with giving sign to some object to represent.  The activity aims at giving 

opportunity to students to achieve this stage where they can explain by themselves 

about some object, although it relates to some object in “negative” sense which 

cannot be modeled physically.  

 To support some number line activities, Kilhamn revealed about arithmetic as 

motion along path; addition as well as subtraction can be seen as motions of this 

path. The path here means number line.    Dealing with number line,  it is also 

describe some representation of the component of number line to state some 

situation which can be seen in this following figure.  
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Figure 4.1 The Representation of Component of Number  line in some  

Situated-problem. 

The picture above bring some ideas to create some number line activities in the 

sequence to help students to learn addition using motion along number line.  Also, 

he says that number processing can be reflected in the form of number line, 

because the student can compare numbers by seeing the distance. To  fulfill this, it 

is offered some number line activities in which the students can compare number 

as well as locate number in appropriate order.  Afterwards, it is expected that the 

students can improve their understanding through these deep processes before 

they get ready for the next steps; the formal addition and subtraction.  

HLT will be described in each lesson which consists of the learning goals of 

the lesson, the description about instructional activities and the conjectures on 

how students may react to the lessons.   

A. Lesson 1: The “Hop Shop” game  

1. Learning Goal: 

Students improve their understanding about negative numbers  
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2. Description of the activity;  

The conceptual understanding of students about negative numbers is 

influenced by their previous knowledge about natural numbers. Students may 

manage to compute negative numbers as they do in natural numbers. The main 

focus of doing this activity is that to make the students aware of the existence of 

negative numbers in their lives and can make them reason why a big negative 

numbers has smaller value than small positive numbers.  

In the board game, there will be the pictures of favorite things children may 

like. Such as toys, dolls, cute stationaries, etc. There will the label of the price of 

each item. In the boxes of the board games, there will be chance for them to add 

their money by getting the shopping voucher or get bonuses from the bank or the 

shopkeeper. All players will get $15 from the bank.  One dice is used to determine 

the movement of each player. Play money is used for transaction. By using dice, 

they have to move to know where they will land the counter; afterwards they have 

to buy the items in the box in their last stop.  

One of four students will be the bank unit to manage the money, lend the 

money to those who have insufficient money.  Before all the shoppers start 

playing the games, the bank gives them the same amount of money for shopping. 

The one who cannot manage his money properly will lose the game. The bank 

will record all the transaction of the shoppers.  

3. The conjectures of students’ thinking: 

a. All the students will move the counter based on the number on the dice.  
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b. The shopkeeper might write on the transaction sheet that the all the players 

will get $15 for shopping.  

c. If students’ counters land in a space of an item, they have to pay the 

amount of money to the shopkeeper.  

d. The students will realize that their money is spent more and more because 

they have to pay to the shopkeeper if the counter land on the space of an 

item.  

e. The shopkeeper will record the amount of money the players might have 

after the transaction.  

f. After several turns, the students might have no more money in their hands. 

They might say “Now, I cannot pay for the item because I have no more 

money”, then the students who act as the shopkeeper might say  “I owe 

you money, then I have to write that you  now have negative (the amount 

of debts) here” 

g. The shopkeeper will record the amount of money/debts the players have 

after the transaction.  

h. If a student’s counter land on the space of soccer t-shirt costing $10; 

meanwhile,  his money is only 4, then the shopkeeper should tell to him 

“Now you do not have enough money to pay, you only have 4, then I owe 

you $6”, “I write here -6, your debts now is $6”   

i. Another important situation might happen is that when the students pass 

the starting point and get $3, the student playing as the bank might say 

“This is your $3” and give the play money to  each of the player.   
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j. For example, the students already has a debt of $10 and he pass the 

starting point, he might think that he get more money to pay the debt and 

says, “I have less debt now, because I have more money”, or “I still have a 

debt of $7 to the shopkeeper” , or  “I have minus 7” 

k. The shopkeeper could declare the situation by saying that “You have paid 

$3, you still have a debt of $7 to me”, or “I wrote down -7 here” 

4. Discussion:  

During the game, the students will have discussion about owing-having 

money. The students will talk about why should negative numbers used in the 

game and how they could say about it. The teacher should assist them in finding 

the meaning of negative numbers in the context. For example, they could say -5 as 

the amount of money they borrow from the shopkeeper. When they only have $7, 

but they have to pay $9, then there will be an important discussion about how 

could they write and say about it. One could say “you need $2 more”. “you have 

debt of $2 to the shopkeeper” or one could emphasize that you should put minus 

sign in front of the number of debt.  

The more they play the game, the more they understand the negative numbers 

as well as how to compute negative numbers. Bringing the concept of negative 

numbers in the context of a game could be very meaningful for students.  The role 

of the teacher while students play the game is to monitor and encourage some 

important discussion. The teacher could say “if you have debts, and you should 

buy more items, then what will happen?” or “if you have debt of $5 with you and 

you get paid by the bank $3, what happen with your debt?” This guidance 
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questions could help the students in understanding negative numbers in better way 

through the context of the game.  

B.  Lesson 2: How much money/debts will I have? (drawing jumps on the 

number line) 

1. Learning goal: 

Students can draw jumps on number line to solve problems relating to the context 

in the game.   

2. Description of the activity: 

In this activity, the students will be given a problem card. The problem 

is the situation which is taken from the situation in the game context.  For 

example “I have $6, I want to buy a school bag which costs $8”. The group will 

discuss how they can write the situation on the number line by making jumps and 

figure out how much money/debts someone has after paying the money. The 

purpose of doing this activity is that in order to know how the students can do the 

calculation of negative numbers, whether or not they understand negative 

numbers through the board game.  They will do this activity in a group of four 

students, each group will get 5 cards, they will discuss the problems on the cards 

together with their groups. Afterwards, one group will exchange their cards to 

other groups and draw jumps again in another worksheet. Afterwards, one group 

will present their work; they check their answer and explain how they can get the 

answer.  Their explanation should relate to the context of the board game.  
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3. The conjectures of students’ thinking:  

a. The students will read the problem, for example “I have $6, I want to buy 

a school bag which costs $8. The students know that 6 is the first position 

on the number line, because they have to pay 8, so they make 8 jumps to 

the left.  The students realize that this situation will give them a negative 

numbers, which is -2 as a result. Some students also know that they have 

to subtract a bigger number from a smaller number. They may think that 

they have insufficient money. Therefore, they owe $2 from the 

shopkeeper. Students will be able to say that -2 has the same meaning as 

someone owe money $2 from the shopkeeper because they know that 

debts should be written in negative numbers.   

  

b. The other problem which may lead the discussion among the students is 

the problem: “Now I have$ -12, but I have just passed the starting point to 

get $3”.  The students may think that he already has debts to the 

shopkeeper but now he gets more money. They will draw the jumps to the 

right on the number line because they get money from the bank. Some 

students probably know that they will have less debt because they have 

money. The students may answer that the debts now becomes -9. Some 

students will subtract the debts $12 by $3.  The discussion will be about 

the operation of two numbers; the negative number and the positive 

number and how can they draw the operation on the number line.  
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c. The problem on the card is “I have $ -5, I have to buy a cupcake which 

costs $5”. Given this problem, the students will think that they already 

have debts to the shopkeeper but they have to pay for another item.  The 

students will draw the jumps to the left and realize that they have more 

debt to the shopkeeper, which is $10.  

4.. Discussion:  

In this activity, probably it is the first time for the students to use a number 

line as calculating tool. Therefore, the teacher could explain briefly to the students 

why they should use a number line and what is the usefulness of using number 

line to calculate number and understand the problem of the context.  Also, the 

teacher could explain why the students should make jumps on the number line. 

Students could investigate by themselves about the condition when they borrow 

money from the shopkeeper; they have to move to the left, which moves to the 

negative numbers because they subtract money.  And they could also reason that 

they move to the right, the jumps getting closer to positive numbers when they get 

more money from the bank. Teacher could facilitate the discussion during the 

students do the worksheet together in groups.   

C.  Lesson 3: Ordering Integers 

1. Learning goal: 

Students understand how to order negative numbers 

2. Description of the activity: 

In this activity, students are asked to relate the experience they have after 

playing the game in the previous meeting. The task is about comparing and 
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ordering numbers. There will be some numbers; positive and negative numbers. 

They are asked to arrange the number in a good order to determine who will be 

the winner, the runner up1, the runner up 2, and the loser. In pairs, they will 

discuss how they decide that a number is more/less than another numbers.   

3.  The conjectures of students’ thinking: 

a. Student might reason why bigger negative numbers less than smaller 

positive number. They might think that the bigger negative number, the 

smaller value it has.  

b. In the first task, they may put biggest positive number in the position of 

the winner, the second biggest in the runner up, the third bigger number in 

the second runner-up position, and the smallest negative numbers in the 

position of the loser. 

c. In the second task, students will response the task by connecting the 

number to the correct position.  They may put the biggest positive 

numbers to the last right position from zero. For example, because the 

number 20 is already connected to the line as an example, they may find  

that 15 is the biggest positive number which should be put in exactly the 

left side of 20.  
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Figure  4.1 Number line activities 

 

d. Students may put the positive numbers in the right side of zero and 

negative numbers in the left side of zero 

e. Students may have discussion why 5 are more than -6, and why -1 is more 

than -13.  

4. Discussion: 

Doing this activity, students may confuse why small positive number is 

greater than big negative numbers. Teacher could explain this to the students by 

relating it to the situation in the context. For example, explaining to the students 

that in the previous activity, in the owing-having context, teacher could say “we 

use negative numbers to say that we have no money and we borrow money from 

someone else”  or remind the student about the game the played “when you have 

debt to the shopkeeper, it means that you have no more money, that’s why you 

use negative numbers”. Teacher can also say that “if you have $7, then you have 

money, you could say it with positive numbers”. Teacher could emphasize that 

negative numbers is used to say something less than zero—less than nothing. In 

the second task, students learn about positioning numbers. They may put negative 
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numbers in the left side of zero and positive number in the right side of zero. 

Teacher makes sure that students know that -3 is much closer to zero than -13.  

D.  Lesson 4: The Number Line Game (Part 1) 

1. Learning Goal:  

Students get familiar with a number line as a tool for calculating numbers 

2. Description of the activity: 

The number line game is the game involving negative numbers in which the 

students will learn how to do simple operation of negative numbers based on the 

movement along the number line.  The movement on the number lines is 

determined by the number of the dice. This game will use two-colored dice: a blue 

dice and a red dice. The teacher will present some rules for this game. The blue 

dice will represent positive direction which means that the students must move to 

the right. And the red dice will represent negative direction which means that 

students will move to the left.  In this activity, students will play in one group, 

they students will toss the two dice the same time, the blue dice show the students 

the number of boxes they move to the right, and the red dice show the number 

boxes in the direction to the left . The number of boxes they must jump is 

according to the number which is on the dice. They student must always record 

each movement by writing down the number on the paper. Note that in writing the 

number in the red dice (negative direction), they should always put minus sign 

before the number.  

The students will write down each movement in this following table: 
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Table 4. 1 Table for number line activities 

The number on the blue 

dice 

The number on the  red 

dice 

Your position now 

5 -6 -1 

 

Note that in writing the number in the red dice (negative direction), they should 

always put minus sign before the number.  

3. The conjectures of students’ thinking: 

a. Students might think that the more they jump to the left, they will get to 

negative numbers, the more they jump to the right, and they will get to 

positive numbers. In comparing numbers, they might think that the more 

they go to the left, they will have smaller number.  

b. The student may write the numbers on the red dice as negative numbers—

they put minus sign in front of the numbers , because they have to move to 

the left, get closer to the negative numbers.  

c. The student may write the numbers on the blue dice as positive numbers—

put plus sign in front of the numbers or just let the numbers without any 

sign.  

4. Discussion: 

This activity could be another form of number line activity which 

previously done in the lesson 2. The difference is that in this game, students try to 

treat the number more formally, not as the numbers relating to the context. Here, 

the students should think about the operation of the number formally. Teacher can 
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also ask the students to think about how they can translate the number in 

mathematical expression and ask them what kind operation they should use in 

playing this game. Later, after having some discussion with the students about the 

operation, teacher may explain that in the context of number line, the addition 

relates to the sum of the two movements; to the right and to the left. Also, students 

can say that it is the case of subtraction because it shows the difference of two 

numbers; the number on the red dice and the number on   the blue dice.  

E.  Lesson 5: The Number Line (part 2) 

1. Learning goal 

Student can solve missing value problem after experiencing the number line 

game.  

Table 4. 2 The missing value problem 

 

The number on 

the blue dice  

The number on the 

red dice  

Your position now  

5 -6 -1 

6  … 2 

… -6 -3 

4 -5 … 

5 … 2 

3 -3 … 
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… -3 -1 

1 … 0 

4 -6 … 

… -6 -3 

 

2. Description of the activity:  

After students experience the number line game, they will be asked to 

figure out the appropriate number to complete the table.  

3. The conjectures of students’ thinking: 

a. Students might think that if the number of jumps to the right is 6, and the 

position is -2, then the students understand that the number of the jumps to the 

left should be 8, written as -8 because if they move to the right 6 to the left, 

then they have to move 8 jumps to the left to reach -2.  

b. Students might think that if the number of the jumps to the left is -6, and the 

position is -3, then they have to think that the number of the jumps to the right 

should be 3, because to get to 3, they need to jumps 3 to the right from -6.  

c. Students could get the pattern and conclude that if they have more jumps to the 

right that those to the left, then the position could be in the right of zero, which 

is positive numbers. If they have more jumps to the left than those to the right, 

then the position could be in the left of zero, which is negative numbers.  
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4. Discussion: 

This task could be more challenging for students because they have to solve 

missing value problem. For example, by looking at the blank of the table, students 

can clarify the problem and say “the number of the jumps to the right is 6 and, and 

the final position is 2, how many jumps to the left needed?”. The teacher could 

ask them to make their own number line to figure out the problem or use the 

number line game to make jumps. The students could say that they need 4 jumps 

to the left to reach 2. Other discussion is that students can conclude that the more 

they move to the right, the bigger the possibility to get the final position in 

positive numbers and the more the move to the left, the bigger the possibility to 

get the final position in negative numbers. The teacher has to remind the students 

that the number on the red dice should always be written with the minus sign in 

front of the numbers.  

F.  Lesson 6: “What is your position now?” 

1. Learning Goal:  

Students can draw their own number line and operate negative numbers using that 

number line.  

2. Description of the activity:  

The students will do the activity in pair, one student will get 5 cards of the 

problem. The students are asked to determine the position after the jump. They 

can use the number line board in the number line game to help them to count the 

position.  
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Figure 4.2  Problems of determining the final position after jumping along the 

number line 

 

 

3. The conjecture of students’ thinking :  

a. Students in pair may use the number line of the number line game to 

determine the position. They may find that if they jump to the left, they 

may get negative numbers. If they jump to the right, they may get positive 

numbers. They also discuss how the initial position in positive number can 

be negative numbers; also, the initial position in negative numbers can be 

positive if they move to the right. 

b. Later, after they try the cards using the number line. They may try the 

cards without using the number line boards.  The teacher will provide the 

students with a number line to visualize the number of the jumps they 

could make and the result they may get after the jumps. 

This is the possible response of students: 

 

 

 

  

  

I am in the position  3 
I made jump 5 to the left 
In what position am I now? 

 

I am in the position  3 

I made jump 5 to the left 

In what position am I now? 

 

I am in the position -8 

I made jump 3 to the right  

In what position am I now? 
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