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Abstract

Aiming at the development of theory and the improeat of practice about both the
process of mathematical learning and the meangmssito support that learning, the
present design research attempts to answer thei@quebow the development of
children’s learning process in constructing memtathmetic strategies on an empty
number line to solve addition problems up to onedned. The question was answered
by taking into account a design research methogolath two underpinning theories,
i.e. (1) the Realistic Mathematics Education theasy a guide to develop a local
instruction theory in a specific mathematical domaind (2) the socio-constructivist
analysis of instruction in which children’s leargiprocesses were viewed from both the
individual and the social perspective. The sumpgigesult shows that some children
involved in the teaching experiment interpretecearpty number line as a newly taught
calculation procedure, so that the empty numbes llecomes meaningless for the
development of children’s mental arithmetic stregeg However, it is also shown that
children develop flexibility in solving addition @blems up to one hundred using
mental arithmetic strategies on an empty numbes. lin addition to this, the empty
number line is proved to have a level raising quals a model for reasoning that could
enhance more sophisticated strategies.

Key Words: design research, addition up to one redycthildren’s mental arithmetic strategies,
an empty number line, mathematics teaching andileguin elementary school.,
realistic mathematics education

November, 1% 2008



Puspita Sari (3103080) Introduction

1. Introduction

In recent years, researchers in mathematics educdiave become
increasingly interested in mental arithmetic asea breakthrough that must precede
algorithm in doing calculation for elementary schathildren (Treffers, 1991,
Beishuizen, 1993; Reys, 1995; Klein, 1998). Mertalculation is required while
dealing with daily life situation: for instance, it meaningless to perform a pen and
paper algorithm to calculate the amount of monegded to pay for two kilos of sugar
and a box of chocolate in the market. Treffer9@)%rgued that algorithm is one of
the causes of innumerdcin primary schools when it is taught prematurelghaut
context problems, while mental arithmetic strategiand estimation in a realistic
approach are suggested as an alternative. Moreldope,et al (1988) described these
benefits of doing mental calculation:

1. Calculating in your head is a practical life skill

2. Skill at mental math can make written computatiasier or quicker

3. Proficiency in mental math contributes to increaslat in estimation

4. Mental calculation can lead to a better understapdof place value,

mathematical operations, and basic number progertie

However, mental arithmetic strategies must be duced thoughtfully
with rich contextual situations, in which childrdmave freedom to develop their
understanding under the guidance of the teacher.addition to this, Gravemeijer
(1994a) pointed out that an empty number line imébto be a powerful model to do
mental arithmetic strategies flexibly and to foster development of more sophisticated
strategies, but which could represent childrenferimal strategies at the same time.
Moreover, Klein (1998) came to the conclusion thratviding children with a powerful
model like the empty number line, establishing @ero classroom culture in which

children’s solutions are taken seriously, and mgkeachers aware of both cognitive

! Inability to handle numbers and numerical datpprly and to evaluate statements regarding sumhs an
situations which invite mental processing and eatiing is defined as Innumeracy (Treffers, 1991).

2 Mental arithmetic is characterized by working withmber values instead of number digits, in which a

framework of number relations and number senseipl@prtant parts in doing mental arithmetic. (Buys,
2001)
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and motivational aspects of learning, will help vstudent become a flexible problem
solver. Therefore, contextual situations, the akenodel, the proactive role of the
teacher and the classroom culture play a cruciel iro the development of students’

learning in a classroom community.

Although considerable research has been done iny ntauntries,
problems still remains in Indonesia, where the matdtics elementary school
curriculum’s objectives focus on the use of aldortto solve double-digit addition and
subtraction problems since the first grade. Funtioee, Indonesian classroom culture
tends to perceive a classroom community with tesche the central point and children
are expected to be obedient in every manner. Wilislead to the limitation of

children’s freedom in doing mathematics in theimoway.

On the other hand, a progressive innovation program PMRI
(Indonesian Realistic Mathematics Education), tied been running for more than six
years, has a primary aim to reform mathematics &dut in Indonesia. This
innovation program is adapted from RME (RealistiatMematics Education) in the
Netherlands that viewsathematics as a human activity (Freudenthal, 1991) in which
students build their own understanding in doingheatatics under the guidance of the
teacher. In contrast to traditional mathematicsication that used a ready-made
mathematics as a starting point for instruction, R&mphasizes mathematics education
as a process of doing mathematics in reality teatld to a result, mathematics as a
product. Sembiringet al (2008) summarized from all RME studies in Indonekhizt
the RME approach could be utilized in Indonesia stimhulate reform in mathematics
education. Therefore, the PMRI-classroom, in whhik design research is conducted,
has started to build an open classroom culture evibildren learn to come up with
different strategies in solving problems and teaxhgive more freedom and less

instruction in their teaching.
Aiming at the development of theory and improvenm@mnpractice about

both the process of learning and means designedgport that learning, the present

research attempts to answer these questions:
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Puspita Sari (3103080) Introduction

1. How do Indonesian children who are used to perfammalgorithm strategy
develop their mental arithmetic strategies on amptgnmumber line to solve
addition problems up to 100?

2. How does the emergence of an empty number lineugfirca measurement
context support the development of the childreti;king in constructing
number relations to construe mental arithmetidegias?

3. How do the role of the teacher and the classroortureu support the
development of the children’s thinking in constimgt mental arithmetic

strategies?

These questions will be answered by taking intooaot a design
research methodology with two underpinning thegiies (1) the Realistic Mathematics
Education theory (Freudenthal, 1991; Treffers, 198Avemeijer, 1994b) as a guide to
develop a local instruction theory in a specifictineanatical domain; and (2) the socio-
constructivist analysis of instruction (Cobb & Yatk1996; Coblet al, 2001) where
children’s learning processes are viewed from lb#hindividual perspective and the

social perspective.
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2. Theoretical Framework

In this chapter, we start with the domain-specifistruction theory of
RME (Realistic Mathematics Education) followed biet current situation in
mathematics teaching and learning in Indonesiamemary schools. We continue by
elucidating addition for numbers up to 100 and rakatithmetic strategies. We move
on to the three design heuristics of RME in refatio addition up to 100 using mental
arithmetic strategies on an empty number line.aljinwe expound more on specific

research questions in this design research.

2.1. Realistic Mathematics Education (RME)

Realistic Mathematics Education (RME) is a theory reformed
mathematics education in reaction to the behavidriserspective and the ‘new
math? movement during the second half of thé"2@ntury. RME was first
developed in the 1970s in the Netherlands by Haesidenthal, who viewed
mathematics as Auman activity(Gravemeijer & Terwel, 2000). In contrast to
traditional mathematics education that used a reaalyje mathematics as a
starting point for instruction, RME emphasizes reathtics education as a
process of doing mathematics in reality that lefads result, mathematics as a
product.

[Mathematics as a human activity] is an activifysolving problems, of
looking for problems, but it is also an activityaiganizing a subject matter.
This can be anatter from realitywhich has to be organized according to
mathematical patterns if problems from reality havée solved. It can also
be amathematical mattemew or old results, of your own or others, which
have to be organized according to new ideas, tbdbeer understood, in a
broader context, or by an axiomatic approach (Feetithl 1971: 413-414 in
Gravemeijer & Terwel 2000)

This clarifies that ‘realistic’ term in RME doesmberely means ‘a

matter from reality’ that is always encountereaidaily life situation, but also ‘a

! Behaviorism theory only measured observable benayiroduced by a learner’s response to a stimulus.
The behaviorist is not concerned with how or whgwiledge is obtained.

2 The new math emphasized mathematics as an absé@uttive system which was taught in American

schools during the 1960s. This was complained tatpparents and teachers because the new
mathematics curriculum was too far outside studemtknary experience.
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mathematical matter’ of an abstract mathematicablem which is meaningful
and experientially real for students. However, heatatics education for young
children should begin with the organizing and gdtiiog activity—the so called
‘mathematizingof everyday reality (meaningfully contextual sition) because
children haven't encountered a mathematical mggethat is experientially real
to them

Treffers (1987) distinguishefiorizontal and vertical mathematizing
that characterizes RME theory. Horizontal mathéimag is transforming a
problem field into a mathematical system. It lelrdsn the world of life (a matter
from reality or a mathematical matter) to the woolidsymbols. On the other
hand, vertical mathematizing is processing withie tmathematical system in
which symbols are shaped, reshaped, and manipulatedProgressive
mathematizing, both horizontally and vertically, imspired by five educational
tenets as follows.
Five Tenets of RME
Treffers (1987) has defined five tenets for Reilistathematics Education:
1. Phenomenological exploration.

Freudenthal’s view of mathematics as a human &gtrequires an
extensive phenomenological exploration that is debeacquiring a rich
collection of contextual situation in which mathemal activities take place.
The contextual situation is not merely a word peof| but it has to deal with a
reality that makes sense for children with différdewels. It should provide an
ample space for children to build their own undemding and serve as a basis
for model development.

2. Using models and symbols for progressive matheatatiz

The development from intuitive, informal, contexaumd notions
towards more formal mathematical concepts is a ugtadorocess of
progressive mathematization. A variety of modstshemes, diagrams, and
symbols encourages children in this gradual process

3. Using students’ own construction and productions

Students’ own constructions deal with thaktions, while their

own productions deal with thereflection. This is, in fact, one of the most

characteristic features of progressive mathematizain RME instruction
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2.2.

theory. Students have freedom to construct them path in learning under
the teacher’s guidance. Furthermore, students’ preductions as the result
of instruction functions as the mirror image of teacher’s didactical activity.
In this case, the teacher should help studentaild bn their understanding
from what students know.

Interactivity.

The learning process of students is not merely rafividual
process, but it is also a social activity wheredstis build on their
understanding through discussions, collective warkiews, evaluation of
various constructions on various levels (compasimngtegies), and explanation
by the teacher. The interactivity means that sitelare also confronted with
the constructions and productions of their fellowkich can stimulate them to
shorten their learning path and to become awareirofthis case, more
sophisticated strategies in solving addition protdeup to 100.
Intertwinement.

The mathematical domain in which students are esgjag should
be considered related to other domains, the inteirtgy of learning strands. In
this design research the ‘calculation for numbepsta 100’ through the
measuring activity is intertwined with ‘measuringnceptions’. Students
develop their understanding of measuring conceptaawell as their counting
strategies in the measuring context.

In addition to these, the three design heuristicRMIE, i.e. guided

reinvention didactical phenomenologyndemergent modelingill be elaborated
in section 2.5, where the relation to addition apl®0 using mental arithmetic

strategies on an empty number line is made explicit

Mathematics Teaching and L earning in Indonesian Elementary School

The present curriculum in Indonesia — curriculunDQKTSP) —

states that mathematics should be given to adlesiis from elementary schools
(sekolah dasar) to provide students with the ghiditthink logically, analytically,
systematically, critically and creatively, and witihe ability to cooperate.

Moreover, the curriculum mentions that mathemaliéasning should be started
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Puspita Sari (3103080) Theoretical Framework

from a contextual situation which leads to a mathiral concept under
progressive guidance.

In spite of this, in daily practices teachers ati# dominated by a
traditional ‘chalk and talk’ lesson structure witltca contextual situation. The
traditional approach put teachers in a central were students become passive
learners without a great deal of thought in doirgtfhmmatics. The teaching and
learning of mathematics in Indonesian schools becarachanistic, with teachers
tending to dictate formulas and procedures to tkaidents (Armanto, 2002,
Fauzan, 2002; Hadi, 2002). As a result, studefitsnohave difficulties to
comprehend mathematical concepts and to constmdt smlve mathematical
representation from a contextual problem, and thaching style makes
mathematics more difficult to learn and to underdtéSembiringet al, 2008).

At this time, an innovation program to improve nwttatics teaching
and learning in Indonesian schools — PMRI, an led@an adaptation of RME —
has been running for several years. The main tibgeof IP-PMRI (Institut
Pengembangan Pendidikan Matematika Realistik Inslajieis to improve the
guality of mathematics education in Indonesia tgtowa reform of school
mathematics learning theory using realistic math@sa&ducation (RME). RME
principles in which students are guided to reinverdthematics in their way
starting from a contextual situation is in line lwithe current thinking about
mathematical learning in Indonesia that emphasigesglent-active learning,
problem-solving and the application of mathemaiticdaily life.

Developing student materials for elementary schoaigining for
teachers to implement PMRI in their classroom, tgiag contexts and activities
to enrich student activities in classrooms, andlifatng RME education for
mathematics educators in associated institutespare of the PMRI programs.
These programs have brought many benefits, not famlgtudents, but also for
teachers who are involved. Students become mothugastic in doing
mathematics, more flexible in solving problems dadter able to express their
thinking. Teachers have changed their mathemagiashing approaches as a
result of their involvement with new materials, tteooks, investigation,

experiments, in-service education and in-classitigi(Sembiringet al, 2008).

3 (http://pmri.or.id)
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2.3. Addition for Numbers Up to One Hundred
This section provides descriptions of childrentmeeptualizations
for multi-digit addition, and children’s two-digaddition methods in accordance
with the level of addition operations for numbepsta one hundred.
Fusonet al (1997) distinguished three different multi-digitcitibn
and subtraction conceptualizations for children:
1. Children may add or subtract multi-digit numbershivi the counting word
sequence (i.e., usequence methodsich as counting on by tens and ones).
2. Children may add or subtract the multi-digit nunsbetirectly (i.e. use
collected multiunit methodsuch as count or add the hundreds, then count or
add the tens, then count or add the ones).
3. Children may also conceptualize such problems @shimmg concatenated
single digitsand operate as if they were adding and subtract@pgarate
columns of single digits. This conception is usegecially with vertical

numeral problems which lead to many different exror

Based on our observations and Indonesian curricubjectives on
operation of numbers, it appears that mainly Inda@re children are taught the
concatenated single digitonception that leads to algorithm (vertical colymn
strategy to solve arithmetical problems. Howewee, could still minimize the
error prone caused by this conception of multitdégidition by investigating and
developing various methods that might come out fobifdren informally.

The next section summarized Fusdral (1997) and Treffers & Buys
(2001) on different methods of two-digit additianaccordance with the level of
addition operations for numbers up to one hundred:

1. Unitary methodgthe level of calculation by counting)
Children can make objects for each number and callirihe objects. At the
next level, children can count / add on by onesnfitbie first number or the
bigger number. However, the difficulty is that Idnén have to keep track
accurately of how many they have just added wholenting. For example: 48 +
29 calculated as: (48), 49, 50, ...,72, 73,74, 7., 7

November, 1% 2008 8
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2. Methods using tenghe level of calculation by structuring)

In calculation by structuring, children often makse of the two basic skills in

varied ways: the jump-of-ten and the jump-via-te@ne can either start by

jumping to the nearest multiple of ten or starintgking a jump of ten.

- Begin-with-one-number methods
This method requires not only counting by tens @0, 50, etc) but also
counting on from an arbitrary number (e.g. 38,3, etc). It is argued that
this method is easy to do when objects or draworgsumbers are used to
keep track of the counting or adding. For example:
48 + 29 = (48+20)+9= 68+9 = 77 (jump-of-ten)
48 + 29 = (48+2)+20+7 = 50+20+7 = 70+7 = 77 (junig-ten)

- Mixed methods
This method begins with separating both numberdingdthe tens, and then
moving into the sequence by adding the originalspad then adding the
other ones.
For example: 48 + 29 = (40 + 20)+8+9=60+8+9=68+9=77

- Change-both-numbers methods
This method can be easily confused if children dounderstand what must
remain the same in each method. In addition, @k thust stay the same;
this method can be thought of as just moving sontigiess from one number
to the other to make one number easy to add.
For example: 48 +29=(50+30)-2-1=80-43=

- Decompose-tens-and-ones methods
The methods in which the tens and ones are decadpsd then operated
on separately must deal explicitly with regroupiig:adding, a unit of ten
must be made from ten ones, and in subtractingjtaotiten must be opened
to make ten ones.
For example: 48 + 29 = (40+20) + (8+9) = 60 + 177=

3. The level of flexible, formal calculation
At this level, children no longer need to use thisany other kind of visual
counting aid as they can carry out calculationsregtin their heads, noting

down intermediate steps where necessary.
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2.4. Mental Arithmetic Strategies

According to the Merriam-Webster dictiondrymental can be
defined as occurring or experienced in the miadthmetic is a branch of
mathematics that deals usually with nonnegativemeabers and the application
of the operations of addition, subtraction, muitigtion, and division to them; and
a strategy can be defined as a careful plan or method. Tberefmental
arithmetic strategies can be defined literally athnds that occur in the mind to
solve addition, subtraction, multiplication or dilin problems with nonnegative
real numbers. However, there is a significantedéhce between what is known
as mental arithmetic strategies in Indonesia anétwh defined as mental
arithmetic strategies here.

Mental arithmetic for doing calculation mentallygarrently a new
trend in Indonesia. There are two different typéshis current trend for mental
arithmetic in Indonesia. The first type refersthe ‘abacus mental arithmetit
which was first developed in China. The abacuswoaden frame with beads
sliding on wires — is a calculating tool for perfong arithmetic by sliding beads
up and down along wires. Children use a concrbteEws as a calculating tool
only in the beginning. At the next level, childnerove their fingers very fast as if
they move beads on an abacus while doing the meatallation in their head.
As the primary aim of this method is to solve barghmetic problems as fast as
possible, it often neglects contextual problems.

The second type is the so-callddifnon® in which children learn
mathematics starting from their own pre-knowledgén developing mental
arithmetic strategies for children, this method eleps number relations by
practicing based addition and subtraction problénsiumbers up to 20. It also
applies number structures to develop number relat@nd to practice solving
addition problems mentally. This method comesnoend of solving addition
problems in a mentally algorithmic procedure thaats numbers ancatenated

single-digit conception.

4 http://www.merriam-webster.com/
5 http://www.aritmatikaindonesia.com/index.html
8 http://www.kumon.co.id/
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The mental arithmetic strategies defined in thesgmé research aim
at understanding number relations to perform mecai#tulation, not only bare
number problems, but also contextual problem sdonaf and draws on Buys
(2001) definition:

Mental arithmetic is a way of approaching numbersd anumerical

information in which numbers are dealt with in anthg and flexible way,

and characterized by:

- working with number values instead and not withitdigin mental
arithmetic the numbers keep their value

- using elementary calculation properties and numddationships such as
exchange property (16 + 47 = 47 + 16)
splitting property (28 + 43 = (20 + 40) + (8+3) )
inverse-relationship (62 — 59 = 3, because 59 #62)=
and their combinations

- being supported by a well-developed feeling for beam and a sound
knowledge of elementary number facts in the aremuwenty and up to
one hundred

- possibly using suitable intermediate notes accgrttinthe situation, but
mainly by calculating mentally (Buys, 2001: 122).

Buys (2001) argued that mental arithmetic is ndy amportant in
our everyday life, but also important as the bdsis arithmetic activities in
different subject areas. Furthermore, Buys (20@d43cribed three elementary
forms of mental arithmetic in general:

1. Mental arithmetic by atringing strategy
The numbers are primarily seen as objects in thmtony row and for which
the operations are movements along the counting fiather (+) or back (-),
repeatedly further (x), or repeatedly back (:). this strategy children might
conceptualize an addition problem sequence methods which they could
employ aunitary methodo count on from the first number, amethod using
tens for example ‘jump-of-ten’ or ‘jump-via-ten’ stiegy.

2. Mental arithmetic by aplitting strategy
The numbers are primarily seen as objects with @ndd structure and in
which operations are performed by splitting andcpssing the numbers based
on this structure. In this strategy children cqouoalize an addition problem
as collected multiunit methodsChildren have to decompose the ‘tens’ and
‘ones’ and operate them separately. Based on quswviesearch, children

normally apply this strategy more than other sgia®
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25.

3. Mental arithmetic by &aryingstrategy
This strategy is based on arithmetic propertiewhich the numbers are seen
as objects that can be structured in all sorts @fsnand in which operations
take place by choosing a suitable structure anehubie appropriate arithmetic
properties.

In choosing a model to support mental arithmetrategies, it is
important to find one which is widely applicabl@re which can connect with the
various manifestations of the operations. Numizens be structured as a line
model that offers more potential than a group mod&Igroup model has a less
obvious relationship to a linear situation suclpage numbers or people’s ages or
with one-by-one counting. Moreover, grouping doefih in so well with the
informal strategies that children naturally use¢hiese types of situations. It is the

proper combination of line and group models thadést productive.

Three Design Heuristics of RME in relation to Addition up to 100 using
Mental Arithmetic Strategies on an Empty Number Line
The developers of RME take the view that RME wascontrived as
a formal, finished, instructional theory. Inste®ME is a theory in progress that
is always reconstructed as a generalization ovenemous local instruction
theories. (Gravemeijegt al, 2000). RME emerges in a cyclically cumulative
process of a series of design research projectawvé@reijer, 1994, 2004).
Therefore, the theory development takes place abws levels: (Gravemeijer,
2004; Gravemeijer & Cobb, 2006)
- the instructional activities (micro theories) level
- the instructional sequence (local instruction tie)rievel
- the domain-specific instruction theory level (RMigory)
The general tenets that stem from generalizatibriscal theories can be viewed
as heuristics for instructional design (Gravemeggr al, 2000), which are:
didactical phenomenologguided reinventionandemergent modeling.
Freudenthal (1983) distinguished thought objecisogmena and
phenomenaphainomena Nooumeare mathematical objects of which a part can
be experienced asphainomenon By means of phenomenology of mathematical

concepts, structures, and ideas, the relation legtn@umenandphainomenas
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organized. Since mathematical concepts, structamed ideas serve to organize
phenomena, their phenomenology indicates which @inena can be created and
extended to organize. Didactical phenomenology of a nooumenon is the
didactical element on how the relation betweennbeumenon and phainomea is
acquired in a learning-teaching process.

Didactical phenomenologgan serve as a heuristic for designing
children’s activities that encourage children toalep their mental strategies. As
a starting point, experientially real contexts tabw a wide variety of solution
procedures should be provided for progressive madkieation. In this respect,
this design research builds and extends on theextual situation of the previous
research, which has dual goals, i.e. students’ |dpumeent of measuring
conceptions and arithmetical reasoning with numhbess than 100 (Gravemeijer,
Bowers, Stephan, 2003). The “measuring situatisnthosen as the contextual
situation in this design research because it allstugdents to start their learning
path from different levels and serves as a basighe emergence of an empty
number line as a model for reasoning in calculatity numbers up to 100.

The second design heuristics @Guided Reinvention in which
mathematics is seen as a human activity and chilth@n mathematics in their
own learning route. A designed learning path bgsrovide spaces for children to
develop their own thinking with the guidance of #eacher. The role of the
teacher plays an important role to enhance chilgiinking through progressive
mathematization.

Learning is not only seen in an individual perspegtbut also in a
social perspective where the individual particisate and contributes to the
development of mathematical practices and the ilegroommunity supports the
development of children’s thinking. By comparingrategies, whole-class
discussion of the more efficient solution methodsl dby the guidance of the
teacher, for example to create an open classrodtureupose questions, and
record children’s mental strategies, using an emptyber line could enhance the
development of flexible mental strategies in clatds thinking.

Emergent modeling encourages children in the process of gradual
growth from experientially real contexts to formalathematics (progressive

mathematization). An empty number line as a mddekrithmetical reasoning
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with its level raising qualities is proposed asidadtical tool for addition and
subtraction up to 100 (Treffers, 1991). The empiynber line emerges from the
modelof the situation to the modé&r mathematical reasoning in solving addition
and subtraction problems using flexible mental tegiees. It can be used to
describe a solution of such problems by marking mlbenbers involved and
drawing the ‘jumps’ that correspond with the pdrtalculation. The advantage of
an empty number line is its potential to foster ttievelopment of more

sophisticated strategies.

2.6. Research Questions
1. How do Indonesian children who are used to perfammalgorithm strategy
develop their mental arithmetic strategies on amptgnmumber line to solve
addition problems up to 100?
1.1.How do children develop a framework of number fiefs to construe
flexible mental arithmetic strategies?

1.2.How flexibly do children use mental arithmetic $tgies on an empty
number line to solve addition problems up to 100?

1.3.Do children interpret an empty number line as alpaaught calculation
procedure?

2. How does the emergence of an empty number lineugfirca measurement
context support the development of children’s timgkin constructing number
relations to support mental arithmetic strategies?

2.1. How does the measurement context with a string ed#db support the
development of children’s counting strategies dairtnumber relations?

2.2.How does a pattern of a string of beads support déeclopment of
children’s counting strategies and number relatiartbeir thinking?

2.3.How does an empty number line support the developnoé number
relations in children’s thinking?

2.4.How does an empty number line support the developnoé mental
arithmetic to solve addition problems up to 100?

3. How do the role of the teacher and the classroortureu support the

development of children’s thinking in constructimgntal arithmetic strategies?
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3. Design Research Methodology

Our methodology falls under the general headingdekign research”
which was first proposed as “developmental reséaioi Freudenthal in the
Netherlands to develop the so-called domain-spmediistruction theory of RME
(Gravemeijer & Cobb, 2006; Freudenthal, 1991).

Developmental research means:

Experiencing the cyclic process of development msgarch so consciously,
and reporting on it so candidly that it justifieself, and this experience can be
transmitted to others to become like their own elgpee. (Freudenthal, 1991:
161)

The purpose of this design research is to develdpss of theories about
both the process of learning and the means designsdpport that learning, be it the
learning of individual students, of a classroom ommity, of a professional teaching
community, or of a school or school district viewasl an organization (Cold al,
2003). Edelson (2002) proposed three reasonsnigagng in a design research as a
form of educational research:

1. Design research provides a productive perspectivettfeory development
because the goal directed nature of design proadestural focus for theory
development.

2. Results of design research which encompass dedigtivities, materials,
and systems are the most useful results regardiegmprovement of the
education system as the ultimate goal of educdtresaarch.

3. Design research directly involves researcherseénmiprovement of education
because researchers have the freedom to explareative design. This is in

line with the educational system that calls foetiminovation.

Basically, a design research has three essentadesh which are the
design and preparation phase (thought experimémt),teaching experiment phase
(instruction experiment), and the retrospectivelymis phase (Gravemeijer & Cobb,
2006; Coblet al., 2003). Each of these forms a cyclic procesh batits own and in a
whole design research. Therefore the design expeiti consists of cyclic processes of

thought experiments and instruction experimentsy&enthal, 1991).
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CONJECTURED LOCAL INSTRUCTION THEORY

thought thought thought thought thought
exp. exp. exp. exp. exp.

Q00

instruction instruction instruction instruction
exp. exp. exp. exp.

Figure 3.1. Reflexive relation between theory argeriments (Gravemeijer & Cobb, 2006)

In the first phase of this design research, a @bmjed local instruction

theory is developed under the guidance of the dasécific instruction theory RME,

and then put to the test in the teaching experirpbaste, and finally the conjectures are

either proved or disproved in the analysis phaseetmnstruct the local instruction

theory. In this respect, the conjectured locatruttion theory guides the cyclically

teaching experiment phase while the experimentritutés to the development of the

local instruction theory.

3.1

Phase 1. Preparation and Design

The objective of the preliminary phase from a desigrspective is
to formulate a conjectured local instruction thedinat can be elaborated and
refined while conducting the experiment, while actal issue to highlight from a
research perspective is that of clarifying the g®idtheoretical intent
(Gravemeijer & Cobb, 2006). Therefore, a conjestdiuiocal instruction theory in
the mathematical domain of addition up to 100 usirental arithmetic strategies
on an empty number line was designed by first erdowg the theoretical
framework, then elucidating mathematical learnioglg as well as anticipatory
thought experiments in which sequences of learriatjvities and means are
designed to support the development of studeniskitig. In addition to this,
students’ mental activities and their levels ohking in engaging the activities
were envisioned.

In order to be able to develop a conjectured lotstuction theory,
the instructional starting points have to be takeo consideration. Some aspects

of these starting points are studying existing aese literature and using the
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3.2

3.3.

results of earlier instructions to envision instroigal activities and conjecture
children’s learning processes. Carrying out pgeasment before the teaching
experiments, such as interviews with the teacher @nldren, and whole class

performance assessments are useful in documensigdtional starting points.

Phase 2: Teaching Experiment
The second phase is actually conducting the desigreriment

itself with an aim to improve the conjectured lo@astruction theory that was
developed in the first phase, by testing and regisionjectures as informed by
ongoing analysis of both students’ reasoning anel lgmrning environment
(Gravemeijer & Cobb, 2006; Coldt al., 2003). The teaching experiment was
conducted in grade 2, SDN Percontohan Kompleks,Ik#Rarta, Indonesia with
37 children in class 2A and Ratna Warsini as tlaeher. During the teaching
experiment, the researcher also acted as an obsegether with the teacher. We
used activities and types of instruction that sekmeost appropriate at that
moment according to the Hypothetical Learning Tetgey (chapter 4). A set of
teacher manuals is used as a guide for the teatlmemducting the lessons and
also in observing the development of classroomtjmes (see appendix 1 on the
examples of the teacher manual). The data (seendpp2 on Data Generation)
such as video recordings, students’ work, and fieltes were collected in every
lesson, whereas the students’ assessments werédfele@ and at the end of the
experiment (see appendix 3 on Assessments). Tkeofathe teacher and the
classroom culture are also important aspects indwciing the teaching

experiment (see appendix 4).

Phase 3: Retrospective Analysis

A primary aim when conducting a retrospective asialys to place
the design experiment in a broader theoretical @dnthereby framing it as a
paradigm case of the more encompassing phenomec#isgp at the beginning
(Cobbet al., 2003). The retrospective analysis deals witletao$ data collected
during the teaching experiment where the HLT wammared with students’

actual learning. The HLT functions as guidelinetedmining what the researcher
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should focus on in the analysis. The results efrtirospective analysis will form

the basis for adjusting the HLT and for answerlmgriesearch questions.

3.4. Reliability and Validity

A design research can be characterized as a lgapnatess of a
research team. The learning process has to jubgfyesults (the HLT including
its instructional activities) of the design resdmardn relation to this, we refer to
the methodological norm of reliability (virtual degability) and validity.

Virtual replicability refers to reliability or reproducibility for a
gualitative research in which the research is itgploin such a manner that it can
be retraced, or virtually replicated by other reskars (Gravemeijer & Cobb,
2006). A criterion for virtual replicability is rackability’ (Gravemeijer & Cobb,
2001). This means that the reader must be altitadk the learning process of the
researchers and to reconstruct their study: falumed successes, procedures
followed, the conceptual framework used, and theswoas for making certain
choices must all be reported. Furthermanggrnal reliability can be interpreted
as inter-subjective agreement among the researohetrs project.

Meanwhile, the design research should provide aisbésr
adaptation to other situations by offeringttack description (results) of what
happened in the classroom (Gravemeijer & Cobb, PO0®hat is what we mean
by the ecological validity of this design research. By describing detailghef
teaching learning process, the role of the tea¢herchildren’s participations and
diverse ways of reasoning, the role of model (is tase the empty number line),
and the analysis of how these elements may halgeimdfed the whole process,
other teachers and researchers will have a basidéiderating adjustments to
other situations. That is to say, a local insiarctheory functions as a frame of
reference for teachers who want to adapt the qumureing instructional sequence
to their own classrooms, and their personal ohjesti(Gravemeijer & Cobb,
2006). Moreoverinternal validity concerns the correctness of the findings within
the actual research situation. Researchers camovwapthe quality of their
justifications and interpretations by seriously rebiang for counterexamples or
alternative explanations or asking fellow researghe play the role of ‘devil’'s

advocate’.
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4. The Hypothetical Learning Trajectory

The aim of the present design research is to dpvaldocal instruction
theory on addition up to 100 under the guidancehef domain-specific instruction
theory (RME theory), that serves as an empiricglgunded theory on how a set of
instructional activities can work, not merely toopide teachers with instructional
activities that work in the classroom.

A local instruction theory consists of conjecturalBout a possible learning
process, together with conjectures about possib&ans of supporting that
learning process. The means of support encompagsntially productive
instructional activities and (computer tools) adlves an envisioned classroom
culture and the proactive role of the teacher.af@meijer & Cobb, 2006: 21)

The conjectured local instruction theory on additigp to 100 which has
been developed in the first phase of this desigearh was put to the test in the
teaching experiment phase. The instrument in thegnt research that can bridge the
gap between the instruction theory and teachingrx@nt is what Simon (1995) used
in Mathematics Teaching Cycle, i.e. the “Hypothaiticearning Trajectory” (HLT).

The hypothetical learning trajectory is made uphoée components: the learning
goal that defines the direction, the learning ati#is, and the hypothetical learning
process—a prediction of how the students’ thinkang understanding will evolve
in the context of the learning activities. (Sim&895: 136)

The distinction betweenhypothetical learning trajectoriesand local
instruction theoriess that a hypothetical learning trajectory referatplan for teachers
and researchers of instructional activities to cmha particular teaching experiment in
a given classroom on a daily basis. A local irdtam theory, on the other hand, refers
to a description of, and rationale for, the envisid learning as it relates to a set of
instructional activities for a specific topic, ihi$ case addition up to 100 (Gravemeijer,
2004). In addition to this, Gravemeijer (2004 tesththat a local instruction theory as a
framework of reference could enhance the qualittheflearning trajectories.

Bakker (2004) mentioned that the HLT has differfemictions depending on
the phase of the design research and will contiyalEvelop and change through the
different phases:
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- During the design phase, the HLT guides the desigimstructional materials
that have to be developed or adapted.

- During the teaching experiment, the HLT functiossagguideline for the teacher
and researcher for what to focus on in teachirtgrwewing, and observing. It
can be adjusted because of incidents in the clagsreuch as anticipations that
have not come true, strategies that have not be@sden, activities that were
too difficult, and so on.

- During the retrospective analysis, the HLT is coredato the actual learning
process and it forms the basis for developing atruation theory.

More specifically, this chapter clarifies a hypdtbal learning trajectory
preceded by a conjectured local instruction theéorgddition up to 100, with the latter

serving as a framework of reference in constitutimgHLT.

4.1. TheConjectured Local Instruction Theory

A conjectured local instruction theory is made fiphoee components:
(1) mathematical learning goals for students; (@nped instructional activities
and the tools that will be used; and (3) a conjectlearning process in which one
anticipates how students’ thinking and understamdould evolve while engaging
in the proposed instructional activities (Gravee®iR004). This design research
will look at how Indonesian children who alreadyube algorithm strategy solve
addition problems up to 100 using flexible ment&hanetic strategies.

The objective of the mathematics elementary sclouwticulum in
number domain for the second graders in Indonesidnat children can solve
addition and subtraction problems up to 500. Haweealculation up to one
hundred is important to lay the foundation for falither calculation with whole
numbers, decimals, fractions, ratios, and percestalgecause further calculation
not only depends on the knowledge of number strac&und the basic skill of
flexible calculation, but also on the insight ifitmdamental calculation strategies
(Treffers & Buys, 2001). Based on interviews witte teacher of the second
graders and the second graders in SDN PercontétiBnibkarta, | conclude that
most of the children only know two strategies folvég such problems, the so-
called “short strategy” and “long strategy”, whibhve been taught for numbers

up to 100 since they were in the first grade. TFhert strategy refers to the
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algorithm strategy or column arithmetic, while tbag strategy is performing the
algorithm strategy preceded by splitting numbens fi

1 47 =40+7
gg 68=60+8*
+ =100 + 15
115 =115
“short strategy” “long strategy”

Figure 4.1. the ‘short’ strategy and the ‘longas¢gy

Observations before the teaching experiment shat ¢hildren have
inadequate conceptual understanding of number®wblling problems using the
algorithm strategy. For instance, Syifaa, an eigddr old child, performed the
algorithm strategy in solving an addition problemdatreated numbers as
concatenated single-digits (Fusenal 1997) without their values which cause a
mistake.

3

, +

Figure 4.2. Syifa’s mistake in solving an additfmoblem using algorithm strategy

This shows us that the second grade children in 8Bidontohan IKIP
Jakarta are used to perform the algorithm strateggolving addition problems.
Children often do written algorithms without a gredeal of thought, simply
applying the procedure with very little sense ofatthey are really doing.
Children not only make mistakes in treating numpdnst they also become
nonflexible problem solvers in dealing with numberseveryday life situations.
The fact that the children cannot come up withtegi@s other than algorithm is
also evidence that children are not flexible inngsmore efficient strategies to
solve certain problems. Therefore, mental aritiengtrategies are suggested as
an alternative to help them become more flexiblebf@ms solvers, and at the
same time build their conceptual understandingurhilmers and number relations
(Treffers, 1991). However, this does not mean that algorithm is fiutbn at all.
Beishuzen (1993) suggested that algorithm is bedteght after mental arithmetic
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strategies, to build on children’s informal straésgand to minimize calculation
errors because of the prematurely taught of algorit

Treffers (1991) introduced the use of an empty remline in the
realistic approach to describe the solution of (thgit) addition and subtraction
problems by marking the numbers involved and drgwihe jumps that
correspond with the partial calculation. Moreov@ravemeijer (1994a, 2000)
pointed out three main reasons to choose an emyhper line as a model. The
first is based on the need for linear represemafior counting numbers
(Freudenthal, 1973), because the set (collectedleinof numbers cannot cover
the need for a linear (sequence)-model for sonu@tsiins such as distances, ages,
and page numbers. The second reason is that thty emamber line represents
children’s informal strategies such as countingod counting down. The third is
its level raising qualities that could foster thevelopment of more sophisticated
strategies. Regarding the level raising qualittes, empty number line allows
children to express and communicate their own Ewiustrategies, facilitating a
classroom discussion on comparing more sophisticsitategies.

Aiming at an understanding of children’s learnimgpgess in grade 2,
as they construct mental arithmetic strategies roerapty number line to solve
addition problems up to 100 through a measurementegt, themathematical
learning goal below is formulated:

Children will be flexible in solving addition pradrhs up to 100 both in
context and in a bare number format using mentaharetic strategies on
an empty number line.

Based on the fact that the children are alreadyl useperform the
algorithm strategy in solving addition problemdgarning trajectory must begin
with a situation that differs from their previousperiences with numbers to avoid
algorithm and to prompt new strategies. A measargrsituation using a string of
beads has been proved as a rich contextual situ@tidevelop children’s counting
strategies, leading to the emergence from thetstuaf an empty number line
into a model for calculating using mental arithroesitrategies (Gravemeijer,
Bowers, Stephan, 2003). The teacher plays a drucia in introducing the
contextual situation and building the needs andaes for children to involve

themselves in the activity.
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However, we must keep in mind that the empty nuniiper is not a
tool for doing calculation on paper. The roleloé €mpty number line is intended
as a model to record children’s thinking processieviioing mental calculation
and at the same time to enhance more sophististtggies. Therefore, later on
an empty number line is no longer used to recomlsostrategy in doing mental
calculation.

It was observed before the teaching experiment thast of the
children can count by tens, which will lead to malkeir counting more efficient.
Therefore, children are expected to come up wittrimg of beads with 10-10
pattern. Facilitating discussions and posing doestare another crucial role of
the teacher to help children who are still not abolecount by tens. From this
point, an empty number line occurs as a model mieasuring situation in which
children record their measurement result. Finalig,empty number line becomes

a model for doing mental strategies in solving ddiproblems flexibly.

a string of beads

| \ \ |

T T
10 4 v

a paper strip

‘ ‘ an empty number line
10 43

The emer gence of an empty number line asa model of measuring situation

develops

49+22=T1

21

49 50 71

An empty number line asa model for solving addition problems

Figure 4.3. The emergence of an empty number line
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In between the emergence of an empty number |lio@ fmodel of to
model for, it is worth exploring number relatiomsenhance children’s thinking in
doing mental calculation flexibly. Doing activiien a playful manner, such as
using number cards and games will attract childeerengage in the activity.
Combinations that make ten (1 and 9, 2 and 8,@%e) an idea of doing mental
strategies using ‘landmark numbers’. Number refegi such as 38=30+8;
38+2=40; 38-3=35; etc will help children to makepwper decision in doing
mental calculation for solving certain problems.

A contextual addition problem in the measuringaitan could then be
posed to children to explore their addition stregeg If none of them comes up
with different strategies than algorithm, a teacbeuld use a counting by tens
game while the jumps are represented on an emphpauline to give a visual
representation for their counting. Problem strings certain mental strategies
could help children understand number relationdenthding mental calculation.

The landscape of learning below illustrates for the big ideas
involving measurement and numbers, mental arittanstrategies in solving
double-digit addition problems, and the empty nunmine as a model for solving

addition problems up to 100.

The Landscape of Learning

Big Ideas
Distance is measured as a series of iterated units.
Numbers can be decomposed and the subunits oresnaatiounts can be added in varying
orders, yet still be equivalent (associative anumoitative).
There are place value patterns that occur whemgditi groups of ten.
Unitizing

Strategies
Counting three times
Counting on
Using the five and ten structures
Keeping one number whole, using landmark numbedsoamaking leaps of ten
Splitting

M odel

an empty number line
Figure 4.4. The Landscape of Learning (Catheriwerfiey Fosnot, 2007: 5)

L A problem string is a structured series of protsehat are related in such a way as to develop and
highlight number relationships and operations (lBbgnDolk, 2001: 127)
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4.2.

>

X/
*

>

X/
*

Counting three timess the lowest level strategy that the second gshaldents
could do. To solve 38 + 27 for example, studentsc 1, 2, 3, ...38 and 1, 2,
3, ...27 then they count again 1, 2, 3..., 38, 39(D(2% ...65(27). This
strategy takes a lot of time and is not efficiantlfigger numbers.

Counting on one by one the next level after students can count thraedi
this strategy is more efficient than counting thtaees, but it is still not
efficient for bigger number. To solve 38 + 27,d&nts start counting from
38, then they count on 39(1), 40(2), ...65(27).

Counting on using the five and ten structuresnore efficient than counting
on and backward one by one.

Jumps of tenstrategy treats one number as a whole, while tbensenumber
is added by taking leaps of tens

Jumps via tenstrategy treats one number as a whole, while tl®nske
number is added via landmark numbers (10, 20,18), e

Splitting strategy involves splitting the tens and ones atdressing these
separately.

TheHypothetical L earning Trajectory

4.21 Measuring with a string of beads

Mathematical Learning Goals:

1. Children can measure things around them usingraysif beads.

2. Children can use certain patterns on the strinigeafds to make their
counting easier.

3. Children can compare numbers in the measuremeigxton

4. Children can count by tens in determining the nundiebeads with
the 10-10 pattern.

Tools:

Multiple color of beads , strings, children’s wahnk®ts
Planned Instructional Activities:

A. Developing the context

% Beads are for accessories in everyday life.

% How many beads do you need to make a braceletdorsglf?
What about your friends? Who need the biggest murobbeads
or the smallest number of beads? Why is the nurobdreads
used in your bracelet different?

% An idea of measuring using a string of beads ocetiirsr the
discussion of different number of beads that thié&dadn need to
make bracelets.

B. Measuring for Celebrating the 83ndonesian Independence day

% Children work in pairs.

% Children measure the circumference of their headproduce a
paper headband to celebrate Indonesian Independece

% Children have freedom to measure things around.them

s While the children are measuring, the teacher asmkarcher
observe the children’s strategies in counting agigminining their
measurement results.
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C. Math congres$
The classroom community discusses and comparestiineture that
they use in their string of beads. They argue Wwhicucture is helpful
for their counting, that is to speed up their coumnt

Hypotheses of Children’s Learning Process:
These are some patterns that might come out inging the beads:
(000000000 0 0

[ L 00 00 00 00 O
(000 000 _ 000

. 00000 __ __ 00000

[ 0000000000

The children might or might not apply the structute help
them counting. Some children still count by onelsile others can count
by twos, fives, or tens.

Interrupting children when they are counting thenber of
beads can frustrate them when they are countinggmae, while the ten
structure in structuring the beads can help childre determining the
result of measurement easily by doing countingemgt Every group has
a worksheet to be filled in with the results of m@ang things in the
classroom.

Later, the classroom community discusses whichcttra of
bead strings is best to use in measuring. Thedreml who found
difficulties and took a long time to determine thesult of their
measurement are expected to realize that the mackste is helpful in
determining the number of beads easier. Howeweretmight also be
children who prefer the five-structure insteaderi.t Bring a problem to
children in which they have to show a number ofdseand let them judge
which structures help them find the fastest sofutid\fter the classroom
community comes to an agreement about the tentsteya@ string of 100
beads can be put on the blackboard.

It is expected that children are already well aaupea with the
number sequence up to 100 before doing this agtieiton the other hand
this activity might also encourage children to bé&dao recite the number
sequence up to 100.

4.2.2 Theemergence of an empty number line
Mathematical Learning Goals:

1. Children can measure using paper-string of beatts M3-10 pattern.

2. Children can represent measurement results on ptyeramber line.

3. Children can find a difference between two measergmesults using
the paper-string of beads, or using an empty nuier

2 A math congress is a whole-group share wherehigren communicate their ideas, solutions,
problems, proofs, and conjectures with one anotMareover they also defend their thinking (Fos&ot
Dolk, 2001: 27)
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Tools:

String of beads with 10-10 pattern; paper-stringbefids with 10-10
pattern; children’s worksheet; number cards indig (1 — 100)

Planned Instructional Activities:

A. Class Discussion
% Measuring on paper-string of beads (10-10 pattern)
% The emergence of an empty number line: recordnbasurement
results on an empty number line
% Finding a difference between two measurement iesult
B. Working on the worksheet

Hypotheses of Children’s Learning Process:

The paper strip (with circles as a representatidh® beads)
below the string of beads is intended to let cleitdrunderstand the
modeling situation and moreover to emphasize thdQl(attern that
could enhance children’s counting strategies. d¢én are expected to be
able to measure things using this 10-10 paperestoh beads and
recognize the 10-10 pattern to count by tens.

A line without numbers is placed under the papengtof
beads and is used to record the result of measateme

10 20 30 38 40 50 5

Recording the measurement result on the empty nufimee
is an activity to locate numbers in an empty nunmber. The string of
beads or the paper strip is put above the emptybeurine, so that
children can still count by ones to locate a numiieran empty number
line. Children may do counting by ones or by tdng,once a child does
counting by tens, there is an impression that ithia very sophisticated
way to locate numbers in an empty number line. fBmestructure in the
bead string itself encourages children to countelmg instead by ones or
by fives. When recording the tens in the empty berine, make sure
that the numbers are written bigger than other remsbit will help
children to recognize the ten number sequence2(1 (0, ..., 100).

After some numbers are recorded on the empty nuiimeer
ask the children to find the difference or the suBome questions that
could be posed are:

“Now we know that the length of the table is 58 beatl the height of the
table is 47. Could you find out the difference wesin the two
measurements?”

“Can you explain to us how you find the differebedween 58 and 477?”

In this problem, children might solve this probldmy adding on the
number 47 until it comes to 58. They probably dartmg by ones (48,
49, 50,... 57, 58) with their fingers, or adding 04 to get 57 and add 1
more, or probably doing algorithm (column arithrogti By providing the
paper strip above the empty number line, childran count the beads
between two numbers on the paper strip to find ttiéierence. This will
give an idea to solve subtraction problems usiriregdon strategy.
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4.2.3 Exploring number relations
Mathematical Learning Goals:

1. Children can memorize combinations that make tera iplayful
manner.

2. Children can estimate a number position on an alreaspty and
empty number line.

3. Children can locate numbers on an empty numberusieg number
relations.

Tools:

Paper-string of beads with 10-10 pattern, childsembrksheet, number
cards in big size (1 — 100), ropes / strings

Planned Instructional Activities:

A. A game on combinations that make ten

B. Locating numbers on an almost empty number line
C. Locating numbers on an empty number line

D. Exploring number relations

Hypotheses of Children’s Learning Process:

Children remember combinations that make 10 byiptag
game. This will help them to be more flexible inléng addition
problems, for instance using strategy “jumps vieste

In locating numbers or number cards using the Istanlg,
children might still count ones. Locating numbards on a string under
the paper strip in a playful manner will give a b@ to children who still
count by ones to develop their strategies througtudsion

Afterwards, an almost empty number line (a numiee |
with a sequence of tens on it) is introduced a®deahof the 10-10 pattern
string of beads. Locating numbers on an almosttgmpmber line
without help of the paper strip can urge childrerestimate the distance
between two numbers. They might still count onedme for small
numbers, but problems occur when the numbers gogehiand they must
use number relations to locate a number in its grgposition. For
example, locating 68 on the almost empty number itnquite difficult
when children count by ones from the beginning.e €asier way is for
children to estimate the proper position betweera®@ 70, whether it is
nearer to 60 or to 70.

A

2 |

68 ?
| | | | | | ; | | |
0 10 20 30 40 50 60 0 80 90 100

Locating numbers on an empty number line for tlepieace
of tens will help children recognize the sequericeins and urge them to
use number relations (will 60 be on the rightlee teft side of 507? is 48
closer to 40 or 50? how many more to get 50 frofh &8).
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4.2.4

1.

2.

Having a framework of number relations, childrerl voie
more flexible in solving addition and subtractiom 1o 100 using mental
arithmetic strategies. An example is the jumyga tens strategy
employing the number relation: 38 + 588+ 2 + 55 =40 + 50 + 5 =95

Exploring addition strategies on an empty number line
Mathematical Learning Goals:

Children can use the strategy ‘jumpé ten’ in solving addition
problems on an empty number line.
Children can use the strategy ‘jumpg ten’ in solving addition
problems on an empty number line.

. Children can use both strategies using a compemsatichnique in
solving addition problems on an empty number line.

Tools:

Children’s worksheets

Planned Instructional Activities:

A. A game on jumps of ten
B. Solving addition problems up to 100 using jumps$eof strategies
C. Working on the worksheet

Hypotheses of Children’s Learning Process:

Children are expected to come up with differenatsgies,
such as counting by tens, using landmark numbplitijrgy, etc in solving
addition problems. Afterwards the teacher coufgresent their thinking
on an empty number line.

A game in counting by tens while the teacher regmtsstheir
jumps of ten on an empty number line will let chéld see that every time
they add ten to the number, a curve line (a juragjrawn on the empty
number line. This will give an idea of the stratégmps of tens” to do
addition.

If they do not come up with one of the strategiesva, the
teacher could give a hint to start with the strategunting by tens
(jumping by tens) with the game above as the sganpioint to introduce
the strategy on an empty number line.

A string of problems (pose to the children onceitime),
such as: 75 + 10; 75 + 14, or 62 + 30; 62 + 32| kelp children to be
more competent in strategy “jumps of ten”. Childrare expected to
know by heart every jump of ten, that is 75+10 5 8%en they are
expected to use this result to find out the restilthe next problem (if
they realize that the next problem has 4 moreHersecond number than
the first problem), that is adding 4 to the pregioesult (85) becomes 89.

The problem string is expected to help childrercpeca their
mental strategies and apply their number relatiors®lving the problem.
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4.2.5 Developing addition strategies on an empty number line
Mathematical Learning Goals:

1. Children can solve addition problems up to 100 gighre ‘jumps of
tens’ strategy on an empty number line.

2. Children can solve addition problems up to 100 gighve ‘jumps via
tens’ strategy on an empty number line.

3. Children can solve addition problems up to 100 gidinth strategies
above by applying the ‘compensation’ technique.

4. Children will be flexible in solving addition pradins up to 100 on an
empty number line.

Tools:

Children’s worksheets

Planned Instructional Activities:

>

Discussing the ‘jumpeftens’ strategy in solving addition problems
up to 100.

Posing ‘problem strings’, for example: 72+10; 72+12+12; etc
Developing the ‘jumpsiatens’ strategy

Games

. Comparing more efficient strategies for certainitola problems.

vaotheses of Children’s Learning Process:

Mmoo

In the discussion, children show their performaimcgolving
an addition problem using different strategies.r B ‘jump of ten’
strategy, children might come up with a bigger jurapch as 20, 30, or
40. This will encourage the children’s level ofinking through
discussion on the more efficient strategies. mheahildren come up with
the strategy ‘jumps via tens’, then it could bepi¢ of discussion in the
classroom to compare more efficient strategies dertain types of
addition problems.

A game and context problems are posed to childeen t
introduce subtraction problems like adding on. I€knh can compare
which strategies are best for certain problems.eyThan decide by
themselves and use an empty number line to regrésnthinking.

The HLT has elaborated the conjectured local isima theory in
which the RME principles underpin the whole instroical sequence. The HLT is
expected to be able to support children’s progveseiathematization from the
reality (measuring activity) to the formal mathemat(addition up to 100 using
mental arithmetic strategies on an empty numbee).lin Together with the
guidance of the teacher and the open classroomreuithese are expected to
support the development of children’s learning psscto be a flexible problem

solver.
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5. Retrospective Analysis

The retrospective analysis in this design researcdompasses the explanation of data
both in general and in specific cases. The legrpimocess development of a number of
children will be analyzed, not only for the childras individuals, but also for their
participation in and contribution to the developmesi classroom mathematical
practice. The role of the teacher and the classroaglture are highlighted as well. On
top of that, the hypothetical learning trajectosy dompared to the actual learning
process that happens in the teaching experimeersul® of the retrospective analysis
will form the basis for adjusting the new HLT arat inswering the research questions.
The following section describes the interpretatifmmework that guides the
retrospective analysis of children’s learning psscén constructing mental arithmetic

strategies in a classroom community.

5.1. Interpretative Framework

As we have noted before, this design research waitdmpts the
development of a local instruction theory has aspective and reflective
characteristic in a cyclically iterative processolB et al, 2003). On the
prospective side, we initially conduct an anticgrgt thought experiment by
envisioning how mathematical activities and dissesrmay evolve as proposed
types of instructional activities are enacted ia thassroom, thereby developing
conjectures about both possible learning trajeesoand the means that might
support that learning. On the reflective side, tbsted instructional activities
together with the conjectures are refined and geedras informed by ongoing
analyses of both the students’ reasoning and thelalgment of classroom
mathematical practices.

In this section, we describe a methodology for yaragf the
collective learning of a classroom community innter of the evolution of
classroom mathematical practices. Cadibal (2001) describe criteria for an
appropriate analytical approach:

1. It should enable us to document the collective exatitical development of
the classroom community over the extended periddsnte covered by
instructional sequences
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2. It should enable us to document the developing emattical reasoning of
individual students as they participate in the ficas of the classroom
community

3. It should result in analyses that provide feeditackform the improvement
of our instructional designs.

In this respect, the interpretative framework belfgure 5.1) — that
coordinates a social perspective on communal mestwith a psychological
perspective on individual students’ diverse wayseasoning as they participate in
those practices — is proposed to organize our seslgf classroom mathematical
practices. Analyses of this type are appropriatetfe purposes of developmental
research, because they document instructional segseas they are realized in

interaction in the classroom (Cobb & Yackel, 1996).

Social Perspective Psychological Perspective
Beliefs about own role, others’ roles
Classroom social norms and the general nature of mathematical
activity in school
Socio-mathematical norms Mathematical beliefs saldes
. . Mathematical interpretations and
Classroom mathematical practiceg :
reasoning

Table 5.1. An interpretative framework for anahgicommunal
and individual mathematical activity and learnin@dbb, 2001)

The reflexive relation between the social perspectiand
psychological perspective (Cobb & Yackel, 1996; Bebal, 2001) in each row is
described below:

Classroom social normsharacterize regularities in communal
classroom activity and are considered to be joiesiiablished by the teacher and
students as members of the classroom communityampbes of social norms
include explaining, justifying solutions, attemgito make sense of explanations
given by others, indicating agreement or disagregmend questioning
alternatives when a conflict in interpretations drees apparent. The teacher is
seen to express an authority in the classroomibigting, guiding, and organizing
the renegotiation process. However, the studegtalao seen to play their part in
contributing to the evolution of social norms. this joint perspective, classroom
social norms are seen to evolve as students rdaegaheir beliefs, and,
conversely, the reorganization of these beliefsséen to be enabled and

constrained by evolving social norms.
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In socio-mathematical normsye limit our focus in subsequent
analyses to the normative aspects of whole-classudsions that are specific to
students’ mathematical activity. Examples of swotio-mathematical norms
include what counts as a different mathematicautsm, and an acceptable
mathematical explanation. The teacher guidesireldpment of a community of
validators in the classroom such that claims westaldished by means of
mathematical argumentation rather than by appeatiran authority such as that
teacher or a textbook. The students could therasgiwdge what counted as a
different mathematical solution, an insightful methatical solution, an efficient
mathematical solution, and an acceptable matheahagxplanation. However,
these were precisely the types of judgments tlenhagotiated when establishing
socio-mathematical norms. Therefore, studentsldp\specifically mathematical
beliefs and values that enable them to act asasargly autonomous members of
the classroom mathematical community as they poatie in the negotiation of
socio-mathematical norms.

Classroom mathematical practicesA-conjectured local instruction
theory can be viewed as consisting of an envisioseguence of classroom
mathematical practices together with conjecturesutthe means of supporting
their evolution from prior practice. In analyzirtbe evolution of classroom
mathematical practices, we can document the adtaahing trajectory of the
classroom community as it is realized in interactidn identifying sequences of
such practices, the analysis documents the evolsowal situations in which
students participate and learn. Students actigehtribute to the evolution of
classroom mathematical practices as they reorgdinéeindividual mathematical
activities and, conversely, these reorganizatioesemabled and constrained by
the students’ participation in the mathematicatpcas.

In summary, the psychological perspective focusesstudents’
diverse ways of reasoning while participating intineanatical practices, while the
social perspective brings out the development dharaatical practices as a result
of the social interaction among the members ofasstbom community. The
distinctions between the three aspects under ttialgmerspective is that the social
norms include what counts as explaining and justifyinterpretations, while the

socio-mathematical norms are more specific to nmadttieal activity in which the
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classroom community come to an agreement of whahtsoas mathematical
argumentation and justification. In contrast tgisemathematical norms that are
specific to mathematical activity, classroom math#goal practices focus on the
taken-as-sharédways of reasoning, arguing, and symbolizing esshbli while

discussing particular mathematical ideas (Cebal, 2001).

5.2. The Comparison between the HLT and the Actual Learing Process

The actual learning process was documented in iassef video-
recorded classroom situations conducted in thd fiisee weeks of August.
Before the HLT was tested in the classroom envimmsome information was
gathered by conducting an interview with the teaetith whom we were going to
collaborate; interviews with the second gradersseolmtions of classroom
situations; trying out activities; and a new classn culture was introduced to
children (see appendix 4) using a poster with pgsttand messages on it. The
interviews and observations provided essential rmétion about the current
classroom culture and the role of the teacher endlassroom. Interviews with
children and the try out activities support my hiymses about children’s counting
and calculation strategies in dealing with additiproblems up to 100 and
contribute to the development of the HLT (see agpeB).

The following section is the general descriptiontlodé development
of classroom mathematical practices in the teachimgeriment compared to the
hypothetical learning trajectory (HLT). Further adyses of the data are
expounded in the next section where the emergerite elassroom mathematical
practices is analyzed in coordination with the widlial learning process.

5.2.1. Measuring with a String of Beads
If we look back to the description of the HLT inagiter 4,
there were some patterns that were expected to camnehen children
were measuring, such as 1-1 (alternating colorgyevae bead), 2-2
(alternating colors every 2 beads), 5-5 (altermatinlors every 5 beads),

10-10 (alternating colors every ten beads), etoméchildren might use

! Taken as shared: We speak of normative activiisg taken as shared rather than shared to leave
room for the diversity in individual students’ waf/participating in these activities. The assertioat a
particular activity is taken as shared makes nerdanistic claims about the reasoning of the
participating students, least of all that theirsaa@ing is identical (Cobét al,2001)
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this pattern to help them counting but some migtit rin fact, none of the
children come up with the 10-10 pattern of thengtrof beads. Most of
them have 1-1 or 2-2 patterns or two different tolin both sides (see the
analysis in the sectidn3.1(2).

Children were also expected to be able to do measemt
using a string of beads and realize that they ateting the number of
beads covering the span of the measured thingthodgh children seem
to have no difficulties with the measurement attiva closer look on how
children interpret measurement gives a detailedlysisa of their
conceptions of measuring (see the analysis in@est8.1(1).

The math congress was intended as a forum to share
children’s strategies in counting the number ofdseand comparing the
effective counting strategies using patterns. Bpviding different
patterns of string of beads, children were expetiieatbme to counting by
tens or by fives strategies. The hypothesis isgmdhat at the end, a child
count by using the ten structure after the teashpports her thinking by
posing questions and providing tools (see the aisig sectiorb.3.1(3).

5.2.2. The Emergence of an Empty Number Line

As expected, children can do measurement usingparpa
string of beads (a paper strip with circles aspaasentation of the beads).
Although there is one child who still counts by snmany of them already
count by tens. Giving long objects to measure erages children to
count by tens using the 10-10 pattern. The tarcgire in the paper-string
of beads above the empty number line encouragddrefis counting
strategies as it was expected before. It seemslhiidren do not have any
problems when recording the results of measureme@n empty number
line under the paper-string of beads. Most of tteready can count by
tens in locating numbers on an empty number lingeutthe paper-string
of beads. The empty number line has emerged asdelmf measuring
situation (see the analysis in sect®f.?).

5.2.3. Exploring Number Relations
The proposed activity on exploring number relatioss

locating number cards on a string followed by loggtnumbers on an
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5.2.4.

empty number line. Before locating numbers agtjuite teacher proposes
a game of combinations that make ten and jump=f tAs expected
before, almost all the children can mention comtioms that make tens
and play the jumps of tens game (see analysieisehtiorb.3.3(1).

Locating number cards on a string is performed With help
of the paper-string of beads above the string.|d@¥m still use the paper
strip to locate numbers, either counting one by oneounting by tens.
When bigger numbers are given, children are chgéldrto count by tens.
Some of them only need to look at the pattern efghper strip without
pointing while counting by tens (for smaller nundg)eand some of them
using number relations to locate numbers. Theudson of comparing
strategies in locating numbers develops childrenimber relations (see
the analysis in sectidn 3.3(2).

When the paper strip is removed from the white tdoaome
children still count one by one and imagine thar¢hare beads on an
empty number line, but others already count by .teffhe activity of
locating numbers on an empty number line withoupepastrip helps
children to develop their number relations as etgre¢see analysis in
section 5.3.3(3). The children use their number sense and number
relations in locating numbers between 0 and 108roampty number line.
Exploring Addition Strategies on an Empty Number Line

In the HLT, children were expected to come up wiffierent
strategies, such as counting by tens, using larldmanbers, splitting, etc
in solving addition problems. Afterwards the tearcbould represent their
thinking on an empty number line. In fact, theseaigirl named Maudy
who comes up with the strategy of jumps of tensdlving 33 + 25, and
then the teacher uses an empty number line as &lnfmdrepresenting
Maudy's strategy (see the analysis in secttoB.4(1). Once a child
comes up with the jumps of tens strategy, all cailduse the same way in
solving addition problems in their book.

When another problem is posed on the whiteboard, th
teacher challenges children to use different sifate The more strategies

they could find, the more appreciative the teachas. Children show
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their performance by doing calculation on an emptmber line in

different strategies. The string problems aregivén one at a time, but all
at once. Therefore, there is no discussion andrghaf more effective

strategies in solving a certain problem, and thi#den tend to work

individually on their paper and try to solve prabk like the example
before. However, the classroom discussion reveddferent addition

strategies on an empty number line, including foenp-via-ten’ strategy
(see the analysis in sectibrB.4(2).

5.2.5. Developing Addition Strategies on an Empty Number kne

In the discussion, children show their performaimceolving
an addition problem using different strategieseréhis an expectation that
during the classroom discussion, children will campewith a bigger jump,
such as 20, 30, or 40 on an empty number line ivirgp an addition
problem. The teacher's guidance and the represemtaf children’s
thinking on an empty number line facilitate thecdission that leads to the
more efficient strategies in solving the probleme(she analysis in section
5.3.5(1).

In the HLT, a game and context problems are posed t
children to introduce subtraction problems as agldin. In the actual
learning process, the teacher shows her authomtygiing a direct
instruction to children to use an empty number lnesolve the missing
add-end problem. Although children’s performandesfront of the
classroom seem okay, they do not have sufficiederstanding in dealing

with the problem (see the analysis in secB@5(2).

5.3. Data Analysis
The primary aim when presenting an analysis ishandvolution of
classroom mathematical practices. Therefore, it analysis is that of a
classroom’s mathematical practice and student®rder ways of participating in
and contributing to its constitution. It should heted that in making reference to
both communal practices and individual studentasoming, this unit captures the
reflexive relation between the social and psychiclg perspectives on

mathematical activity.

November, 1% 2008 37



Puspita Sari (3103080) Retrospective Analysis

The episodes below were selected to clarify theeldgwnent of
mathematical practices aiming at flexibility in dgi mental arithmetic strategies
on an empty number line.

5.3.1. Measuring with a String of Beads

Data Descriptions and Interpretations

1) Measuring as covering distance Rizqy and Fahri’'s performance in

measuring activity

Me : What are you measuring?

Fahri : My head

Me : How do you measure that?

Rizgy : By counting

Me : Where do you have to start and stop in thetong?

Fahri : From one to any number
Rizqy : Starting from this (pointing to the bead ia the picture — as an
example) and ending at this (pointing to the bdsd *

Me : Ok, now count the beads!

Rizgy : One, two, three,...thirty seven...(he is disted by Fahri and loses hi
counting). Yaaaa...l have to start from the begignitone, two, three,
..., forty one (while tagging the beads one by one)

Me : Do you think it is a long way to count or not?

o

Fahri: : Ten(pointing to the first group of blue dds using his palm),
twenty(pointing to the second group of white beasiag his palm)

Rizqy : You are wrong!

Me : So, where is the ten?

Rizgy : (looking at the beads without pointing teem) from this (pointing to
the first bead) until this (pointing to the tentall)

Me : Then?

Rizqy : (looking at the beads again without poigtito them) from this
(pointing to the 11 bead) until this (pointing to the Y®ead)

Me : So, what is the length from this (tHédead) to this (the 30bead)

Rizqy : It's twenty, twenty beads.

Me : Do you think you need to change the patteryafr string to make
your counting easier?

Rizay :1don’t know

| observed that Rizgqy has inadequate understandihgthe
measurement concept. It happens probably becausanmot immediately see
the span in a curve line when he is measuring addbing. Therefore, he

points to the incorrect end bead in his measuratiyity. However, Rizqy has
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a sophisticated way of determining the sequenderobeads by only looking

at the string of beads without tagging. On theeptiand, Fakhri points to the
first group of blue beads as ten beads, and thegrexp of the red beads as
another ten beads, although it is obvious thaatteznating groups of blue and
red beads have different lengths. This shows Faklack of number sense,

because he can not perceive that the length cdttimgy of beads is comparable
with the number of beads in it, i.e. the longerstreng of beads, the bigger the
number of the beads.

Children in the classroom are given the choice dant things
around them, but since the context is developeth froeasuring the wrist,
almost all of them measure parts of the body (atrathsound things). From
my observation, children can’t come up with the1Dpattern because the
string of beads is used mainly to measure roundg#hiso that they can’t
immediately recognize that patterns while measutivag could help them in
counting. This might explain the answer of Rizdydtn't know” when he is
asked about changing the pattern of the stringeatib.

2) The need of measuring in arranging beads on a sgin

The teacher distributes a pack of colorful beadsviery pair of children, right
after the classroom community discussion aboutsodasn culture. The
teacher then immediately asks children to arrahgéeads on a string that has
two end points. Afterwards, children start to oples packs of beads and thgy
arrange the beads in the string. However, thehtgagives the children thq
choice to have different patterns on their strihbeads.

Most children have the patterns 1-1 or 2-2, ancerafrthem comes up with the
pattern 10-10 (illustrated below)

RENEEET 6 6 00 0 0 000000000000 0 0
RSl 00 00 00 00 00 00 00 00 o0 00
Pattern 10-1000000000086__CCCCCOCC000000000 0 _C0CCC000

After all the children are ready with their strinfybeads, the teacher starts|a
discussion in the classroom:

T: Now, show your string of beads

S: (show their string of beads by holding it up)
T: What is this string of beads for?

S: Necklace (shout together)

T: What else?

S: Bracelet (shout together)
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3)

None of the children answer that the string of Iseemlild be used
as a tool in measuring, and none of them come tiptive 10-10 pattern. This
might happen because the teacher does not buie@ flor measurement into
developing the context. We saw in the descriptdnove that the teacher
immediately asks the children to arrange the beadbe string without giving
any mathematical reasons to do so, and the obech@dten just do what the
teacher asks.

The teacher is seen to express her dominant atythiori the
classroom by initiating and guiding the mathemataetivity in measuring.
This shows a common social norm in most Indonesiassroom that the
children often are not provided with a mathematiedson in engaging a
mathematical activity. This might cause the mathral activity become
meaningless in children’s thinking.

Enhancing children’s thinking to count by tens byoging questions and

providing tools

The teacher put different strings of beads withfed#nt patterns on the
whiteboard. Maudy is asked to find out the numtfebeads for each string gf
beads in front of the classroom. The first strivap a 1-1 pattern, and Maudy
counts one by one. Then the teacher asks Maudy &ménd out the number of
beads on the second string which has 2-2 pattachMaudy keeps counting one
by one; until she is asked to count the numbereafds from the longest string
which has a 10-10 pattern. Then she says “aaaldaafiinen she starts thinking
and counts the first 10 beads one by one. Onceeslognizes the pattern of the
string of beads, she counts the number of beadisrisy

By providing different patterns of the string ofass and posing
challenging questions, the teacher could help m#ildto improve their
counting strategy. The 10-10 pattern of the stohdpeads could encourage

children to count by tens.

Answers to Research Questions and Recommendations

The data description and interpretation in 5.3.£€8) answer question

(2.2) and question (3) at the same time. The pattethe string of beads supports

the development of children’s counting strategyrfroounting by ones to counting

by tens. Alternating the color by tens in a strafgoeads allows children to see

the beads as chunks of ten beads, which leadsuttting by tens. Moreover, the

teacher plays her role by providing tools (sevetehgs of beads with different

patterns) and posing questions to enhance chilsltéimking. In addition to this,
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the teacher often repeats children’s strategiestwgive other children a chance
to understand the strategy.

The data in 5.3.1(1) and 5.3.1(2) gives an answeuestion (2.1) and
question (3). The proposed measuring activity dasshelp children to enhance
their calculating strategies and to come up withititended patterns. The context
of measuring children’s wrists to make braceletgegithe children the idea to
measure all round things on their body, such a<iteeimference of their waists
and necks. As a result of these round things,ddml cannot immediately
perceive the pattern of a string of beads, whichldcamprove their counting
strategies. This suggests to us that a next timejll be better to start the
measuring activity with measuring straight length®oreover, the lack of a
mathematical reason for measuring in arrangindgtegls might also contribute to
the unsuccessful activity where none of the chidldreme up with the expected
patterns. In this case, the teacher’s role inaitiity and guiding the development
of measuring context in the classroom also takés pa

On top of that, to make children really experietite need of using
patterns in measuring, the measuring activity sthbel repeated once more after a
classroom discussion in which children compareedsifit patterns and come to the
conclusion that using a certain pattern can hedmthounting. This will make all
children get involved in experiencing counting thember of beads by tens (or by

fives).

5.3.2. The Emergence of an Empty Number Line

Data Descriptions and Interpretations

Alfi is asked to measure a length of a plasticrrulsing a paper-string
beads on the blackboard. Alfi still counts by oimedetermining the length of th
ruler, she gets 11 as the result. After measurshg, is asked to record her
measurement result on an empty number line undepalper-string of beads. |
recording the result, Alfi simply connects the pagieing of beads (at the end of
the 11" beads) to the empty number line by using the rates write 11 on the
empty number line.

The second children, Rafita measures the length aipe. Rafita car
count by tens in determining the measurement reSie does not need to tag |or
count the beads out loud. She just looks at theegpaand simply records he
measurement result.

=
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The empty number line emerges very naturally asodeinof the
measurement situation.  Children record their meamsant result by
connecting the beads on the string of beads tditleeunder it. Although
some of them still do not use the pattern of tendanting, providing a long
object to be measured can urge children to couité .

Answers to Research Questions and Recommendations

The empty number line emerges as a result of thasamrement
situation through the activity of recording a meaaswent result. This fact
contributes for an answer for the second questlboutathe emergence of an
empty number line through the measurement cont&te empty number line
could be used to represent numbers in a line mo#iter the empty number line
emerges as a model of the measurement situationll ilevelop as a model for
mathematical reasoning through the process of @rglmumber and its relations
as mathematical objects. Moreover, this part ef éimalysis also answers the
guestion (2.2) of whether the 10-10 pattern ofthper-string of beads encourages
children’s counting strategies. The pattern helpkiren to count by only looking
at how many chunks of ten beads there are and hamy more to the end of the
measured object. This in fact is a very sophigdatrategy in counting mentally
supported by the pattern.

5.3.3. Exploring Number Relations

Data Descriptions and Interpretations

1) Combinations that make ten and jumps of ten

In this game, the teacher mentions a number (froim 9) and the child that i
pointed at has to mention its pair to make ten. this game, almost all th
children can mention automatically and correctnly three out of 36 childrer
have difficulties and haven't automatized combioragi that make ten. In th
game jumps of tens, the children seem to forgetctagsroom culture that h3g
been approved before. Children shout together rniswaring the teacher’
questions. Then the teacher reminds the childrems$wer only when the teach
points to one of them. After that, the childremndlcshout together again i
answering the questions.

U @ — W

=
=

In the first game, the children answer the teashguestion in turn
because the rules in the game mean that childne’h sfzout together. In the
second game, children shout together, becauseethdr poses questions

without pointing to one of the children. Therefothe teacher reminds the
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children not to shout together because they havegegement before that the
children can only give answers when the teaches #sm to do so (see the
classroom culture in appendix 4). The establishioéthe classroom culture
needs consistency from the teacher to always reth@cdhildren when they

are breaking the rules, and also need maintenarma the classroom

community.

2) Locating number cards on a string under paper-stgrof beads with 10-10

pattern
The teacher : “Who can put a number card for 6thenstring below the papgr
strip?”
Shafa . (Shafa locates 61 on 51 then anathild say that it's wrong. Shafia

counts once again carefully by moving her fingenglthe chunks
of tens while counting by tens until she gets tp 61

e

The teacher : (Gives the second turn to Meidy)

Meidy : (Meidy doesn’t count from the begingj she simply looks at the end
of the paper-string of beads and points to the teebbeads after a
chunk of blue beads, and th&me puts 92 on the 82 position)

No one pays attention to Meidy's mistake in locgtimumbers so the teach
moves to the next children. The teacher asks Rezpuat number 80.

U
—

Rezon : (He looks at his number and counts siletitty sequence of ten
starting from 60, “sixty, seventy, eighty”. Butetih he seems confuse
and takes a while to rethink, then his mouth motstiows that heg
mentions “ninety two”. Not long after that, he g the number carg
for “80” as seen on the picture below)

1 1

o wm

The interpretation of Rezon'’s thinking:

Based on his previous performance in locating talver card of 48sge the
analysis (*)locating numbers on a string of beads$ observed that Rezon
counts on his understanding of number relationkd¢ate numbers. In this
activity, he makes a mistake in locating “80” ekadtecause of his point of
reference. Rezon takes “92” as his point of refeeen locating “80, therefore
he thinks that two beads before 92 must be 90 lamsl lhe puts 80 ten beads
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before 90. He doesn’t check his answer from awbfiit point of view, that is
from 61, maybe because he knows that 80 is clas@2 tthan to 61, so it will
give him less time and effort to locate the numbard of “80” from 92.

However, he does have a good understanding of nurelaions, even if he
has less self reflection on his answer

(*) Locating numbers on a string of beads (Rezon)
The activity was locating results of measuremeatnfrthe previous day on thie
string of beads with the 10-10 pattern. There wenmber cards for 36, 40, and {12
on the string of beads before Rezon came to putuh®er card of 48 !
The teacher : “Rezon! What was your result of mesmsent yesterday?”

Rezon . “| forgot” i
The teacher : “forgot...Ok, here come to the front” '
Rezon . goes to the teacher and sees his measuressult on his:

i worksheet, then starts to write the number on d,¢hen moves to the
| string of beads on the white board. He points 48" the known
i number position and in less than 10 seconds hetpataumber card
: for “48” in the right place without counting fronié beginning (his
i hands / fingers don’t show that he is counting poiciting)

The interpretation of Rezon’s thinking:

His performance in dealing with this problem shoth&t he has a good
understanding of number relations. | could argoenfthis fact that the activity
of locating numbers on a string of beads could hepdren enhance their
understanding of number relations as was conjetdtoe¢ore. Rezon only points
to 42 as the nearest known number to 48 and prgdablalso looks at the
position of 50 in his mind to be able to locatewighout counting on from 42.
If he starts from 42, then he needs to count on 248 45, 46, 47" and then
come to 48 that requires keeping track of his dogntusing his finger.
However, he does not use his fingers besides pgimti 42, so | assume that he

knows that forty eight is two less than fifty.
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The teacher: (asks the fourth child, i.e. Mich&iéocate 30)

The children are very eager to contribute in logatiumbers by raising their finge
hoping that the teacher will choose them.

-

Michelle: (She can count by tens from a distanitbout touching the paper strip.
She uses her finger to point to the paper striptaad she knows wher
to put 30 correctly)

11

The next child pointed by the teacher is Dhea:
Dhea . (She can easily put 13 because she redlizethe first red chunk
of ten is a group of ten beads, so she just ade tmore)

The next child is Fakhri:

Fahri . (He counts by one and tags the circldsdate 8 properly)

The teacher : "How does Fahri count in locatingnbar 8?” (asking to al
children)

The children  : “He counts by ones!” (shout togethe

The teacher : “Who has another strategy?”

Bita . “five plus three is eight”

The teacher . “Any other strategy?”

Yona : “Ten minus two is eight”

The teacher is trying to compare Fahri’'s strategg #ona’s strategy in locating
number 8. Then Yona shows her strategy in fronthefclassroom that she moves
two beads backwards from the tenth beads.

The teacher . “Can we use Yona's strategy?”

The children : “Yes, we can!”

The teacher . “Which one is faster, Yona or Fatsirategy?”
The children : “Yona”

The pattern of the string of beads does help anildin counting the
number of beads. They can easily look at the pattethout counting the
beads by ones or even tagging. The teacher &rilit the discussion by
posing the question: “who has another strategy?ie Guestion encourages
children’s thinking to find another sophisticatetiategy to locate 8 on the
number line without counting by ones. Therefotee humber relation i.e.
eight is two less than ten, is developed by thesttaom discussion. In this
case, Yona shows her good understanding of nuretstrans that is eight and
two make ten, so eight can be obtained by takingyatwo from ten. Yona
has given a significant contribution to the classnocommunity and the
classroom community agrees that Yona's strategleiser than the others.

Furthermore, the teacher’s question - “Which on&a&er, Yona or Fakhri's
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strategy?” - engages all the children in the prea@d@scoming to an agreement

for the more effective strategy.

Mmmmw

After the teacher confirms Fakhri's strategy, sbatimues to Dhea’s strategy i
locating 13. Dhea says that she counts by terext, Wichelle confirms that sh
count by tens. Then, Shafa confirms that she alsats by tens. Afterwards, th
teacher asks for Rezon’s strategy and the classomonmunity finds out that 8(
and 92 are in the wrong place. The teacher askerRe look back to his answer
and correct his mistake. Rezon looks at the ptevioumber (61) and use |it
(probably he uses 60) as the starting point totéo8&8 in the right place. Then
Meidy also manages her mistake. She looks ateh@bing of the paper-string
of beads and without pointing she knows where t®gworrectly.

o oS

The teacher . “Is there any other strategies¢ating 92 besides counting Qy
tens like Meidy? Jenna? “

Jenna . “a hundred is subtracted by 8”

The teacher . (repeat Jenna’s answer)

By asking what strategies the children use in logatumbers, the
teacher attempts to let the others understand hewtildren have come to an
answer. Moreover, the question also makes thalrelmls mistakes visible.
The teacher builds the children’s sense of respditgiby asking them to
manage their own mistakes. Rezon realizes theirgdrom 92 and stepping
back to locate 80 was a mistake, because 92 imribe right place, therefore
he changes his starting point from the other sidat is from 60, then he
counts on 60, 70, 80. Rezon makes use of the kmumber 60 to go to 80.
On the other hand, Meidy does not make use of ek number to go to 92.
She counts by tens from the beginning of the stwingeads.

Afterwards, Jenna who is one of the high level drgih in the
classroom, including Yona, comes up with a soptastid way of locating 92.
Instead of counting from the beginning, she preferstart from 100 because
100 is nearer to 92 than 0. | argue that the ddemmbinations that make ten,
i.e. 2 and 8 make ten help Jenna to easily deterthit 92 is 8 less than 100.
This classroom community has come to a new sophisiil strategy beyond
counting by tens in locating numbers on an emptynber line, but also

employing number relations. The pattern of thengtrof beads and the
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activity of locating numbers are proven to supphitdren’s thinking, not only
in individuals, but also to facilitate the develogmh of classroom
mathematical practices.

For more evidence, Fakhri's performance in locatmgnbers
shows that he is supported by the ten-patternarstting of beads to improve

his counting strategy from counting by ones to timgnby tens:

The problem: where is the location of 54 on the pemtine below?

Dimanakah letak kartu bilangan Ii‘—l pada garis bilangan di bawah ini?

20000 00000 UMJWO%&WM&&
' Ed

Figure 5.1. Fakhri's performance on his worksl{@étAugust 08)

Fakhri wants to know how many beads there ardltm fihe blank box at the end
of the number line. First, he counts by onesg(iseen from the picture that he
tags every bead while he is counting). After tB8 Beads, he is encouraged [to
use the structure of the string of beads to coyntebs, because he has many
beads left (see the lines that cover every grouprofilong the beads from the”2[L
bead) Then, starting from the *2bhead, he counts by tens: 10, 20, 30, ..., [60.
Then he fills in the blank box with 60.

The fact above shows that although Fakhri comethéowrong
answer, he is encouraged to count by tens usingttheture. Moreover, he
realizes that two groups of five beads makes ten.

3) Locating numbers on an empty number line withoutetimelp of a paper strip

The teacher draws an empty number line and putseu® and 100 on both
edges.
| |

0 100

The teacher : “ In the last meeting, we had an strempty number line with
numbers 10, 20, 30, ... on it. When you are askquutd5 on the number ling,
you simply put 35 in between 30 and 40. Now, ldhaa empty number line with
only the numbers 0 and 100 on it. Who can plaeentmber 50 on the empty
number line?”

174

Jenna, Yona, and Dea raise their finger (only dlsmanber of children who dare
with this challenge.

Alfi . (She looks at the distance between 0 an@ 48d using her spap
to estimate where 50 is. Then she puts 50 abdbeimiddle of the line.

0 50 100
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The teacher . “Is the 50 here?” (pointing to thg 50
The children  : “yes!”

The next child is asked to locate 20 (Shafa):
Shafa : (she is pointing to a point between 0 @bt nearer to 0 than 50)

0 20 50 100
The teacher : “Do you think it is correct or not?”

The children  : (most of them say “Wrong!”)

The teacher : “To which direction do you have tocate it?”

The children  : “to the left!”
Then Yona is asked to correct the position of tyent

Yona : (She makes two taps on the number line sfseifpoints to the
position of 10 and 20. Then she writes 20 on #wesd tap, it is
more to the left than before)

| | | |
0 20 50 100

Then the next child (Annisa) locates 90. She kEx&0 near to the 100 and other
children count that answer as a correct answer.

Alfi uses her span to estimate the position of 5@ #ona performs
two taps from 0 to 20. They might have an imagtheir mind that there is a
string of beads which has a structure of ten iroitthey may imagine the
sequence of tens (numbers instead of beads). i@ spthis, there is no
discussion why Alfi locates 50 on the place wheis.i However, they do not
need to count by ones again to locate numbers oenguty number line
without the help of a paper-string of beads abtweeline. They also employ
their number relations to estimate the positionwhbers. It is impossible for
them to locate 20 on the right side of 50, becdheg know that 20 is less
than 50, so it must be on the left side of 50 doder to 0 rather than to 50.

Answers and Recommendations

The description and interpretation above suppoet ¢bnjecture that a
locating numbers activity could be used to expluenber relations and to enhance
children’s counting strategies. By understandingiber relations, children do not
only operate numbers and find the correct answarthey also realize what they
are really doing in performing mental arithmeti@agtgies on an empty number line,

and attempting to find a reasonable answer.
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Nevertheless, there is no discussion about chilslr@asoning in locating
number. The teacher only asks for the childrege@ment on the correct result
without knowing the reason. It would have beeridvet the teacher asked for the
children’s reasoning, and their thinking while long numbers. The children are
expected to be able to explain their answers aadoréng, so that their answers
make sense for the others.

In a future teaching experiment, one’s performaimcapplying number
relation in such activities should be the topiaisfcussion in a classroom. This will
give an idea for other children to also see thetimis between numbers, an idea

which is crucial in performing mental calculation.

5.3.4. Exploring Addition Strategies on an Empty Number Line

Data Descriptions and Interpretations

1) An empty number line as a model for calculating sttegies

After the activity locating numbers on an empty @mline, the teacher poses an
addition problem to the children, i.e. 33 + 25=

The teacher : “Who could solve this problem usingmpty number line?”

(Maudy answers that she could solve the problemh tiaen the teacher asks Maugly
to write her answer on the board)

The teacher : “with jumps of tens!” (gives an iostion to Maudy)

Maudy writes on the whiteboard: 33 + 10 = 43, 48+= 53

Maudy : "l can not add 10 more”

The teacher : “How many is the remainder whengamit add 10 to it?”
Maudy : “Five!”

The teacher : “Five! Okay, good!”

Then Maudy continues writing 53 + 5 = 58 next te sequence already there.

The teacher : “Do you all understand what Maudyaimg?” (asks the others)
The teacher . “ So, if we want to use an empty remiime...” (drawing an
empty number line)
“ Look, Maudy wants to add 10 to 33. How manit isow?”
(while drawing a jump of ten on the empty numbee lfrom 33 to 43)

The children  : “Forty three!” (only some of thenositing the answer)

November, 1% 2008 49



Puspita Sari (3103080) Retrospective Analysis

10

I I
33 43
The teacher : “Okay, look at this, | just want éplace what Maudy is doing o
an empty number line”
“ How many more do you have to add?”

=]

The children  : “Ten!” (more children are shoutitgut before)
The teacher : “So, how many is it now?”
The children  : “Fifty three” (only a small numbef ohildren who shout the
answer, and the teacher continues drawing anaihgy pf ten)
10 10
TN
I I I
33 43 53
The teacher : “Maudy said that there is no mordef) so how many is the
remainder now?”
The children  : “Five” (only a small number of chideh who answer)
The teacher : “So, how many is it now?” (while diragva jump of 5)

10 10 5

The children  : “Fifty eight”
The teacher : “Can you do this?”
The children  : “Yes!”

The data description above explains how an empiyhau line is
introduced by the teacher to solve addition proBledlaudy can solve the 33
+ 25 problem using the ‘jumps of ten’ strategy,riee teacher gives a visual
representation of Maudy’s strategy on an empty ramrfibe with the intention
that all children can understand what Maudy is geitnen adding 33 + 25.

Although the planned instruction in the HLT was tmgive direct
instruction in applying the ‘jumps of ten’ stratedlie teacher does give direct
instruction for Maudy to use the ‘jumps of ten’ aé&gy in solving the
problem. This instruction gives an idea for Mawahyd the other children also
that the teacher only wants them to use the ‘juafpen’ strategy.

However, the ‘jumps of ten’ strategy which requitescomposing
the add-end number can improve children’s numblatios, i.e. 25 can be
decomposed into 10, 10, and 5. The empty numiner dis a model for
calculating and the role of the teacher in drawtimg jumps one by one also

help children to realize that every jump of ten neadding a ten to the
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previous number. Moreover, Maudy has given a daution to the classroom
in giving another strategy in solving addition pevbs besides the formal
strategy that the children always count on. TlaEssrioom community, then,
reorganizes their thinking that in solving additiproblems they can apply
another acceptable mathematical solution, i.e’jtingps of tens’ strategy.

2) Exploring addition strategies on an empty number ke

The teacher opens a discussion in the classroogivinyg an addition probleni
that has been solved in the last meeting. Fingt,téacher asks the children o
solve 47 + 30 on the whiteboard, and then Yona méwé¢he front and writes hg
strategy in solving the problem on an empty nuniiper that has been drawn by
the teacher.

-

43+30= ...

10 10 10 Yona

Then the teacher gives the second problem, i.e. &A=
10 10 10 10 4

Maudy

TN TN

[ [ [ [ [

51 61 7 81 91 95
The teacher : “Why is there no a small jump in fing problem?” (a small
jump means a jump of a number which is smaller tiah
Jenna : “Because there is no ‘ones’ in the firsbfem”
The teacher : “Good! Now, is there another wagdlve this problem?”

Osama is asked to write his answer on the whiteboar
4 10 10 10 10
Osama

1 [ [ [ [
51 55 65 75 85 95

The teacher asks for another different strategyclviias a big jump, and thgn
Jenna shows her a jump of 40 at once and anotigr ¢ 4.

40 4
\/-\ Jenna
I [
51 91 95
The teacher : “Which one is easier for you? Nowklat these answers, do

they all have the same answer?”
The children  : “yes”

The teacher : “Do they use the same strategy?”

The children  : “No, different”

The teacher : “What strategy does Maudy use?”
The children  : “jumps of tens”

The teacher : “How many jumps does she perform?”
The children  : “four”

The teacher : “Why four?”
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The children : “Because there are four tens”

The teacher : “Good. Do you understand? Whahésdifference between
Maudy and Osama’s strategy?”

Alfi : “There is a difference in the ‘ones’™

The teacher : “What happens to the ‘ones’ in Osarstaategy?”

Alfi . “The ‘ones’ are in the front”

The teacher : “Osama said that it is easier todatil51, so he starts from 55

and then performs jumps of tens. Now, Jenna hd#ferent
strategy, what does Jenna do?”

The children  : “She performs a jump of 40 at once”

The teacher : “Is it allowed to do a jump of 4®ate?”

The children  : “yes”

The teacher : “Now, if | label this strategy (Matglgtrategy) as ‘a’, then thig

is (Osama’s strategy) ‘b’, and this (Jenna’s stgtds as ‘c’.
Which one is easier for you?”
The children  :“The ‘c’!”

In this activity, the children try to explore difent strategies that
they could perform on an empty number line to saweaddition problem.
The teacher asks the children for another diffestrattegy, which invites the
children to think of another efficient strategy this respect, the teacher plays
an important role in enhancing children’s thinkinghe teacher not only asks
for a different strategy, but also emphasizes tlifgerdnce among the
strategies.

The classroom community comes to a taken-as-shawsd of
performing the more efficient strategy in solvindddion problems on an
empty number line. They agree that Jenna’s styatemore efficient than the
other strategies. Jenna has made a significaritilootion to the classroom
community for the idea that the bigger the jumpthe more efficient the
strategy is. In other words, the lower the numbkjumps is, the more

efficient the strategy is.
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Some children’s work on paper that was captured byhe video:

Indras: Jenna:
47+33=80 34+19=
W 10 9
47 57 67 77 87
34 44 53
34
59 +28 = 87 19+
53
19=10+9 *
59 69 79 89 =40+13
=53

Figure 5.2. Indras and Jenna’s strategy in solathdjtion problems (15 August 08)

The figure above explains us that the ‘jumps of sérategy is not
meaningful for some children including Indras. kKews that every time he
performs a jump means adding a ten to the numbeseontively. He can
solve the problems '47+33=80" and '59+28=87" cotiyealthough we do not
know for sure the strategy he uses. But the inBom of using an empty
number line to solve the problems put Indras iruttie when he did not
understand how to work with it. The empty numldee is not meaningful for
Indras because it does not represent his mengégies in solving problems.
This might happen because there is no discussiothenproblem strings
given. The teacher is supposed to pose the probtengs one at a time,
which requires children to count mentally and thestuss their strategies. In
fact, the teacher just writes down all the problemsthe board and asks the
children to solve them in their book.

On the other hand, Jenna gives three differentesfies in solving
addition problems. All three strategies give arecranswer because Jenna is
one of the high level children in the classroomhéf | interviewed Jenna, she
showed a good understanding of what she is doitly &l the strategies she
performs. It seems that Jenna has no problem alinde with addition

problems using different strategies.
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Answers and Recommendations

An answer to the third research question regardigg role of the
teacher could be given based on the data abovein Aaditional mathematics
teaching, where the children are expected to gnswvars as the teacher wishes,
the teacher still plays a role. Instead of givihg freedom to solve problems in
the children’s own way, the teacher gives a dimgstruction to use the ‘jumps of
ten’ strategy that can limit children’s thinking idoing mental arithmetic.
Moreover, the direct instruction of ‘using an emptymber line to solve
problems’ puts the empty number line into less sijgated and meaningless
strategy use than expected. Children like Indexfopm the addition problem on
an empty number line without understanding.

The problem string which was intended to practibédcen’s mental
calculation is not helpful, because the teaches akle children to solve the
problems in their book. It will be helpful for dtiien to practice their mental
calculation by answering the problem string onedmg and discussing their
different strategies in their head. The idea isetoploy number relations in
performing mental arithmetic instead of drawingeampty number line.

This could also answer research question (2.4herdevelopment of
children’s mental arithmetic supported by the empiynber line. The empty
number line cannot support the development of ohild mental arithmetic when
the idea of number relations in calculating mewptaineglected in the classroom

discussion.

5.3.5. Developing Addition Strategies on an Empty Number kne

Data Descriptions and Interpretations

1) Comparing more efficient strategies in solving cedin addition problems

1%

The teacher starts a discussion in the classrooposiyng a problem on the whit
board, i.e. 56 + 39 = ...

Fakhri is asked to show his strategy on an emptybau line in solving the
problem. The teacher has drawn a line under tbbl@m, and then Fakhri starts
solving the problem by writing 56 on the empty n@ambne. Then he performs
three jumps of ten until he gets to 86. Fakhriizea that the last jump must be ja
jump of 9, and he counts one by one using his fibg&ind out the result of 86 H
9 which is 95. After that, he writes the explaoatiof his answer under his
number line. The picture below illustrates Falkhdhswer on the whiteboard:
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56 66 76 86 95

56 + 10 =66
66 +10=76
79+10=86
86+9=95

The first part of the classroom mathematical atigibove shows

us that Fakhri can show how to perform his menddédudation on the number

line. He can solve the problem by performing the ‘juropsen’ strategy. He

employs his understanding in counting by tens (B&66; 66+10=76; etc) and

decomposing a number to solve the problem. Fakiecision in performing

a jump of 9 at the end of his calculation on an gympmber line shows us that
he understands that the decomposition of 39 i@010, and 9. Although at
the beginning he miswrote the 76, he corrects hineter after the classroom

community discusses his strategy in solving theblgm. Furthermore, we

observed that Fakhri applies counting by ones wdulding 9 to 86. That tells

us about Fakhri’'s understanding of number relatiokte does not use the

number relation that 9 is one less than 10, soodgust have add 10 to 86

and subtracted one.

The teacher

The children
The teacher
The children
The teacher
The children
The teacher
The children
The teacher
The children
A child

The teacher
Fakhri

The teacher

Then Fakhri moves to the whiteboard and changés 78 in his answer.

. “Ok, good! Now, let's see Fakhri’ss\aer. Is it
correct?”
. “yes!”
: “Is it correct?”
: “yes!”
: “What kind of jumps did Fakhri do?”
: “jumps of ten”
: “Why in the last jump that Fakhriyowrote 9?”
: “Because the problem asks for 39”
: “Do you understand?”
: “yes!l”
: “Fakhri made a mistake in writing 79 © £ 86"
: (points to the 79) “Okay, what Bupposed to be?”
: “Oya, it should be 76!”
: “Good, you can correct it by youtself

The teacher plays her role in facilitating the dfeh’s discussion in

the classroom. She repeatedly asks the childit orrect?” to encourage

children’s participation in the classroom as vdlsa. The classroom

community judges that Fakhri’s solution is an at¢abje answer for them,
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until a child says that Fakhri made a mistake &‘#®’ that is supposed to be
‘76’. The classroom discussion brings Fakhri torect his own mistake. The
classroom community not only acts as a validator &n acceptable
mathematical solution but also contributes to teeetbpment of the children’s
thinking at the same time. Moreover, the teachessruction for Fakhri to

correct his own mistake develops his responsibility

The teacher : “Ok, who has the same answer as iRPakhr
(Some children raise their hands)
The teacher : “Who has different answers than Fakhr

(Some children raise their hands, and then Kikhigsen to give her answer)
After the teacher draws a line under the first arswKiki starts from 56 and
performs a jump of 30 at a time to get to 86. Thlea performs another jump d
9 from 86 to 95 (see the picture below).

30 9

A

56 86 95

=

56 + 30 = 86
86 +9=95

The teacher : "Kiki performed a jump of 30! Gredlis is a different
strategy. Is there any other strategy?”

The teacher’s question for another strategy demtredshildren to
come up with different strategies than before. gestion is in fact intended
to foster the emergence of the mathematical pediic comparing more
effective strategies for certain addition problemEie problem 56 + 39 was
chosen intentionally for the emergence of the ‘jsmip tens’ strategy using a
compensation technique, in which 40 is added tarigbthen the compensation
is subtracting the result by one. Kiki comes uthwine more effective strategy
than Fakhri, because she can do a jump of 30 & whde Fakhri needs three
jumps of ten. The teacher counts Kiki's answeradifferent solution than
before. However, the difference between the twlatems presented is not
made clear by the classroom community. The teairtherediately asks for

another different strategy and gets a reply fromf&h

Shafa raises her hand and she gives her answieawhiteboard. She perform
a jump of 30 at once from 56 to 86. Then she perfoa jump of 10. Before
Shafa finishes her answer, there is a child wha dhgt it is impossible tg
perform a jump of ten. But the teacher says todti&ren to allow Shafa to
finish her answer. Then Shafa continues writinga®the end of the second jump
and she performs another little jump backward.

2]
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The other children are surprised with Shafa’s barkjump: “Hah!”, “I don't
use a jump backward”, and so on. But Shafa getfused and the teacher tri¢s
to help her by posing questions:

The teacher : “How many have you added to the nupiibe

(Shafa seems confused)
The teacher : “Here, look at your jumps, you hayen@p of 30 and a jump of
10, how many do you need to add in the problem?”

The teacher poses the question not only to Shatalbo to the other children in
the classroom. There is a child who says thateBheéds to perform a jump df
one backward, and the teacher thanks the childhHeranswer. Then Shafa
continues her strategy on the empty number linggdayorming a jump of one|
backward from 96 to 95.

30 10

56 86 95 96
56 + 30 = 86
86 + 10 =96
96—-1=95

The sequel of the discussion above tells us thatcdhassroom
community really supports Shafa’s thinking procé@ssolving the problem
using number relations. On the other hand, Shataiegy contributes to the
development of socio-mathematical norms in thesctasm by providing a
different strategy that draws children’s attentiorvalidating whether Shafa’s
strategy is an acceptable mathematical solutiorobr

Shafa has an idea that it is possible to perforjungp backward
when the add-end number is less than the total rurob the jumps. She
might get confused after a child says that it ipassible to perform a jump
backward. That statement by another child inflesn8hafa’'s mathematical
reasoning at the beginning, although at the end sihews her good
understanding of number relations by performinquag of one backward.
Shafa reorganizes her thinking during the discussid&Shafa’s thinking is
supported by another child’s contribution when ¢thédd mentions that Shafa
needs to perform a jump of one backward. The ®&lppreciation for the
child’'s contribution to the development of the nwatfatical practice
strengthens the classroom social norms in the rdass as well as the
children’s beliefs about explaining their thinking. The mathematical
explanation under the empty number line — 56+30883;10=96; 96-1=95 —
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helps children to understand what counted as @rdift strategy and the

involved number relations.

After several strategies have been performed,dhehier poses a question abdut
the easier strategy and most of the children stiattthe strategy with a jump of
30 is the easier one. Then the teacher tries cousage children to find more
efficient strategies by posing a question:

The teacher : “Can we perform a jump of 407"
Yona : “Yes, we can. Then we have to subtract one
The picture below illustrates Yona’s solution oe thhiteboard.

40 1
56 95 96

56 +40 = 96
96 -1=95

Facilitating a discussion by comparing strateges] posing an
important question to stimulate children’s thinkitegfind the more effective
strategy are parts of the role of the teacherithaxplained by the data above.
Yona as a smart student in the classroom can skowdod understanding of
number relations in solving the problem. She ustdeds that 39 is one less
than 40, so she has to perform a jump of one backafter performing a jump
of 40 at a time. Yona’'s contribution to the clagsn mathematical practices
reorganizes children’s mathematical reasoning oatwdounted as a more

effective strategy.

2) Missing add-end problem

The teacher poses a context problem about a sprifite has been running foy
51 m. The sprinter has to run for 100 m, how mawyers more does he have {o
run to reach the finish? (The teacher poses thélgmo by giving a visual
representation of the problem, see the picturevielo

51m

The children answer spontaneously: 50! (There isaaswer from one of the
children that mentions 49).

Then the teacher repeats the problem again, buahifdren are still quiet without|
an answer. This condition brings the teacher tsepanother similar problen
which is easier for the children.
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The teacher: “I have 20 longan (kelengkeng) frdts] | have eaten 11 of thenl\.
How many longans more should | eat to finish ther®’u

The teacher asks the children to use an empty nulinleeto find the answer, ang
then the teacher draws an empty number line to tiepchildren solve thel
problem. A child answers that they have to domgwf nine. After that, the
teacher comes back to the first problem aboutghetsr.

The teacher: “How do you count to solve the proifle Now you use an empt
number line to solve the problem on a piece of gdy@ake a drawing like on the|
whiteboard!”

While the children solve the problem on their pasame of them give their
answers on the whiteboard. Below are their strasegn an empty number line:

soﬁg 40 9
N
51 100101 51 91 100
20 20 9 30 19
N N N
51 71 91 100 51 81 100

The children can perform the ‘jumps of tens’ stggtéo solve the problem, bu
they don’t write how they come to the answer, whish49. Therefore, the
teacher confirms the children’s answers by askinguastion: “What is your
answer to this problem? How did you get 49?”

The children get the 49 by adding the numbers gnafothe jumps that they
performed.

The missing add-end context problem was intentlgrnaioposed
to bridge the relation between addition and subitacin which children
realize a subtraction problem as an adding on probl The context problem
is chosen so that children will use their infornsifategy in solving the
problem instead of the algorithm. In fact, thectesxr gives a direct instruction
for the children to use an empty number line ivisgl the problem.

Below are some examples of children’s written am®est in
handling the missing add-end problem:

The poblem: In the competition for Indonesian Independence baythe 17 of
August, Annisa has to collect 50 hidden Indones$iags. Annisa already has 19
flags with her. How many more flags does she tavdiad?

The context problem below does not give a direstruction to use

an empty number line. The children are free taoskostrategies that fit them.
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Alfi’'s strategy represents four other children lve ttlassroom, who are solving
this problem correctly using an algorithm strategye picture below suggests
to us that the empty number line is not meaningsulAlfi. Alfi knows the
answer is 31, but she has no ideas for using tin@t\e number line strategy’
(this is what children often mention). The emptymber line does not
represent Alfi's thinking in solving the problem.

5. Pada lomba acara 17-Agustus yang lalu, Annisa harus berlomba mengumpulkan
50 bendera merah putih yang tersembunyi. Annisa telah mengumpulkan
sebanyak 19 bendera. Berapa banyak bendera lagi yang harus ia temukan? 3/

> Ui B

39 ,

% | o4

Figure 5.3. Alfi's strategy in the contextual ningsadd-end problem

Below is Maudy’s solution for the problem. Threthar children
have interpreted the problem in the same way asdylalihey perform correct
jumps in performing the ‘adding on’ strategy on #rapty number line. But
they do not understand the idea that the total mumin every jump
corresponds to the result. They just perform timegs without a great deal of
thought. Therefore, they cannot reach the answkich is 31; in Maudy’s
answer, 31 is obtained from 20 + 10 + 1 (the totahber on every jump).

5. Pada lomba acara 17-Agustus yang lalu, Annisa harus berlomba mengumpulkan
50 bendera merah putih yang tersembunyi. Annisa telah mengumpulkan
sebanyak 19 bendera. Berapa banyak bendera lagi yang harus ia temukan?

M

L
2941049

19t1=50

Figure 5.4. Maudy's strategy in the contextualsimg add-end problem
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However, three children, i.e. Rezon, Rizqy, Yonad ®hea show
their understanding in solving this problem on ampsy number line. The
empty number line represents their thinking in iimgd a solution for the
problem. Yona'’s thinking process is discussed nedaborately in the next

sections of this chapter.

5. Pada lomba acara 17-Agustus yang lalu, Annisa harus berlomba mengumpulkan
50 bendera merah putih yang tersembunyi. Annisa telah mengumpulkan
sebanyak 19 bendera. Berapa banyak bendera lagi yang harus ia temukan? < /|

1o 1o
19 74 G

Figure 5.5. Rezon’s strategy in the contextuakinggadd-end problem

Rezon’s performance in the activity of locating raers shows that
he has a good understanding of number relatiorigat Makes me look at his
answer on the final assessment on context probMhile other children have
difficulties in solving this problem, Rezon doest.ndVe could see from his
answer above that he uses an empty number linedottie solution by the
adding on strategy. He knows that the accumulatiombers on entire jumps
that he performs — 10, 10, 10, and 1 — is the nurobffags that Annisa has to
find in the problem. He is not only able to see ttumber relations between
adjacent numbers, 19 + 10 = 29; 29 + 10 = 39; ...#+4D = 50, but also to
understand that his adding on strategy should €68 and the total number of
jumps makes 31.

Out of 35 children in the classroom, there are ntioa@ 20 children
who cannot give a correct answer for this probleBame of them make the
common mistake in the algorithm strategy for sudtioa (50 — 19 = 49), some
of them add the numbers 19 and 50 instead of finthie difference (19 + 50 =
69), and some of them try to give an answer onmaptg number line without
understanding. This means that the empty numberi$ not yet a model for

the children in representing their flexible merstategies.
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Answers and Recommendations

The analysis of the emergence of the classroom ensttical
practice of developing more efficient strategiessmiving addition problems
encompasses not only children’s development asndividual, but also their
contribution in the development of the mathematpraktices for the whole class.
Some research questions regarding the empty nuhmgerthe development of
mental arithmetic strategies, the role of the teaand the classroom culture can
be answered based on the data description above.

The episodes of the classroom mathematical acviow us that the
children involved in the teaching experiment caneligp their mental calculation
in solving addition problems using an empty numisee. This fact answers
research question (2.4). The empty number lin@iges a visual representation
of children’s calculating strategy that can be pased and discussed by the
classroom community. The empty number line fatiis children’s discussions in
the classroom about one’s mistakes and strategg empty number line has also
proved it can develop more sophisticated strateigiesolving certain problems.
For example, in solving 56 + 39, Yona can come lih & jump of 40 strategy
followed by a jump of one backward, which is thestmproper strategy for this
kind of problem. It takes much time when childtento solve this problem by
operating the digits, because the problem reqair@nversion.

Furthermore, the empty number line provides therawpment of
more sophisticated strategies for mental calculaiio solving missing add-end
problems using the ‘adding on’ strategy. Inste&gerforming an algorithm to
solve 100 — 51 or 50 — 19, the adding on stratagyam empty number line is
proved powerful in avoiding the common mistakesthie algorithm and gives
another countable mathematical solution (see théysis of Yona for her strategy
in solving the contextual missing add-end problem).

From the ‘jumps of tens’ and ‘jumps via tens’ stgt, children
develop their flexibility in performing the calcti@n. The classroom community
discusses the more efficient strategy which brisgegeral different strategies in
solving certain problems. The role of the teadeposing context problems,
posing questions to manage mistakes, and faaigathildren’s discussions, is

another factor that develops children’s flexibility mental calculation. This
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explanation can answer research question (1.2)ydeggachildren’s flexibility in
mental arithmetic strategies. However, there ¥ attendency that children
always follow what the teacher instructs them to ddwe children want to make
the teacher satisfied with their answers. Moreptles teacher sometimes misses
the children’s reasoning or does not find out dyaehat the children’s reasoning
is.

There are still some children who do not develairthnderstanding
in constructing mental arithmetic strategies oreampty number line. They find
difficulties in dealing with the ‘empty number linstrategy, because the empty
number line does not make sense for them when dheable to solve addition
problems using their number sense or the algorigtrategy. The children’s
performance in the classroom and in their writteseasment shows that they
perceive the empty number line as a newly taughtqafural calculation strategy
in solving addition problems, in which the proceslis performing jumps of tens
starting from the first number. The empty numbee lis not yet a model for the
children’s mathematical reasoning that they canflesgbly. Interviews during a
classroom activity prove that the children do teenpty number line’ strategy
because the teacher wants them to do so. Thisioemtly answers the question
regarding the role of the teacher and question.(1.3

The teacher’s belief about mathematics educatiothénclassroom
has an effect on the development of children’skinig in constructing mental
arithmetic strategies. Giving direct instructiams using an empty number line
somehow limits children’s freedom in doing matheogin their own way which
contradicts the RME principle. However, the teachelps children in their
development by facilitating discussion; buildingckssroom culture in which
children can participate in the classroom as v&dida and encouraging children to
contribute to the classroom discussion for the satkthe development of their
learning process.

The results and analyses of the teaching experiraeove lead to
some points for recommendations. The next teackxpgriment should focus on
the number relations to perform mental calculatimstead of the empty number
line as a new strategy to calculate addition proisle Children’s performances in

the contextual missing add-end problem show thay tfocus too much on
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performing jumps of tens without an understandihghe whole process, i.e. the
decomposition of the second number. The teacheysph significant role in
guiding children to develop their mathematical ustending. The children might
need more time and more different contextual prokldesides influencing the
role of the teacher to be more interrogative andnopo children’s thinking.
Therefore, a negotiation process with the teacheulsl be conducted regularly to

improve the teacher’s beliefs about mathematiashieg and learning.

5.3.6. Yona’'s Learning Process

Data Descriptions and Interpretations

Yona is one of the best students in class 2A. @hays pay attention
to every lesson and is very active in the classrodine written final assessment
below is used to show the development of Yona'skinig. Yona's performance
in the classroom during the teaching experiment b@esn embedded in the
previous sections.

1) Written Final Assessment — no.5

Problem: In the competition for Indonesian Independence Baythe 1% of
August, Annisa has to collect 50 hidden Indonefiegs. Annisa already has 1
flags with her. How many more flags does she haviad?

5. Pada lomba acara 17-Agustus yang lalu, Annisa harus berlomba mengumpulkan
50 bendera merah putih yang tersembunyi. Annisa telah mengumpulkan
sebanyak 19 bendera. Berapa banyak bendera lagi yang harus ia temukan?g’? /

©

9 4950

Figure 5.6. Yona's written assessment for no.54@¢ust 08)

First, she realizes that it is a subtraction pnobleTherefore she
performs an algorithm strategy to find the solutiminthe problem. As is
shown in figure 5.6., Yona makes a common mistakeerforming the
algorithm procedure. She subtracts 9 from 0 (tkeosd digits) as she
subtracts 0 from 9, then she subtracts 1 from  st&e borrows a ten for the
second digit. Second, she writes down 39 as tvemright after the

guestion mark of the problem.
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Third, she wants to justify her answer by perforgna@lculation on
the empty number line (see the left side). Shevsiran empty number line
and writes 50 on the left side and draws a jumpuie line) of ten to the
right. At first, she though that she is addingtd®0, but she realizes that she
is doing subtraction. Therefore, she crosses thar@l 40 replaces the 60.
She draws another smaller jump to go to the 39ailie® she knows from the
algorithm that the answer is 39). The mark on tdpthe smaller jump
indicates that she was going to write the numbéiul she suddenly stops and
realizes that it is not supposed to be 1. Whenashis the 10 and 1 together,
she won't get 19 as the number that is subtracted 60 in the problem.

Fourth, she realizes her mistake and crosses fs¢miimber line.
Fifth, she gets 31 as the correct answer eithepdrjorming the algorithm
once again (correcting 39 to be 31) or by calcadptin the empty number line
on the right side. If we observe thoroughly hown#oworks on an empty
number line (see figures 5.8, 5.9, 5.11), she lis 'bmake a jump of 20 or 40
at once on an empty number line, while in fact stekes very careful jumps
of tens in this case. She could have performadrg jof thirty at once if she
already knew the answer from the algorithm (if sloerects the algorithm
first). Therefore, she performs the calculationtio& empty number line first,
before correcting the algorithm. She ends by otimg her mistake by
crossing out 39 (the first answer) and writes 34t te 39.

2) Written Final Assessment — no.6e

The instruction of this problem isiow do you solve this problem on an empty
number line?
6.e. 34+..=61

5= ET
75 2
(,)k _ T*
6 K»=
3 ~ 47

Figure 5.7. Yona's written assessment for no.B& August 08)
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In the missing-addend problem above, Yona realiteas a
subtraction problem. Therefore she calculatesguie algorithm to find the
answer. As is shown in figure 5.7., Yona seengetdorm the algorithm first
and then calculates on an empty number line, f@btbwy adjusting the jumps
to get the same result.

Since Yona recognizes the problem as a subtractiosm,proceeds
with the subtraction as taking away in which skatstfrom 61 and makes a
jump of 30 to the right (taking away 30 from 61ndagets 31.

The problem occurs when Yona makes a second jungp to 27
from 31. She thinks that she could perform anofinep of 4 in the opposite
direction of the first jump as she usually doeghia addition problem. She
should have made the second jump to the righttomdie left to take away
another 4 from 31. Although she gets the corresult, she does not
understand how to deal with the empty number loreaf subtraction problem
as a taking away problem. This could have happéeeduse the discussion
in the classroom only went as far as addition oerapty number line and the
missing-addend problem, using the adding on styategan empty number
line, not including subtraction as taking away.

As is shown in figure 5.7., Yona represents henking in
subtracting 30 from 61 and 27 from 31 as also u#iegalgorithm procedure.
It seems that the empty number line is used onBctmmplish the instruction
of this problem. If problem no.5 (figure 5.6.) ambblem no.6-e (figure 5.7)
are compared, both are similar problems. Whileblgrm no.5 is a context
problem, 6-e is a bare number problem. It couldna¢ the problem with less
context is less meaningful for children.

3) Written Final Assessment — no.6a

The instruction of this problem isiow do you solve this problem on an empty
number line?

41 +19=
6. Bagaimana kamu menyelesaikan soal-soal di bawah ini dengan garis bilangan?
41+19=00 DM
A\ Q-

r_, Alkho gl
6t HI=1=6p

Figure 5.8. Yona's written assessment for no.8a August 08)
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In the picture, Yona shows her flexibility in doirgldition on an
empty number line. She starts writing 41 as tkedinumber and doing a
jump of 20 at once. Since she knows that 19 iss$ than 20, she performs
another opposite jump to go one step back frono@Dt

Under the number 41, Yona shows her strategy of tooget 61
from 41 plus 20 by algorithm. It seems uselessabse children at Yona'’s
level do not need to perform an algorithm to fihd ainswer of 41 + 20. From
an interview and a classroom observation, Yona lenth& place value pattern
very well, therefore answering 41 plus 20 is aromattion for her. The next
two mathematical sentences (41 + 20 = 61 and 64 60) explain how she
performs jumps on the empty number line.

4) Written Final Assessment — no.6b

The instruction of this problem isiow do you solve this problem on an empty
number line?

24 + 65 = )
) D
24+65=.g9_66®@\

Figure 5.9. Yona’s written assessment for no.Bb August 08)

Yona probably uses splitting in her mental caldatat i.e.
separating the tens and ones, then operating tie @ad ones separately,
finally adding the tens and the ones to get thaltesShe is very flexible in
this case, because she prefers the splitting gyrdte the addition problem
which doesn’t require conversion of tens. In tase, Yona shows how she
represents her thinking on the empty number lineatigting 20 to 60. She
prefers to put 60, then 20 as the first start, beeaadding 20 to 60 is much
easier than adding 60 to 20. Then she adds tekeQut 4 and 5 together) to
go to 89 from 80. Actually, the splitting stratelggis never been discussed in
the classroom; therefore it is a surprise that Yoaa come up with the
splitting strategy on an empty number line.

Another child, Rizgy also shows his flexibility dealing with this

problem (see figure 5.10 below). He add the oiestb the first number and
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then add the tens — two jumps of 30 — to get tisilte In this case he
performs amixed methodn which he separates 65 into 60 and 5, then
proceeds them consecutively from adding the ‘5’ #neh adding the ‘60’ with
two jumps of 30.

24+65=AY -

+
&/\:

<
P )

i .

Figure 5.10. Rizqgy’s written final assessment hd&l August 08)
5) Written Final Assessment — no.6d

The instruction of this problem isiow do you solve this problem on an empty
number line?

39+48 =
T =
39+48=g,7f//m/M/\)ﬂ
“Ho @(O{‘Z’?Q:@O g7
sot7 —07

Figure 5.11. Yona's written assessment for no(BH August 08)

This problem shows another flexible solution frorond in doing
addition on an empty number line. She solves 38+by first doing the
mental calculation that 39 + 1 is 40, so she jus to start from 40 and
continue with a big jump of 40 (from the 48) to @o80. Since one is taken
from 48, she only has to add 7 more to 80 to geteisult of the problem.

Answers and Recommendations

The explanation of Yona's performance in her wnttmal assessment
and her interview provides answers to the resequestion (1.2), (1.3), (2.3),
(2.4), and (3). The data of 5.3.6 (3, 4, 5) on ¥erwritten assessment show us
her flexibility in performing mental arithmetic ategies on an empty number line
(an answer to question 1.2). Although in somespaftthis calculation she still
uses algorithm either to find an answer or to chackanswer, she shows an
understanding of doing mental calculation on antgmpmber line. She makes

use of the empty number line as a model for herhemstical reasoning (an
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answer to the question 2.4). For example, sheepgehe splitting strategy in

solving 24 + 65 and starts from 60 instead of da@ogmon jumps of ten from the

first number as the fixed number on an empty nunmber. She is able to

represent her thinking in the splitting strategyasnempty number line, although
it has never been taught in the classroom. Th@ngke answers the research
question that children could be very flexible irrfpeming mental calculation on

an empty number line, using not only the counting strategy, but also the

splitting strategy.

However, the empty number line could also seem peogedural for
children (an answer to the question 1.3). Yorestto solve the bare missing add-
end problem (figure 5.7) using an empty number déind an algorithm at the same
time. She tries the usual procedure, but she tfailsanage it correctly. This may
be because she needs more practice in dealinghstkind of problem.

In addition, for the contextual missing add-endbtem (figure 5.6)
Yona makes use of the empty number line to managenistake in the algorithm
procedure that she performed. It proves that thetgmumber line acts as a
representation of children’s thinking that couldphthem to trace and realize a
mistake in a mental calculation strategy (Graveengli994a). The empty number
line could also serve as a model for the childrdiggibility and their number

relations in solving addition problems. These arsguestions (2.4) and (2.3).

5.3.7. Annisa’s Learning Process

Data Descriptions and Interpretations

1) Aninterview during the teaching experiment

Annisa has solved an addition problem using therdlgn strategy and now sh
is trying to solve the same addition problem oreaapty number line.

[¢)

This is written in Annisa’s paper:
1

59
28 +
87
Me : “"How do you solve the problem?”
Annisa : “With the column strategy”
Me : “Explain to me how you did that!”

Annisa : “1ladd 9 and 8 then | get 7 here, | puin top of 5, then | count 1 ply
5plus 2is 8. So itis 87!

n
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Me : “Why did you put 1 on top of 5?”
Annisa: “l don’t know”
Me . "Ok, Now you explain me how you did the predol no.1!”
47 +30=77
47 10 10 10

30 + m

" 47 57 67 77
Me : “Can you read your strategy on the numbexdin
Annisa : “ 47 plus 10 is 57. 57 plus 10 is 67 pb¥s 10 is 77.
Me : “So, how many is 47 plus 30?”
Annisa : “Seventy seven”
Me : “Can you do it the same way for 59 plus 28?”
Annisa: “What should | put here?” (pointing to the beginning of an empty
number line)
Me : “What do you want to add?”
Annisa : “Eighty...seven...plus...twenty eight...?”
Me : “Can you find the problem 87 + 28 on the whitard?” (All addition

problems are written on the whiteboard)
Annisa : “Yes...mmm...eighty seven...plus...fifty nine...
Me : “What did you put here?” (I am pointing tormimber line on no.1)

Annisa does not really understand what she is doingplving
addition problems using the algorithm strategy. rééwer, her question
“What should | put here?’shows us that she has no clue in dealing with the
empty number line to solve that problem. She does have a mental
calculation in her head that could be representedr empty number line,
therefore she asketWhat should | put here?” This is an indication that
Annisa might think that she has to master a neveqatore using an empty
number line as the teacher wishes.

Reflecting on the first problem, in which she casrfprm the
addition of 47 + 30 on an empty number line cotyeaioes not help her
realize what she is doing on the number line. Thappens because the
solution of 47 + 30 on an empty number line hasnbegitten on the
whiteboard before; therefore she might just copy dhswer. Moreover, she
always performs the algorithm strategy in solvirdgidon problems, so it

seems that she relies on this strategy very much.
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2) Written Final Assessment

Problem Instruction: Solve these problems usingrapty number line!

Annisa started from 41 and made a jump of 10 ta@é&tl. Then, she performed
a jump of 8 to get to 60 as the final result. Bhete 60 as the final result next {o
the problem. A sentence written on this problertbecause the number-jump |s
appropriate for the number below”.

i
41 +19=60
%

1.0 )’ =
\‘m \ %W/é/w BN cah Q\*\M‘
sy ok angl i it

Figure 5.12. Annisa’s written assessment for nq&h August 08)

Although Annisa gets a correct result for this &ddi problem,
she makes a mistake when performing the second, juephe jump of eight
to get to 60 from 51. This indicates that Annisesh’t have a good number
sense in doing calculation, because she doesmgneze that 51 and 8 makes
59 instead of 60, and the decomposition of 19 shbal10 and 9 instead of 10
and 8.

On top of that, we can see a number mark ‘1’ ondbg in the
problem. Based on an interview with Annisa duttimg teaching experiment, |
assume that she performs the algorithm strategy fir get the result ‘60’
before she draws an empty number line. Becausauher ‘1’ suggests us
that she adds 9 and 1 (the second digit of bothbenm.e. 41 and 19) to get to
ten, then she put the ‘one’ ten on top of the wylamn (she almost does the
algorithm mentally). After that she adds 1 andoff41, and 1 from 19 to get
to 6. Finally, she gets 60 as the answer! Anchtoy out the strategy which is
instructed, she performs a calculation on an empityber line, adjusting with
the first result that she gets from the algoritimategy. This interpretation is
also supported by her reasdbecause the number-jump is appropriate for
the number below”which means that the jumps of ten and another jop
eight are appropriate for the result. In otherdgoishe knows the answer ‘60’
first, then she thinks of the appropriate numbergsHe jumps.

This algorithm gives a correct answer. Howeveg thistake

(adding 8 to 51 to get to 60) is an indication tbltaining the correct result
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using the algorithm strategy doesn’t mean thantimaber relation is involved
in the thinking process. Therefore, Annisa has unaderstood the number
relations that could help her performing mentalhanietic strategies to solve

problems.

She started from 24 and continuously performed fiineps of ten to get to 74.
Finally, she adds 15 more to 74 to get to 89.

24 + 65 ZSQ
5 ¢} \ 1 i
\

7 - \
24 349 s 4 a9y e

Figure 5.13. Annisa’s written assessment for no(Bb August 08)

In this problem, she might still use the algoritetrategy to get the
answer, i.e. 89. Since the addition of 4 and B (thes from 24 and 65) is not
bigger than ten, she does not need to put a numask “1” to represent a ten on
top of the tens column. The last jump - a jum@dBf- is the biggest jump that
she does for all the problems in this section. ®ight have known the result
first by doing the algorithm and then adjusted jtimaps to come to the correct

answer.

|
56+37-93
l | 1

156 g 7 5% 93

Figure 5.14. Annisa’s written assessment for ngqBt August 08)

?')9+48:3.¥_
W
29 49 9 69 z9 o2

Figure 5.15. Annisa’s written assessment for no(Bdl August 08)

Annisa tends to perform a similar strategy on aptgmumber line
over numerous problems in the written assessméntight happen because she
feels safe to continually perform this similar &gy which has been proven

correct, or she thinks the empty number line asxedfprocedure, i.e. doing
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jumps of tens from the first number, in solving @idah problems. | would
contend that Annisa performs the algorithm stratégy to find the answer and
then adjusts the last jump on the empty numbertbngne known result. This
leads to an assumption that she does not know lbodeal with an empty
number line, and in this case fails to understhiatli the accumulative number on
the entire jJumps refer to the second number omdlaition problems. However,
| could argue as well that she understands the runetations between adjacent
numbers, such as 39 + 10 = 49; 49 + 10 = 59; etaus® counting by tens is not
a problem for her.

Problem: In the competition for Indonesian Indepmrce Day on the {7of
August, Annisa has to collect 50 hidden Indonediags. Annisa already has 19

flags with her. How many more flags does she havénd?* So, Annisa has t¢
find one more flag

5. Pada lomba acara 17-Agustus yang lalu, Annisa harus berlomba mengumpulkan
50 bendera merah putih yang tersembunyi. Annisa telah mengumpulkan
sebanyak 19 bendera. Berapa banyak bendera lagi yang harus ia temukan?

C— 33 49 <o |
;)ﬂudx A G{A‘M—!‘w\/ Qwr(w;, Jrenarukon "\‘ WT&%

So, Annisa has to find 1 more flag

Figure 5.16. Annisa’s written assessment for n@5 August 08)

This result supports my previous assumption that dbes not
know how to deal with an empty number line as a ehoidr mental
calculation, in this case to understand that theumecilative number on the
entire jumps refer to the second number on thetiaddproblems, in this case
10+ 10 + 10 + 1 = 31. She knows where to end50eand where to start, i.e.
19, but she does not have the relation that 10 + 10 + 1 = 31 as the total
number of flags that she has to find in the probléntells us that Annisa does
not understand the context problem as well.
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Answers and Recommendations

These observations and interpretations lead to”“gssthe answer to
research question (1.3). This could happen becthese was less attention on
mental calculation than on the empty number linkictv makes the empty number
line the most important feature to solve problenMoreover, a direct instruction
from the teacher to use an empty number line ishemeeason in this case.

This suggests to us (teachers and researchersyehaiust be thorough in
teaching children to perform mental arithmetic tetgées on an empty number line.
All chosen activities, examples, and instructioneudd make sense to the children.
Exploring more number relations in which a numisedécomposed (for instance,
28 =20 + 8 or 10 + 10 + 8), and talking more alitbetmental strategies, as on the
number line, could be very helpful in preventingstproblem, i.e. children interpret
an empty number line as a newly taught calculgtimtedure. Moreover, providing
context problems and problem strings might helpddgelop their understanding of

number relations

5.4.Conclusions
5.4.1. Answers to the First Research Question
1. How do Indonesian children who are used to perfamalgorithm strategy
develop their mental arithmetic strategies on arpgmmumber line to solve
addition problems up to 100?

The development of children’s mental arithmeticatggies is
influenced very much by the previous knowledge lé thildren. Since
Indonesian children are acquainted with the alboriprocedure, they tend to
perform the algorithm strategy in explaining thairswer. Although some of
the children show their development in mental amikic strategies by means
of the contextual situation and the empty numbee,lithere are still some
children who do not develop their understandingcomstructing mental
arithmetic strategies on an empty number line. yThed difficulties in
dealing with the ‘empty number line’ strategy, besathe empty number line
does not make sense for these children when thewlale to solve addition

problems using their number sense or the algorgtiategy.
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1.1.How do children develop a framework of number iel& to construe
flexible mental arithmetic strategies?

The children develop a framework of number relaiolring
the ‘locating numbers on an empty number line’\digti The ‘combinations
that make ten’ game also help them to build thenéwaork of number
relations. The discussion on sharing and compdhien strategies throughout
the activity, they gradually develop their undemsiiag of number relations.
Rezon’s understanding of number relations helps inirsolving a problem
using mental arithmetic strategies on an empty rarrtibe. Yona also shows
a great performance in calculating mentally. Thsult of the experiment
shows that Yona develops her number relations ¢batd help her solving
problems flexibly.

The results support the conjecture that a locatinghbers
activity could be used to explore number relatiang to enhance children’s
counting strategies. By understanding numbericglat children do not only
operate numbers and find the correct answer, layt #fso realize what they
are really doing in performing mental arithmeticagtgies on an empty

number line, and attempting to find a sophisticated reasonable answer.

1.2.How flexibly do the children use mental arithmesicategies on an empty
number line to solve addition problems up to 100?

Yona and Rizqy’s written final assessment shows flexibility in
doing mental arithmetic strategies on an empty remiine. For example,
Yona prefers the splitting strategy in solving 265-and start from 60 instead
of doing common jumps of ten from the first numberthe fixed number on
an empty number line. She is able to representhieking in the splitting
strategy on an empty number line, although it hexgen been taught in the
classroom. Additionally, she is able to solve tm@blem 41 + 19 by
performing a jump of 20 at once and a jump of caeklwvard. In this case, she
does not need to perform an algorithm strategyolwesthis problem that
requires a conversion in which 1 and 9 makes 10stauld be converted into

one for the tens.
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1.3.Do children interpret an empty number line as a lyetaught calculation
procedure?

The empty number line has emerged as a newly taught
calculation procedure for some of the children.eyfeall it as ‘the number
line’ strategy in which they simply perform the #an jumps of ten for any
kind of addition problems. The result of the veittassessment and the
children’s performance in the classroom show thatdhildren do the ‘empty
number line’ strategy without an understanding.eyperform jumps of ten
strategy on an empty number line repeatedly orouarproblems without an
understanding of the number relations involved;eékemple Annnisa does not
understand that the accumulation numbers on gntinps that she performs —
10, 10, 10, and 1 — is the number that is addededirst number. Moreover,
in solving the ‘bare missing add-end’ problem, Yarsees the empty number
line only to accomplish the instruction of this plem because she performs
the jumps of ten similar to the other problems with understanding the
meaning of each jump.

This could happen because there was less attemtianental
calculation than on the empty number line, whictkesathe empty number
line the most important feature to solve problem#loreover, a direct
instruction from the teacher to use an empty nuntiberis another reason in
this case. On top of that, there is lack of distrsabout one’s reasoning in
solving certain problems using certain strategieSherefore, the empty
number line is not yet a model for the children’athematical reasoning that

they can use flexibly.

5.4.2. Answers to the Second Research Question
2. How does the emergence of an empty number lineaighr@ measurement
context support the development of children’s tinigkn constructing number
relations to support mental arithmetic strategies?
The empty number line emerges very naturally fromdctivity of
recording a measurement result into a moodekthe measuring situation.
However, the development of the empty number Inoenfthe ‘modelof' to

the ‘modelfor’ is not established yet. For some children, thg® number
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line is not yet a model for their mathematical orasg that they can use

flexibly.

2.1. How does the measurement activity with a strindpedds support the
development of children’'s counting strategies arteirt number
relations?

The proposed measuring activity doesn’t help chitdto support
their counting strategies and to come up with thiended patterns. The
context of measuring children’s wrists to make btats gives the children the
idea to measure all round things on their bodyhsag the circumference of
their waists and necks. As a result of these rainmls, children cannot
immediately perceive the pattern of a string ofdseavhich could improve
their counting strategies. Moreover, there is rechfor the children to use
measurement when they are arranging the beadthesocreate their string as

beautiful as possible without considering the rnfleeaneasuring.

2.2.How does a pattern of a string of beads support degelopment of
children’s counting strategies and number relatiamsheir thinking?

The pattern of the string of beads encourages remlsl counting
strategies to develop from counting by ones to tingrby tens. Alternating
the color by tens in a string of beads allows c¢hihdto see the beads as chunks
of ten beads, which leads to counting by tens. gdt¢ern helps children to
count by only looking at how many chunks of tendseand how many more
to the end of the measured object. This is in &&eery sophisticated strategy

in counting mentally supported by the pattern.

2.3.How does an empty number line support the developmienumber
relations in children’s thinking?

The empty number line is proven as a powerful madedlevelop
number relations in children’s thinking. In thetiaity ‘locating numbers on
an empty number line’, the children estimate thgitimn of numbers using the
known number. If O and 100 are the known numbtes,children will use

their number relations to determine that 50 mushkibe middle of O and 100.
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Moreover, the number 20 must be closer to 0 thaDtahe number 90 must
be closer to 100 than to 50, and so on.

Providing a string of beads on top of an empty nairiime in the
activity also improves children’s understandinghamber relations. They use
the pattern of the string of beads (the ten stregtto speed up their counting.
Furthermore, they do not need to count from therlmegg to locate a number,

they can just look at the nearest number and coufnback.

2.4.How does an empty number line support the developme mental
arithmetic to solve addition problems up to 100?

The empty number line does support children’s dewelent of
mental arithmetic strategies. Furthermore, thetgmpmber line also serves
as a model for the children’s flexibility and th@umber relations in solving
addition problems. The empty number line providegsual representation of
children’s calculating strategy that can be pem#iand discussed by the
classroom community. In this case, the empty numbee facilitates
children’s discussions in the classroom about difie strategies. The empty
number acts as a representation of children’s thinthat could help them to
trace and realize a mistake in a mental calculasivategy. However, the
empty number line cannot support the developmenttoldren’s mental
arithmetic when the idea of number relations incelating mentally is

neglected in the classroom discussion.

5.4.3. Answers to the Third Research Question

3. How do the role of the teacher and the classroorntura support the
development of children’s thinking in constructimgental arithmetic
strategies?

The teacher’'s beliefs about mathematics educationthie
classroom have an effect on the development ofdmnls thinking in
constructing mental arithmetic strategies. Thecheds beliefs are still
influenced by traditional mathematics teaching, rehehe children are
expected to give answers as the teacher wishasealh of giving the freedom

to solve problems in the children’s own way, thacter gives a direct
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instruction to use the empty number line to solvebfems that can limit

children’s thinking in doing mental arithmetic. Shtauses the empty number
line to become a meaningless strategy for childr@ihe teacher’s role in

developing a contextual situation also has an eféecthe development of

children’s thinking while engaging in the activity.

However, the teacher helps children in their degwelent by
facilitating the discussion; providing tools (sealestrings of beads with
different patterns); posing questions to enhandereim’s thinking; building a
classroom culture in which children can participate the classroom as
validators; and encouraging children to contritiotéhe classroom discussion
for the sake of the development of their learniracpss.

The open classroom culture (see appendix 4) whids w
attempted to be developed through the teachingremest is not established
yet. The children often forget their agreement tedteacher sometimes does
not remind the children. Parts of the classroontuce) such as trying to make
sense for our answer and reasoning; and be re§®nsi the classroom
activity are not yet established. Therefore, thetdtle discussion about “how
do you come to that answer?” or “do you understahtier/his thinking?”.
The culture of ‘always obey the teacher’s instetvithout any reasons’ is
also another significant factor in the development children’s mental

arithmetic strategies.
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6. Discussion

In this design research study a sequence of inginat activities in the
Hypothetical Learning Trajectory (HLT) was develdmnd implemented in the second
grade of an elementary school in Jakarta, basedeoRealistic Mathematics Education
(RME) theory. The result of this study will cottite to the development of grounded
instructional theories on addition up to one huddusing mental arithmetic strategies
on an empty number line. The previous chapter igesvthe result of the design
experiment together with its retrospective analysianswer the research questions. In
this section we will discuss the results in a bevagense and reflect on the theoretical
framework that was outlined in the second chapRemarks and recommendations for
teaching and for future research will be delibetate well.

The Heuristics of Realistic M athematics Education

In this section we reflect on the RME heuristics didactical
phenomenology, guided reinvention, and the emergent modeling. The didactical
phenomenology heuristic has contributed to the giedly providing a ‘measuring
context’ as a meaningful contextual situation fle tstarting point of the children’s
progressive mathematization to construct mentahragtic. Developing a contextual
situation must be carried out very appropriatelyhsd the children find it reasonable to
engage in the activity. In this experiment, thect@l moment of ‘developing the
context’ was not very successful. Although theclkes manual provided logical steps
for developing the context, the teacher seemed mnfthenced by her previous
experience in the measuring activity. At the bagig of the activity, children did not
develop the need to measure when arranging thesbelukrefore, the children did not
gain a mathematical reason for doing the activitirey simply made a beautiful pattern
of the string of beads because they liked it.

It was crucial to study children’s pre-knowledgetie domain before
engaging in the teaching experiment. An interviatvthe end of the teaching
experiment revealed children’s conceptions abouttat@rithmetic strategies. Most of
the children already had a basis for doing meraddutation, because they enroll an
informal mathematical course, suchkasnon andfinger math. This should have been
one of the didactical phenomenology considerati@mschoosing the proper starting

point in the children’s learning trajectory.
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The children’s progressive mathematization fromlityeéthe measuring
activity) to formal mathematics (adding numberstapl00 using mental arithmetic
strategies) process was enhanced by the use ofdal rtbe empty number line) that
emerged first from the contextual situation as alehof the measuring situation and
developed to a moddbr mathematical reasoning in mental strategies. Thete
number line emerged as a modEtheir measuring activity. The activity of recordin
their measurement results on an empty number lagaveasonable way for children to
experience the emergence of the empty number mvever, the development of the
empty number line to be a model their mathematical thinking was not established
yet. This was probably because the classroom mmattieal discussion mostly focused
on the use of the empty number line to record thelutions instead of on the mental
strategies performed in children’s heads. Moreottez learning environment in the
classroom suggested that children performed tladautation on the empty number line.

The misused problem strings by the teacher didutidl the aim of the
problem strings as intended. The children did distuss their mental strategies to
solve problems (by explaining a solution verballithout the use of pen and paper
while the problem strings were presented on théekbard one at a time), but they did
discuss their strategies on an empty number IFf@. some children, an empty number
line was a less sophisticated procedure to solwhtiad problems, because it only
caused a new problem in dealing with the procedijuaip-of-ten’. The unexpected
result was that children performed an algorithmatetyy to find a solution for an
addition problem and then carried out the stratebich was instructed — the empty
number line. They in fact performed the algoritbtrategy first and then adjusted the
jumps of ten with the earlier solution. They didt mse the empty number line as a
model for their reasoning, but as a calculation tool. Howgwhe flexibility in
children’s performance while solving problems onempty number line appeared in
their written final assessment and in their perfamage in the classroom. Furthermore, a
detailed analysis of Yona's thinking in her contektthe missing add-end problem
showed that the empty number line allows childrerirace and manage mistakes in
solving problems (Gravemeijer, 1994a).

The apparent success in the experiment was theitgotf ‘locating
numbers on an empty number line’ to explore numigdstions. For example, a
sophisticated strategy in locating the number 92mempty number line under a paper-

string of beads emerged after the classroom diggussThe children come to an
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agreement that locating 92 by counting back 8 time® 100 was better than counting
on by tens from 10 to 90 and counting on two moiEhen the children gradually
developed vertically in their progressive mathenaion process from the reality object
of ‘counting the beads’ into the mathematical cqte¥ number relations — the number
92 is 8 less than the number 100. In this respleetempty number line could represent
the counting number in a linear model and couldd®ithe gap between the ‘reality
matter’ and ‘formal mathematics’.

In the progressive mathematization process, onotie hand children
were given freedom, while on the other hand theyded to be guided carefully by the
teacher. For example, children were given freetlmapply their counting strategies in
determining the measurement result, and also tovas®us strategies in solving
addition problems. On the other hand, the teasheuld guide them by developing a
contextual situation in a reasonable way, faciligatheir discussion, posing questions
to correct mistakes and to enhance children’s thmkproviding tools, and building a
classroom culture in which children have a resguligi to contribute to the
development of the learning process. It does tiake to change and influence teachers
and children’s beliefs about their own role in mspto the guided reinvention process.
Although the classroom community involved in theexment has started to build an
open classroom culture, the culture has not betbleshed yet. They need more time
and more consistency in changing their beliefsrates in the classroom mathematical
practices. This explains why the teacher’'s autyami the classroom somehow limited
children’s freedom in engaging with the activitgr example, the children were given a
direct instruction to solve every addition problasing a number line.

The Design Resear ch M ethodology

This design research study gaatslogical validity in the sense that the
design research helped in bridging the gap betwkeory and practice. A detailed
description of the teaching learning process, theetbpment of children’s learning
process, the role of the teacher, and the emergeheeathematical practices (see
chapter 4 & 5) provide a basis for adaptation teosituations. Moreover, an example
of the teacher manual, a description of classroattuie, and the written assessment
together with its rationale (see appendix) offeridea of how to put theory into
practice. Furthermore, to improve timternal validity, the researchers collaborated in
interpreting and analyzing a fragment of a classrattuation or an individual learning

process. One of the researchers sometimes playsotb of ‘devil's advocate’, by
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doubting an analysis and an interpretation made gecific situation. In this respect,

the result provides a trustworthy justification amterpretation about children’s

thinking and the whole teaching learning processt teads to the correctness of the
findings.

Our learning process in this design research cbeldraced back by
investigating the motivational aspect and the motd arose (chapter 1), the chosen
theoretical framework that guides the design (ciraj®), the procedures followed
(chapter 3), the development of HLT (chapter 4 apgendix 5), and the analysis
process with its framework together with the fakirand successes in the experiment
(chapter 5). Together with the inter-subjectiveeagnent among the researchers, these
suffice to meet the methodological normgraickability andinternal reliability.
Recommendations for Teaching-L earning Process and Futur e Research

There are two recommendations for future researfeinst, it might be
better to conduct the design research in a classmbere the algorithm strategy has
never been taught, so that the children might camevith their informal strategies.
The second is about the significant role of thelea The negotiation process with the
teacher to come to a mutual understanding aboutteher’s role and the mathematics
takes time. Therefore, regular meetings to netgptiae mathematics, the classroom
culture, and the role of the teacher are much sigde

In addition to the two recommendation points abothe points of
recommendations below could also improve the te@el@arning process in a
classroom and the future research:

1. Regarding the measurement context used in theitepelperiment, there was no
child who came up with the expected patterns irargging the beads. The
interpretation and the analysis in chapter 5 suggestart the measuring activity
with measuring straight lengths instead of meaguround things. Moreover, to
make children really experience the need of usiaffepns in measuring, the
measuring activity should be repeated once mower aftclassroom discussion in
which children compare different patterns and caméhe conclusion that using a
certain pattern can help them with counting. TmM# make all children get
involved in experiencing counting the number ofdsehy tens (or by fives).

2. An empty number line did not develop from a moadfeh situation into a modébr
mathematical reasoning since there was less aiteriti the mental arithmetic

strategies than to the use of the empty number lif®r the next time, more
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discussion on “How to solve the problem mentally®tead of “How do you solve
using an empty number line?” should be conductegdsing problem strings that
ask for children’s mental strategies, and thenisaand discussing their strategies.
Additionally, the teacher should avoid instructioms environments that suggest
children to think that an empty number line is aviyetaught procedure in doing
calculations, such as giving direct instruction use an empty number line
Furthermore, exploring number relations in whichnumber is decomposed (for
instance, 28 = 20 + 8 or 10 + 10 + 8) could helpdebn understand the mental
process involved when dealing with the empty numiimer.  All chosen activities,
examples, and instructions should be meaningfuttddren.

3. Due to the fact that the children continuously depen their algorithm strategy
(see the analysis of Annisa), context problems th@tnot suggest the use of
algorithm should be envisioned. There must beaasae for children to perform
mental arithmetic strategies instead of pen ancipajgorithm. For example, the
context problem below may suggest children to perfthe jump-of-ten strategy in
finding the answer: “Sasya has 36 marbles in hek@oand her father gives her 10
marbles every week; how many marbles does Sasyadftar a week? How many
marbles does she have after two weeks?” and so on.

4. In relation to the classroom culture, giving moppiciation to children when they
are doing different strategies, comparing the diffiees and finding the effective
strategy should be made explicit. Moreover, thscwaision process in which
children give different strategies or compare efyas, should attempt to make
sense of what happens in their thinking, not onlknow how one solves certain

problems with certain strategies, but also to engplohy one finds the strategies.
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Appendix 1. An Example of the Teacher Manual

Unit 1
Measuring using a String of Beads
2 x 30 minutes (2 lessons)

=

Mathematical Learning Goals :

Children can measure things around them usingraysif beads.

Children can apply certain patterns in their ssing beads to help them determige

the number of beads while measuring.
Children can compare numbers through a measuresoatext.
Children can count by tens in determining a numdfdbeads in the string of beag

which has alternating colors by tens.

A.

Planned Instructional Activities

Developing the context

« Beads as accessories such as necklaces and lzaceletly life.

% How many beads do you need to make a bracelebfg? yestimation); how
many beads does your friend need? Who needsdgedtinumber of beads?

< From comparing the number of beads needed to mhkacalet, children will
have an idea that they can use the string of heaftlsd measurements of
certain things around them.

Measuring for Celebrating the 83ndonesian Independence day

¢+ Children work in pairs in the measuring activity.

% Children measure the circumference of their headsake a white and red
paper head band in celebrating Indonesian Indepeedeay.

% Children measure other things around them.

% The teacher and observers observe children’s giesten measuring and in
determining the measurement results.

Preparing for the math congress

%+ Making notes while children’s engaging in the atyivsuch as children’s
strategies in counting, patterns that childrenimg®unting, etc (this informs

PwnNPE

Tools

beads in two colors for each group

strings

children’s worksheets

pen to write (because children below third graderent allowed to bring a pen to
school)
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= Context: measuring using a string of beads

» The teacher shows the children a beautiful strihdpeads with enthusiasm and starts a
discussion in the classroom about the use of hieatieir daily life.

= Some children might answer that beads can be useteessories such as necklaces and
bracelets. If so, ask children to make a bradeletheir partner in each working group so
that every child has a responsibility to make & icacelet for their partner.

Before the children start to make a bracelet ubiegds, give a challenge for them to
estimate the number of beads needed for a bracelet

* This is intended to practice children’s estimationdn measurement context that
could help develop their number sense.

= Some patterns that might come out from the childrémacelets are: a bracelet without
certain pattern, a bracelet in one color, a braeeith alternating color (ones, twos, etc), or
other patterns.

Look carefully at how children count the number ofbeads in their bracelets
Possible strategies are:
1. count by ones (1, 2, 3, etc)
2. count by twos (2,4, 6,8,100r 1, 2, 3, 4, 5)10!

The teacher’s notes (observation results or commesbn the activities):
For example:

How do most of the children count the number of beds?

Are there any strategies which are not mentioned e?

= Once the children know the number of beads needledake a bracelet for their partner
group, pose a question to them: “Does everyone teedame number of beads to make
their bracelets?”

This question is intended to build the children'asurement sense and [to
develop their understanding in comparing numbetiseasame time.

» The next question is: “Who has the biggest measemérfor their wrists? Who has the
smallest wrist?”

This question is leading to the measurement coniteggptcould be a reason fgq
children to do measuring activity using a stringbefds.

=
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B. Measuring for Celebrating the 63 Indonesian Independence Day

= In celebrating the 63Indonesian Independence Day, children will makeeadband for
each of them from paper and in red and white cmaymbolize our flags. The problem
that arises is will they make the same measureofémtadband for each child? Therefore,
they are presented with a string of beads to fiedrésult of measurements.

= The teacher shows the children three different oreasents of headbands. The first one is
too small, the second is too big, and the lastfiiméhe teacher’s head.

» The teacher ask the children: “How do you makeadband for every child so that it fits
you?”

= The children are expected to suggest measuring wsistring of beads, so that the next
activity will emerge from the children’s contribati.

= After all children agree on measuring using a gtohbeads, they are given worksheets and
a pen.

= The teacher challenges the children to measurer dbings around them besides their
heads

When the string of beads is too long, distractdhiédren while they are counting so that
they will think of another strategy which is betnd more efficient in counting and
tracking the results. This is related to the girof beads patterns that could help th
countina.

\U:
3

Observe children’s counting strategies!
Some strategies that might come out:
1. count by ones (1, 2, 3, etc)
2. count by twos (2, 4, 6,8,100r 1, 2, 3, 4, 5)10!
3. count by fives
4. count by tens, etc

= After children can measure certain things arourenthead a classroom discussion on their
different patterns. The strings of beads are mangn front of the classroom so that
children can compare the patterns which could tiedm in better and faster counting.

Children who are already able to count by tens teeencept ofinitizing, in which they
understand a new unit, for example 10 that consisten ones. Thus, they can count py
tens: 10, 20, 30, etc. It is not a simple thing fmw level children to understand the
unitizing concept, because what they know beforadiding or subtracting one every time
they count.

The emergence of a pattern in a string of beads aliernating colors in ten or fives cou|d
improve children’s counting strategies. A classnadiscussion where they share strategies
and decide the effective way in counting, supptresdevelopment of children’s learning
process

C. Preparing for the Math Congress
= Collect children’s worksheets including their piets of their string of beads patterns.

= Collect children’s string of beads for a classradistussion the next day.
= Observe children’s strategies in counting.
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Appendix 2. Data Generation

The core idea of a design research is the loc#lictson theory in which students’
learning trajectories are designed and developeéirstydoing thought experiment about the
level of students’ thinking in a specific mathematidomain and formulating activities as well
as designing means to support the developmentustests’ thinking processes. In a design
research, data are very important regarding theaitsgin the improvement (five-tuning) of the
local instruction theory (LIC) and also as evidenod your theory. In order to reach those
goals, the selection of data should be made clear.

Data that are going to be collected in improvihg tIC are about the learning
processes of students, and also the role of thehéea When we discuss about learning
processes, is it possible to see learning procésstsdents’ mind? What is learning itself? And
how to study learning? Since learning processas/iy abstract activity in students’ mind, we
could never be able to see the whole learning psoge students’ minds directly. Moreover
mathematics is about concepts, thought, ideasstaategies which are very abstracts. What we
could do is trying to know students’ thinking preses in dealing with situations or in solving
problems by asking them to explain what their thigks. If somebody has learned something,
there must be a change that we could observe.nfAxample, a scrap paper for writing down
strategies and thinking in solving problems coukl Helpful to obtain information about
thinking process of a student or how a studentbate to an answer.

Three basic forms of data-collection are (1) celferand analyzing documents; (2)
making observations about what people do and S)yagking questions about what people
think and perceive (opinions, attitudes) or whatggde know or can (knowledge, strategies) in
the form of interviews, questionnaires, or testa. observations, we can only see the actual
behavior of ones acts (nonverbal behavior) and s/¢vdrbal behavior) without knowing ones
thoughts or opinions. To observe a classroom tgimawe should already have had a
framework in order to focus on important and catienoments that we have to look at.
Therefore, the goals of our research should proyidenework in our observations. In
observing, we are not only looking but also se&ind not only listening but also hearing. For
example, in a lesson observation, it is importarmtke video / audio registrations and notes of
whole class discussions as well as the group works.

As a researcher, we should decide what types adreéson that we are going to
use, is it participating or not; structured or unstured; open or hidden. When we decide to be
a participating observer, we could have interactimith students and the teacher, we could also
engage in the learning-teaching experiment by tpkiver the class or supporting the teacher.

Make sure that the teacher is well informed abaut mle as observers. In unstructured
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observation, the instrument that is used is theevess themselves with their knowledge and
experiences. The advantage of collecting databdsgmvations is that we could have rich data.
However, the disadvantages are (1) no opinions rantvations; (2) selection of relevant
observations, (3) interpretation of the result lo@rvation. Therefore, interpretative framework
is applied in the process of selection and intéapicn.

The second method of collecting data is intervigyimhich could be conducted by
mini interviews, big interviews, questionnaires,tests. There are steps to prepare a success
interview: formulate the aim of the interview — meala list of topics — design interview
questions — formulate an introduction — do a pifdgerview — and redesign the interview
questions. Interviews with students as well af Wit teacher should be conducted not only in
the beginning and in the end of the teaching erpants, but also in between. Mini interviews
with a group of students could be conducted inkibginning to assess their prior knowledge
and their thinking processes, in between to undedstheir ideas, strategies and struggles in
constructing a mathematical idea, and also in titete assess their knowledge and the changes
after the learning processes. In interviewingtdseher, we could gain as much information as
possible before the teaching experiment about thews, perceptions, and attitudes in teaching
math. (Ex; “What is your view on learning matheizg®”; “What is your role as a teacher in
students’ learning?”; “What is the function of m&land tools?”; etc). We could also ask the
teacher to make a concept mapping about one tbptcwe are interested in. In between the
teaching experiments, stimulated recall interviéwshich both the researcher and the teacher
do observation of a classroom situation in a vide@onducted to know the teacher’s thinking
(Ex. What happened there? What did you think? Withyyou do? Etc).

On top of all the methods of collecting data, bk data have to be coded: name
school and teacher, class, subject, date, lengtimef etc. Documents should be copied and
listed, Observations in video/audio recordings emdotes should be coded, Interviews should

be recorded and noted, and students’ written wsinksild be copied and named.
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Appendix 3. Assessment

In this report, written assessment sheets for whldat second grade will be
presented, not only assessment after but alsoeb#ferteaching experiment. Streefland (1981)
has argued that assessment should be viewed tlo¢ imarrow sense of determining what the
students has learned but from the standpoint ofa@hnal development-that it should provide
teachers with information about what to teach @srot, Dolk, 2001). In the case of my design
research, the assessment before the teaching mepérwill give information about how
children manage addition and subtraction problemstai 100, and moreover how children
manage context problems in their daily life. Thi$ormation will help us to refine the
conjectured local instruction theory and to givenusre anticipations of children’s thinking.
The assessment during the teaching experiment giWlé information about children’s
developmental thinking to perform the ongoing as@lyof the conjectured local instruction
theory. Furthermore, the assessment after thénitgaexperiment will provide information
about children’s interpretation of an empty numldee and how flexible children to manage
addition and subtraction problems both in a banmaber format and in context using mental
arithmetic strategies.

Van den Heuvel-Panhuizen (1996) suggests seveitariar for assessment to
capture genuine mathematizing:

1. Students’ own mathematical activity must be caputune the paper.

2. The test items must be meaningful and linked tbtyea

3. Several levels of mathematizing must be possibie&ch item.

4. Assessment should inform teaching.

Based on above criteria and the mathematical gaalyalesign research, below are the written

assessment sheets for children.

A. Assessment beforetheteaching experiment

Addition and Subtraction for Numbersup to 100
Solve the problems below by describing how you ctorthe answer!
1. Look at the chocolate box below!

Bu Amy is a chocolate seller. She is preparingraer for 100 chocolates in a box.
How many chocolates are in the box? Give the reagwr your answers!
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2. Look at the picture below!
Have you ever seen how stamps are sold in a pict ®f
Picture (i) shows a picture of one stamp
Picture (ii) shows a picture of a piece of 5 stamps
Picture (iii) shows a picture of a piece of 10 gpam
Picture (iv) shows a picture of a piece of 20 stamp
Picture (v) shows a picture of a piece of 50 stamps

Can you determine which pieces of stamps that yaniwo choose for:
(a) 37 stamps
(b) 65 stamps
(c) 14 stamps

Al ==

3. Ifthere are 53 beads in a jar, and you need 48<kamake a necklace, how many
beads are left in the jar? Explain your answer!

4. Lisais 3 cm taller than Boby. If Lisa’s heightdg cm, how about Boby’s height?
Explain your answer!

5. Do you know the position of the numbers below? @khe two numbers on the numbgr
line and explain your answer!

28 80

| | |
0

50 100

6. Circle the bigger number in each box below!
Then add the number to its partner! (Use as maategy as you can)

28 8l 46 71 62 38 22 31

An example:
2
A strategy:
1 20
| 40 I
39 60
39+21= 60

*The real assessment sheet for children is arrawghdempty space between two problems to
provide a space for children’s answers, and alsobigger font size.

November, 1% 2008 93



Puspita Sari (3103080) Appendix 3. Assessment

The pre-assessment were intended to investigatérehis pre-knowledge in
dealing with numbers and its operations in orderatfust the starting point and the
activities in the HLT. The pre-assessment infon@ tesearcher not only about children’s
knowledge in certain aspects, but also give expeeiefor the researcher in designing
problems using proper language for children.

The first problem was intended to find out childseounting strategies in
determining amount. Children might count by onesusing the structure of ten (the
structure of the box) to count by tens. Howeuee, picture of chocolate box is designed in
such a way to encourage children’s thinking in ¢mgnusing the structure of the box. The
result shows that most of the children didn’t ustland the context of the problem properly.
They didn’'t get involve to the problem because tmmwer experienced that kind of
situation. It suggests us this kind of contextipea must be preceded by an experientially
real situation for children. However, there welsoahildren who show their understanding
in dealing with the problem. Some of them courtgdones by imagining the chocolate
under the cover, some of them counted by tens ubmgtructure of the box, and there was
also a number of children who subtract the totalhgyempty box.

The second problem brought about children’s coofusagain. First, the
children have never been experienced with star§ps.they even don’t know what stamp is
and what it is for. Second, the picture of thee'ostamp, ‘one’ piece of 5 stamps, ‘one’
piece of 10 stamps, and so on gives an idea tlathiidren only have that number of
stamps illustrated in the figure. Therefore, itngossible to have 2 piece of ‘one’ stamp.
Although this problem is intended to develop chélids counting strategies using the
structure of tens and fives, the children can masp the idea because the context is not
meaningful for them.

The third problem deals with subtraction. Childiame expected to use their
informal strategies, but most of them use the @lgor strategy. As a result, children who
have inadequate understanding of solving subtmactmblems using algorithm made
common mistakes, such as: treat 3 — 5 similar+a35and forget to subtract one tens from
the 5 of 53. However, there was also a child whdgsmed her informal strategy by
drawing the beads and crossing the beads thatsguefar making a necklace.

The fourth problem still deals with the third preb. The problem was
expected to give an idea for children in dealing sabtraction problem as ‘taking away’.
While the third problem deals with subtraction adding on’. Most of the children perform
the algorithm strategy to solve this problem, altiio a small number of children can not
solve this problem. Moreover, there were childwdro still do not understand what ‘cnm’

means, because they have never been taught.
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In the fifth problem, some children locate the nemsbusing their number
relations. They use their number sense and tlienber relations that the number 80 must
be on the right side of 50 and nearer to 100 tbaB0t and the 28 must be on the left of 50
and nearer to 50 than to 0. Some of them used ds¢imation and gave a reasonable
answer. But for some of them who count by onemftbe beginning, they placed the
number on the wrong pace because they did nozeetlle number relations in it.

The last problem was realized as a mistake fromréisearcher, because an
example of solving the problem was provided. Tkengple should not have been put on it,
because it caused confusion to the children. Tragegy on the empty number line was not
meaningful at all, because they have never hadxparience with an empty number line.
Giving an example of solving the problem on an gmmimber line limited children’s
strategies.

On top of all, most of the children have difficekiin explaining and justifying
their answers. They get used to only give an angwitbout explanation and reasons. The
children need to learn more about explaining taaswer by exercise in the classroom and

by a classroom discussion

B. Assessment after theteaching experiment

Thursday, 21 August 200‘
Solve the problems by giving your explanations ggasons!
1. Jenna is going to hold her 7th birthday. Jennaimsite 65 people to her party. Dp

you think the number of juices in the picture beisvenough for 65 people?
Explain your answer!

2. How many beads do you think the height of the dodhe pictures?
Explain how you find out the height of the door!
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3. Yona goes to a market to buy 37 chocolate. Yamdsfseveral kinds of chocolate
pacjages (see the picture below).

Isi: 10 cokelat Isi: 10 cokelat
Isi: 20 cokelat Isi: 20 cokelat ‘
Isi: 10 cokelat Isi: 10 cokelat
Isi: 20 cokelat Isi: 20 cokelat Isi: 10 cokelat | Isi: 10 cokelat
Isi: 5 cokelat | Isi: 5 cokelat ‘ Isi: 5 cokelat
Isi: 5 cokelat | Isi: 5 cokelat ‘ Isi: 5 cokelat
Isi: 5 cokelat | Isi: 5 cokelat | Isi: 5 cokelat ovetat | cokerat | covetat | cokerat | coneiat [ corett [ coreiat | coreiot |

Which packages should Yona take to make her efsgarry them?
Explain your answer!

4. Make couple of cards that have a sum of 28!

=] [z] [4]
4] [3] |

5. In a children’s competition for celebrating the émesian Independence day on th8 §7
of August, Annisa and friends have to competertd 680 small Indonesian flags whigh
were hidden. Annisa has found 19 flags, how maagerfiags that she has to find?

6. How do you solve the problems below using an emptypber line?

a.41+19=.. b.24+65=...
C.56+37=.. d.39+48=...
e.34+..=61

Although at the beginning the design research wiltompass addition and
subtraction up to 100, at the end there was notgindime to comprise the subtraction
problems. The missing add-end problem was thedalsfect that was discussed in the
classroom. The first problem was intended to assbdldren’s development in their
counting strategies. The results show that mostheichildren develop their thinking after
the teaching experiment. They can determine thabeu of juice in the picture using
structure of ten. Although there was a small nundbehildren who still counted by ones,
the structure of ten in the picture encourage softlee children to count by tens.

The second problem deals with measurement situatiomhich the children
have to estimate the height of the door using thiegsof beads available in the picture.
This problem assesses children’s performanceseimtbasurement activity. At first, they
were expected to use the 20 beads to estimatethlehieight of the door. However, the
result shows that only a small number of childrdrowsed the beads (the pattern) to count
by ten or by twenty. Some of them drew other be@ither in a similar size or in a
different size) from the middle to the top, and soofithem use a line to represent ten beads

in a string.
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The third problem is similar to the second probienthe pre-assessment. The
context deals with chocolate which is experientiaial for children. Their performance in
this problem is much better than the previous o8eme of the children can give different
combinations of the packages, although they sonestidid not recognize the need of the
effectiveness in carrying the chocolate. This pFobleads to the concept of decomposing
numbers. For example, 37 can be decomposed intb01A0, and 7, or 30 and 7, or 20, 10,
and 7, or 30, 5, and 2. It was expected thatiificdn can deal with this problem very well,
then they could be flexible in solving problems itady.

The fourth problem seemed to be the easiest p#ineizvhole assessment. The
children can easily find combinations that makefr28n two numbers. This problem was
also intended to develop children’s flexibility perceiving a number, i.e. a number can be
decomposed in a several way. They could use tlés ito shorten their calculating
strategies in their head depending on the probldras.example, for the problem: 57 + 28,
children can decompose 28 into 25 and 3 so thaB tten be added to the 57 to get to 60,
and they only have to add 25 more to the 60 toesthle problem.

The fifth problem is a contextual missing add-emdbtem in which children
were expected to add on from 19 to 50. Some otltldren solve this problem using the
algorithm, but some of them using an empty numiper. | Although some of them can draw
an empty number line that represents the situatimy, do not understand the entire number
on top of their jumps is the answer for the problefhe children who have good number
relations are proven to be able to solve this mobtorrectly.

In the last problem, the numbers were intentionetilysen to observe children’s
flexibility in solving problems. Certain problemsquire different strategies for the sake of
efficiency. The direct instruction of using an @gnpumber line urges children to draw an
empty number line for each problem although theyndbunderstand how to deal with it.
Some of them solve the problems by performing gorgghm first then adjust the jumps on
the empty number line based on the result obtdiydtie algorithm. Nevertheless, some of
them show their flexibility in solving the probleroa an empty number line. Therefore, the
empty number line must be introduced thoughtfullthva reasonable motivation of solving
problems using different strategies than algorithm.
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The Role of the Teacher

Due to the important role of the teacher in suppgrithe ‘guided
reinvention’ process in children’s learning, itimsportant that the role of the teacher is
negotiated before the start of the teaching erpart. Below is a paper written by the
researcher to give an idea about the role of theher. The teacher should reflect on the
explanation given to her common practice in a ctass. This paper serves as a basis for
the negotiation process between the researcheharmbllaborating teacher.

The Role of the Teacher in Realistic Mathematics Hetation

Puspita Sari, Freudenthal Institute, Utrecht Ursitgy the Netherlands

Realistic Mathematics Educatio(RME) is a reformed mathematigs
education during the second half of th& 2@ntury that was first developed by Hahs
Freudenthal, a mathematician in the NetherlandsansHFreudenthal thinks that
mathematics is not supposed to be considered fianmal mathematics withou
meaning. Freudenthal argues that mathematicahitegarshould start meaningfull
from daily activities, that isMathematics as a human activity’

One of the RME heuristics igided reinventionin which students ar
given opportunities to reinvent mathematics inrtlogn way. This brings a different
and unique learning path for every student. Thi®fi course a difficult task an
challenge for the mathematics educators, becauaeciassroom with different kind
of students, a teacher has to be able to guide Huethat every student will develgp
their learning process meaningfully. Therefordjgquestion for us is “How coul
teachers guide their students so that every stutbenteinvent mathematics in their
own learning path?” Answering this question is asteasy as we think, because
guided reinventiormeans a balance between students’ freedom in theergion
process and the teacher’s guidance to enhancenssudieinking. The paragraphs
below answer our big question through an illustratdf a classroom situation in ja
primary school in the USA that applies RME.

Since mathematics is a human activity, studentsuldhatart their
reinvention process from a reality. Therefore, firg guidance from the teacher |s
developing a meaningfully contextual situationfor students. A teacher of g
primary school, Hildy, who has about 20 students h@r classroom uses [a

e
D

‘measurement’ context as a starting point of thergence of an empty number lin
that could be used as a model for reasoning inirepladdition problems up to 10
using mental arithmetic strategies. A standardrrid not needed for the measuring
activity, instead a chain of unit cubes is use@ &sol. In determining measuremepnt
results using the chain of cubes, students cantédbemumber of cubes. At the low
level, students might count the number of cube®gs, while at the higher leve],
they might count by tens to be more efficient. Possibility of applying different
strategies for a context problems shows that theaSurement’ context is a rich
contextual situation in which students are alloweduse their own strategies |
solving problems.

=]

“prepared as a guidance for the collaborated teathmplementing the Realistic
Mathematics Education in tHigesign Research on Mental Arithmetic StrategiesAiddlition
Up to 100, Juli-Ags 2008.

November, 1% 2008 98



Puspita Sari (3103080) Appendix 4. The Role of the Teacher and the ClassrGulture

Providing cubes in different colorsas measuring tools is another role|of
the teacher in enhancing students’ learning procedéth two different colors,
students can make their counting more efficientelyploying a structure in th
pattern of the chain, for example 10 blue cubesr@dtes with 10 red cubes. The
pattern can help students to count faster by cogritly tens. Giving freedom to
students in solving problemss another guidance of the teacher. If the taaokes
too much intervention and instructions, studentsobee less creative in solvin
problems. For example, students are given thal@n@eto create a chain of cubg
Students are expected to learn from each otherdiscliss with one another to come
to an agreement of more sophisticated strateggliing problems.

The next guidance mnticipating students’ strategies. Why do teachers
need to anticipate students’ strategies? Thigsdsusse the freedom of students allows
various strategies to come up. Therefore, teacheesl to anticipate students’
strategies to envision the next learning trajectorystudents. For example, when
Hildy poses the problem 34 + 17 , what strategiégghtncome out from students
besides formal calculation (the algorithm)? Belare some strategies that might
come up when solving the problem:

11

GR)

0] 34 + 7 = 34, 35(1), 36(2), 37(3), 38(4), 39(5),80@1(7) Eounting on
one by ong
In this case, students perfordual counting,that is perform two counting
sequence at the same time. When adding 1 toBderstis get 35, and so on.
(i) 34+7=(34+6)+1=40+ 1 =41 (jump-via-testrategy, to the
landmark number, ‘40")
In this strategy, students understand the concepbmbinations that maks
ten, that is 4 and 6 make ten. Therefore, studmnt® to 40 and add 1 more
to get the answer.
(iii) 34 + 7 = (34+10) — 3 = 44 — 3 = 41 (‘jump-of-tetrasegy)
that is a jump of ten from 34 to 44, and then ditthe 3.
(iv) 34+7=(4+7)+30=11+30=30+ 10+ 1 xdqlitting strategy)
That is split the tens and ones and calculate $egrarately.
(v) Etc

17

The other guidance of Hildy in her classroomépresenting students’
strategies on a whiteboard For example, when a student explains a solufahe
problem 34+7 mentally with the ‘jump-via-ten’ segy (ii), Hildy draws an empty
number line and writes down the number 34, thenrsheesents the jump of ten hy
the curve line as a representation of ‘adding B&nt the smaller jump represent
‘adding 1’ to get ‘41’ (see the picture below).

34+7=41
+6 +1
| |
34 40 41
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In representing students’ strategies on the boardgther students can
see, learn, and understand the strategy, so the ategy becomes a topic of
discussion in the classroom.Also, an empty number line allows students to trace
and manage their mistakes, because it gives alvispeesentation of one’s mental
strategies.

It is unavoidable that students make mistakes @& flocess of thei
mathematical learning. A good teacher will nevay SYou are wrong!” to students
who make a mistake. This could cause studentstodonfidence. One possible way
to manage students’ mistakesis by posing challenging questions.Posing
important questions to the students not only can manage mistakes, dutatso
emphasize important mathematical ideaghat should be a point of discussid
Moreover, posing questions could atagse students’ thinking to the next level.

A classroom discussion can determine the succestudénts’ learning
process in their classroom community. Since thewyrounicate one another and
share strategies, they could find a sophisticategt im solving problems. In thig
respect, the teacher shouldcilitate students’ discussions. The teacher could
facilitate students to have a pair discussion whiir partner, so that every studgnt
has an opportunity to discuss with their partnesatving problems. When there is|a
student who comes up with an idea, it is for thecher to ask the student riepeat
their thinking, so that every student will be responsible for eattter’s thinking.
Supporting student to compare more effective straggiesis also another kind of
facilitating students’ discussions.

Another crucial guidance from the teachedéveloping a classroom
culture in a classroom community. A good classroom cultureolves being
responsible for one another’s reasoning and thipkéo that students will listen and
learn from each other. The culture of respectiagheother should also be established
in the classroom, so that the students will suppach other in the development pf
their mathematical learning. Tlokassroom culture should always be maintained {o
reach an open classroom culture.

Observing and evaluating students’ learning develapent is another
crucial point that a teacher must consider durhng teaching learning process. By
observing and evaluating, the teacher can tractests’ development and anticipate
their thinking, which might also inform a new bettesign for students’ learning
trajectory.

>

The Classroom Culture

The classroom culture as one of the means thatosumhildren’s
learning process should be established and dewklop@move towards a better classroom
community. Before the teaching experiment was ootetl, the researcher observed
several classroom situations to provide informatedout the currently established
classroom culture. Since the researcher worked ted@chers who collaborate in an RME
project, the classroom community seems to haveestdo build an open classroom
culture where children are allowed to make mistakbgdren have authority to make a
decision in the classroom, and children are engmardo share their thinking. Moreover,
the children become validators whether an answemigect or not, they respect one
another by giving applause for the correct answer.

However, there are still some points that needeteestablished during
the teaching experiment. Although changing a otesa culture was not an easy matter,
the researcher tried to find a way so that thesotesn community could always maintain
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the new classroom culture in their classroom. At@othat provides pictures and short
messages arranged in a story lay out was expext@goport the development of the new
classroom culture. By providing a poster, the stiasm community could always refer
back to the new culture when they forgot, or acetlof the culture. The messages put
in the poster were adjusted from the observed otiolassroom culture.

BE A GREAT, TEAM IN YOUR CLASSROOM

Perhatikan guru dan temanmu Utarakan jawabanmu jika
yang sedang menjelaskan

namamu disebut

Saling belajar
dan bekerja sama
dengan baik

sikap yang diargai  sikap yang kurang dihargai
dan

Pay attention to your friend or to your teacher miteey are explaining.
Perhatikan guru dan temanmu yang sedang menjelaskan

Give your answer when your teacher allows you tsao
Utarakan jawabanmu jika namamu disebut.

Cooperate and learn from one another.
Saling belajar dan bekerja sama dengan baik.

v arespectful and suggested attitude
X aless respectful and not suggested at

The points outlined in the poster were formulatedywcarefully to avoid
children’s misunderstanding and confusion. Th&t foioint is about responsibility in their
classroom. The observed classroom situation shdladhe children often did not pay
attention to other students’ arguments or ideasoothe teacher’'s explanation. This
confined the classroom discussion to a situatioare/the children cannot reactia&en-
as-sharedargument for a problem or situation.

The second point deals with the children’s disoiplin the classroom.
They often shouted together when answering theh&z&c question. This makes the
classroom very noisy, and the teacher cannot disish their different thinking for a
certain problem.

The third point is expected to establish a newstctasm culture where
the classroom community has a responsibility topsupone another. Through good
cooperation in the classroom community and a gaspansibility to learn from one
another, the students are expected to come tdex beirning process.

The result of the teaching experiment shows that rtew classroom
culture has not been established yet. The devedoprof the new classroom culture
requires maintenance from the classroom commuimitjiding the teacher who has the
authority in introducing the new classroom cultuiealso takes time to change teachers
and children’s beliefs about their own role in th@ssroom.
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Appendix 5. The Development of the HLT

A. An Overview of theFirst HLT (March — April, 2008)

Mathematical Learning Goals

1. Children will develop a framework of number relatgoto construe flexible

mental arithmetic strategies.

2. Children will be flexible in solving addition andlstraction problems up to 100

both in context and in a bare number format usiegtal arithmetic strategies

Starting Points

The Contextual Situation: Taking Inventory on “Elating the 63 Indonesian

Independence Day”

Designed Activities

Activity 1: Taking Inventory (Grouping, Unitizing;ombination that make ten)

Activity 2: Math Congress on Grouping by Ten amuitiZing

Activity 3: Practicing Addition and Subtraction Wp 20 (Constant Difference)

Activity 4: Measuring with a String of Beads

Activity 5: Modeling the Contextual Situation on Empty Number Line

Activity 6: Locating Numbers and Exploring Numbegl&tions

Activity 7: An Empty Number Line as A Model for Reoning in Solving Addition

and Subtraction Problems Up to 100 using Mentalh#aetic Strategies

Activity 8: Further Elaboration on Mental Arithmetbtrategies for Addition and

Subtraction Up to 100

Hypotheses of Children’s Learning Process

1. After engaging in a game @bmbinations that make teit,is expected that the
children will acquire the idea otombinations that make teby understanding
that 10 can be split into 1 and 9, 2 and 8, etdterAdoing this activity, the
teacher surprises children by carrying a big bogméll flags into the classroom.
The teacher tells children that they have to hblp teacher in organizing the
flags. The headmaster ask the teacher that heswanthallenge the second
graders to organize the flags in a good way, sbithill be easier to divide the
flags into every classroom which have quite différeiumber of students
(sometimes 38, 40, or 41, etc). The classroom aomityn should discuss the
plan of organizing the flags. It is expected tpatuping the flags into ten will be
the decision of the classroom community. The teaelmphasizes that children
also have to record the number of flags on a pié@aper, so that they can make
a good report to the headmaster. At the end efitkentory, a T-chart is
provided by the teacher on a big piece of papaherblackboard. A big piece of
paper is used instead of the blackboard becausgatiheshould be kept, while if
the data is on the blackboard, someone may cleabdhrd. Organizing things
in bundles of ten will help children to develop tldea ofunitizing where they
recognize that onehole group consists of ten parts, hence they umterstand
the place value, that 28 is two tens and eight.omedlexible mental strategies,
children are expected to apply unitizing in doinmps of ten.

2. The start of the second lesson is reflecting onfitlse lesson in which children
decided to make bundles of ten. Make childrenamaisat by making bundles of
ten it will be easier for them to count; insteadcofinting one by one, children
can count by tens. For example, when they hayegdeide 38 flags for another
classroom, they can just take 3 bundles of ten&nodes. Let children realize
that organizing things in ten is useful and effexti In the second lesson,
attention is paid to the chart instead of the flaibe object of discussion is the
number of flags, i.e. how many bundles of ten, hoany single flags, and how
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many in total. Based on previous activities @@rhbinations that make ten’,
children are expected to be able to find how mawyenthey will need to make
another bundle of ten from the single flags. Thi# help children in doing
flexible mental arithmetic strategies when using strategyjumps via ten’. For
example, they could see that 38 + 13 as 38 + 2i# dider to make 40 from 38.

. This activity is a way to automatize addition andtsaction up to 20, because at

the end of grade 1, children are expected to be t@abteal with subtraction and
addition problems up to 20. This activity couldused when children in grade 2
still have difficulties to solve addition and sudittion problems up to 20. With
this problem, children can recognize that to haweia Of 16 for example, they
could add 1 and 15, 2 and 14, 3 and 13, and sdbis. helps children to develop
a framework of number relations in solving additaond subtraction problems up
to 100 using mental arithmetic strategies. Whyt iselpful? For example, in
solving 16 + 9 they could think of 15 + 1 + 9 =430 = 25. For the subtraction
problems up to 20, children can recognize thatritnber 4 is the difference
between 20 and 16, 19 and 15, 18 and 14, and sdlms.fact will construct the
idea that the difference between two numbers is@ime when the numbers are
added or subtracted to or from the same number.ekample, to solve 51 — 16,
children could think that the difference betweerabdl 16 is the same as 50 — 15.
Hence, the problem becomes 50 — 15 and much ettsieplve by mental
arithmetic strategies. Therefore, it is importemdo this activity with children
and discuss an idea of constant difference (sufiraas the “difference between
two numbers” rather than as “take away”). Bringrthto an understanding that
to keep a difference between two numbers constarthave to add (or remove)
thesame amourtb both numbers

The hypotheses of the fourth, fifth, sixth, sevemiid eight activities are more or
less similar to the second HLT (in chapter 4)

B. TheTry Out Activities (26 June 2008)

agrwhE

o

Introduction

Establishing a Classroom Culture

Activity with magnetic counters on the whiteboacdrfibinations that make ten)
Activity with a game (automatizing combinationsttheake ten)

Activity with number cards up to 20 (addition up2® and combinations that
make twenty)

Activity with a number of colorful magnetic courgesn the whiteboard
(organizing/ structuring/ the use of tens)

The introduction took about 5 minutes in which thkildren introduced
themselves to me. In the introduction, | askeddhiédren how many children
were present in the classroom. Asking the numbehitdren in the classroom is
a natural way to start a lesson. Then, suddestgrted to think that | could gain
more information about this question. Childrenwghtogether mentioning 21 and
22 as the result of their counting to determinerthmber of children present that
day. | asked them how they know that there werellildren present, or how
they count the number of children present. | askeel of the children (Farel) to
explain his thinking in obtaining 21 as the answéimost all of the children
would want to express their ideas, but it seematttiey did not listen and pay
attention to the children who were speaking. lesgpdly asked the children
whether they have another way to get the solutiomat, therefore | could
explore some strategies from the children which are
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2.

a. Counting one by one

b. Counting by twos or by fours (four in the first roplus four in the
second row makes eight, and so on)

c. Counting by tens (ten in a column and anothernghe next column
makes twenty, plus one child makes twenty one.

d. Multiply four columns and five rows of children ¢@t 20 and add one
child more makes 21.

e. Counting the number of children who were absentsardract that
number from the total number of children. In ttése, there were many
strategies that children used to get the numbehitdren who were
absent. Some strategies are counting one by dde@7 and 8 and
then add one more to get 16; doubling eight ankiteéggget 16.

From those strategies, we could conclude that mabghe children were

already acquainted with doubling, counting by teosunting by twos,

multiplying, etc. This informs me that for the mhégaching experiment, |
could start activities that challenge children atve problems using structure
of tens. Moreover, almost all children did the saas Radya who used
counting by tens.
| started introducing the classroom culture from fploster (see appendix 4) after
a lot of noise was made by the children when thapted to utter their answers
together without listening one another. From mgeskation, the poster could
help children to understand more about their rold their contribution in the
classroom. It took about 3 minutes to introduce thassroom culture. All
children agreed about the new classroom culture.
First, a ten frame was drawn on the white boarkdenT | showed children a pack
of five black counters, and a pack of five bluermus. | put the counters one by
one in the ten-frame while children were counting humber of counters placed
in the ten-frame. Then | showed children thatdkt@out a number of counters
from the ten-frame and asked them how many coumters inside the ten-frame
and how many were outside. After that, | askeddobin to make drawings that
give a picture of the ten-frame with a number ofirders inside the ten-frame
and another number of counters outside. They cdetide by themselves about
the number of counters that is outside and indidden-frame. All combinations
that make ten occurred from children’s drawings.
This activity was followed by a game in which chéd have to mention as fast as
possible a number, the sum of which is 10 togethi#h a number that |
mentioned. Children enjoyed following this gamethink that this game could
be a very powerful activity to make children rem@mbombinations that make
ten. At the end of this activity, children are egfed to be able to automatize a
couple of numbers that make ten. These combiratioat make ten such as 1
and 9, 2 and 8, etc are very useful to do menttiraetic strategies when they
use landmark numbers like 10, 20, 30, etc. Fomgi@, in solving 34 + 17 =
(34+6) + 11 =40 + 11 = 51.
A pack of number card (number 0-20) was given tchezhild to play a game.
They were asked to arrange the number cards freon2D on their table so that
they could show a number card that was equal totingber that | mention. The
structure of ten helped Maudy to be able to thevshembers 3 and 13, 4 and 14,
7 and 17 consecutively. Yona is one of the highestl students. She prefers to
use the structure of five in structuring the numbards. The next game was
practicing combinations that make twenty. Keizal &ara who were in the
average level arranged combinations that make jwert gave children an
opportunity to use number cards to help them to arem@ combinations that
make twenty and to follow the game. Children dtigh level do not use the
number cards anymore, they already remember cotmsahat make twenty.
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6. In this activity, | put 23 colorful magnetic courgeon the whiteboard without
structure and let children determine the numbecoafnters. | ask one child to
arrange the magnetic counters on the blackboatidasdhey will be able to count
the number of counters easier. Farel showed thetste of ten in organizing the

magnetic counters.
0000000000
0000000000
000

Then | asked other children who have other solstionarranging the magnetic
counters. Jenna moved forward and showed us steuot five. She was going

to use the structure of dice (structure of fiva)t he decided to make a row of
five and other rows of five with another row of ébrbecause she did not feel
confident with the structure of dice. It is vengaresting that the children in class
1C were already familiar with the culture of makidecision together about the
more efficient strategy. The children decided tifwat structure of ten is easier
than the structure of five.

O O 00000

O . 00000

O O 00000
00000
000

After that, Shafa came upwith another solutione Sbeparated two rows of fives
to make ten and another two rows of fives to makattaer ten. She thinks that
this structure below is easier than the structufefie that Jenna made.
However, at the end all children agreed that tmactire of ten is the most

efficient strategy in determining the number of mius easily.
00000
00000

00000
00000

00O

C. TheDevelopment of the Second HLT (July — August 2008)

The try out activities, interviews, and other olvsgions served as a
basis for the development of the second HLT that ingplemented in the teaching
experiment phase. Information gathered revisedstaging point of the HLT. The
children involved in the teaching experiment shéwirt good understanding of the
ten-structure and unitizing. They do not need #Hu#ivity of organizing and
structuring as it was proposed at the beginningeréfore, the second HLT offers a
new starting point for the teaching experiment thdihe measuring activity.

Moreover, due to the limitation of time, the teahiexperiment did
not cover subtraction problems up to one hundréd. a result, the second HLT
provides a sequence of activities and conjectutesutathe children’s learning
process in addition up to one hundred using memttdmetic strategies on an empty
number line. The picture of the HLT (on the nesdge) gives a diagrammatic
development in the HLT.
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